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Lambda Temperatures of Dilute He* 


He’ Solutions 


J. C. Morrow 
Department of Chemistry, University of North Carolina, Chapel Hill, North Carolina 


(Received April 20, 1953) 


In the two-fluid theory of liquid helium, assumptions concerning superfluid He thermodynamic properties 
can be tested by comparing, in theory and experiment, values both of d7)/dx; and of T) for isotopic mixtures 
of helium. Comparison of 7 values is shown to be the more practical plan, since experimental excess chemical 
potentials in dilute solution are available for use in solving the fundamental differential equations. Error 
contributed by uncertainty in normal fluid heat capacity is shown to be reasonably unimportant for the 
dilute cases considered. The differential equations are solved and theoretical values of lambda temperatures 
are presented so that comparison can be made when experimental lambda points become available 


I. INTRODUCTION 


N the numerous recent thermodynamic treatments 

of helium isotope solutions based on the two-ftluid 
theory, the undetermined nature of thermodynami 
properties both of normal fluid below the lambda point 
and of superfluid has left a number of interpretations 
open to question. Variety in values employed for 
superfluid partial molal entropy has lead to variety in 
In particular, 
supertluid 


results of thermodynamic calculations 
Gorter’ has used a vanishing partial molal 
entropy, whereas Rice’ has used a vanishing partial 
molal superfluid enthalpy. Since determination of the 
thermodynamic properties of supertluid is a matter of 
considerable importance, it is worth while to see what 
experimental evidence can be used to check the validity 
of the above assumptions. Rice* has suggested that 
extremely precise determination of the rate of change 
of the lambda temperature with respect to He* con- 
centration would The fundamental 
two-fluid theory equation for the derivative in ques- 
tion isd7 dx; S s..) For the Gorter 
case the equation becomes 


serve as a test. 


(Opg n/ OX3) (San 


dT) /dx3= (Opgn/ OX3) | 
and for the Rice case 
dT) /dx3= Ty (Ops,/ 0X3) z.. 
The ratio of the slopes would be [4,,/7\S,, which, at 
1C, J. Gorter, Physica 15, 523 (1949) 


20. K. Rice, Phys. Rev. 76, 1701 (1949 
30. K. Rice, Phys. Rev. 79, 1024 (1950 


2.186°K is 0.849, since fy,=2.95 cal/mole and S,, 
=1.59 cal/deg mole at the normal lambda point. In 
spite of the proximity of the ratio to unity, a fact 
which makes differentiation on the basis of d7)/dx3 a 
very difficult task, the scheme which would compare 
theoretical values with the experimental slope at x,;=0 
has some important features to recommend it. These 
immediately become apparent when one attempts the 
alternative scheme of dealing with the integrated 
theoretical equations,>~> in other words, comparing 
lambda temperatures rather than slopes. In order to 
integrate the differential equations and to obtain the 
theoretical lambda point shift with changing He*® mole 
fraction, one must know how thermodynamic prop- 
erties of normal fluid He‘ change with temperature and 
with He*® concentration. Evaluation of the slope at 
v,;=0, that is, at the normal lambda point, can be done 
without such specialized information; the theoretical 
slope result is, at this point, unambiguous with respect 
to the heat capacity of normal fluid and to the non- 
ideality of the solution. 

Recent experimental investigation of vapor-liquid 
equilibria,®> which made possible determination’ of 
excess chemical potentials of He*® and of Het in liquid 
solution, has made a reconsideration of advantages 
advisable. Calculation of lambda temperatures for 
dilute solutions can be put on a firm basis if one works 


(1950 


40. G. Engel and O. K. Rice, Phys. Rev. 78, 55 

5 J. C. Morrow, Phys. Rev. 84, 502 (1951) 

*H. S. Sommers, Jr., Phys. Rev. 88, 113 (1952 
J. C. Morrow, Phys. Rev. 89, 1034 (1953) 
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TABLE I. Nonideality values at the lambda point 


eS Inya 


0).364 
0.461 
).445 
0.491 
0.523 


0.0058 
0.0198 
0.0521 
0.0949 
0.130 


in the composition range 0.02<2;<0.13, for which the 
experimental excess potentials are known. The low He’ 
composition range is important not only because excess 
potentials are available but also because the corre- 
sponding lambda temperatures are very close to the 
normal lambda point. Thus uncertainty in 7) intro 
duced through uncertainty in heat capacity of normal 
fluid below the normal lambda point is made very 
slight. 

The desirability of dealing with the slope of the 
lambda line near x;=0 appears small indeed when the 
advantages of direct comparison of lambda tempera- 
tures are noted. Comparisons of the latter type have, 
of course, been made previously both for ideal solu- 
tions’ and for solutions with nonideality calculated 
from theory.® These previous efforts cannot be de- 
scribed as being completely free from uncertainty as 
far as the distinction between the Gorter and Rice 
assumptions is concerned, although the results seem to 
point in a definite direction. In previous work com- 
parisons of theory and experiment were made with 
results for The Gorter and 
Rice difference is more exaggerated for concentrated 
than for dilute solutions, but the advantage of greater 
difference is offset somewhat by the uncertainties in 
heat capacity and in nonideality in the concentrated 
region. The purpose of this paper is to provide for the 
Gorter and Rice equations solutions describing mixtures 
dilute enough that heat capacity uncertainties are un- 
important and that experimental nonideality terms 
can be used and yet sufficiently concentrated to pro- 
vide differences greater than reasonable experimental 


concentrated solutions. 


error. 
II. SOLUTION OF THE DIFFERENTIAL EQUATIONS 
In the solution of Eqs. (1) and (2), it is convenient 


x3(1—2%3)7!(Op3/0x3). The 


0 


to express (Op4,/0X3) as 
chemical potential of isotope three is given by ys; 
+RT |nxy+RT Iny,s; ws° is the standard potential, x; is 
the mole fraction of He*, and yz is the mole fraction 
activity coefficient. Then 
RT\(1 


(OuGn OX dr V3) 11 t+-x3(0 Iny3/dx3) ]. (3) 


For each of the five mixtures examined by Sommers,® 
the activity coefficients are available.’ Table I presents 
the values of Iny; at lambda points corresponding to 
indicated concentrations. Only the last three refer to a 
concentration range in which there is enough difference 
in the results of Eq. (1) and Eq. (2) to make distinction 


reasonable. Examination reveals that Iny3 is linear in 
x3 for these three values, and nearly linear for all five. 
Focusing attention on the practical range 0.02<x; 
<0.13, one notes that, since Iny; is linear in x3, (0 Iny3/ 
0x3), can be given the constant value 0.915. This re- 
sult is important because it makes analytic solution 
possible for most of the differential equations. 

Three types of normal fluid heat capacity tempera- 
ture dependence® are employed so that the influence of 
uncertainty in C, can be ascertained. In the dilute 
solutions considered, influence of heat of mixing on 
the results of Eq. (2) is so slight that the heat of 
mixing can be neglected. In subsequent sections, con- 
stants of integration are to be evaluated from the fact 
that 7,=2.13°K at x;=0.02. All treatments regardless 
of assumptions about heat capacity, superfluid thermo- 
dynamic properties, and the like, produce this value 
because of the extreme dilution of the mixture de- 


scribed. 





Fic. 1. Lambda 
temperature vs He? 
mole fraction for 
various heat capac- 
itv assumptions. 











Cases for which S,,=0 


Substitution of 0.915 for (0 Iny3/dx3), in Eq. (3) com- 
bined with Eq. (1) produces a differential equation for 


the Gorter cases, 
dT) !dx%3= (— RT) S,,)( — X3) 1(] +-().915 x3). (4) 


For Case A, C,=2.2 cal/deg mole, the value at the 
normal lambda point and S,,= 2.2 InT—0.135—R 
XIn(1—-;). The resulting differential equation has been 
integrated numerically over the range 0.02<x;<0.13 
in steps of 0.005 in x3. In this range the lambda tempera- 
tures can be represented (correct in the thousandths 
place) by the empirical expression 7)=2.1845—2.7x; 
—2x,;?. Similarly in Case B, where C,=0.725 cal/deg 
mole and S,,=0.7257—R In(1—.x,), numerical integra- 
tion produces T) = 2.185 — 2.74x;—0.78x3?. 

For Case C, C,=0. Then S,,=1.59—R In(1—2x;) 
cal/deg mole and d7\/dx3= —RT)(1—<x3)7!(1+0.915x3) 
[1.59—R In(1—.x3) }-'. The variables are easily sep- 
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arated, and the solution is 
In(7\/To)=[0.915 exp(1.59/R) — 1.915 } 


X In(m/mo)+0.915 exp(1.59/R) S> (m‘—my')/ (i) (71), 
el 
where m=(1.59/R)—In(1—x3) and subscript zero 
refers to known values. Rapid convergence of the sum 
simplifies calculation of 7, from this equation. 


Cases for which /7,,=0) 


Analytic solution of Eq. (2) can be given for all 
three heat capacities. In Case D, with the constant C, 
of 2.2 cal/deg mole and H,,=2.2T — 1.868, Eq. (2) has 
the solution 
1.868 (7) 1_ Ty") +2.2 In(7/To) 

=1.915R In(1—x3)/(1— x3. 9) +0.915R(x3— x3. 0). 
lor Case E, with the linear heat capacity and fl,,=1.21 
+-().36257°, the solution is 
1.21(7o'— 7) "') + 0.3625 (T,— To) 

= 1.915R In(1 — Xs) ‘(1 —Zs o)+ 0.915R(x; — X39). 


Finally, for Case F, with vanishing C, and constant 


[1 ,,,= 2.95, the integrated form is 
2.95(T, 1.915R In(1—x3)/ (1— x3; 
t-O.915R(x, 


-T,- 


III. DISCUSSION OF RESULTS 


In Fig. 1, the values of the lambda temperature from 
Cases A, B, and C are plotted against He’ mole fraction 
in order to display the influence of heat capacity as- 
sumptions on the results. Even on such a large scale 
plot as Fig. 1, the two more realistic heat capacities are 
very close indeed. Even at the largest x3, separation 
between the extreme C,=0 case and the mean of A and 
B is but 0.03°. Having noted the relatively insignificant 
effect in these dilute solutions even for rather radical 
variation in C,, one finds the retention of interest in 
the rather unlikely vanishing C, cases hard to justify. 
Results in concentrated solutions® lend further support 
to the suggestion that Cases C and F can be ignored. 

It is clear that one should not seek to identify the 
temperature dependence of C, by making comparisons 
in the dilute range discussed. One can, then, !focus 
attention on the difference between Gorter and Rice 
cases by dealing with two curves: (1) the mean of A 
and B, and (2) the mean of D and E. The difference of 


DILUTE 


He?’—Het SOLUTIONS 





Fic. 2. Lambda 
temperature vs He? 
mole fraction for 
Gorter (1) and Rice 
(2) assumptions. 











0.08 O.l2 
x 


0.04 


2 


a parent curve from its mean curve is in no case greater 
than 0.008°. These mean curves are presented in Fig. 2, 
which shows that, for 0.11<x;<0.13, the separation 
of temperatures A is given by 0.050°<A<0.061°. 


IV. CONCLUSION 


With the use of experimentally determined excess 
potentials which remove uncertainty about mixture 
nonideality and with the demonstration that radical 
variation in assumed temperature dependence of normal 
fluid heat capacity has only slight effect on 7, one re- 
moves limitations on testing the basic Gorter and Rice 
assumptions by comparison of calculated and experi- 
mental lambda temperatures for dilute mixtures. 
Demands on precision of experimental data are much 
smaller for this type comparison than for comparison 
of slopes in the neighborhood of x;=0. Differences in 
the Gorter and Rice cases near He* mole fraction of 
about 0.12 are of such magnitude that experimental 
investigation of the lambda temperatures should give 
significant information about validity of the two as- 
sumptions. Careful measurements in the dilute range 
thus can be of much value and significance in elucidat- 
ing the nature of superfluid thermodynamic properties. 
Equally worth while would be vapor-liquid equilibria 
studies in concentrated mixtures. Such work, in making 
available the concentrated mixture nonideality, would 


permit extension of the above calculations and, in- 
directly, would provide information not only about 
the Gorter and Rice assumptions but about the normal 


fluid heat capacity as well. 
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Theory of ac Space-Charge Polarization Effects in Photoconductors, Semiconductors, 
and Electrolytes 


J. Ross MacponaALp* 
Chemistry Division, Argonne National Laboratory, Lemont, Illinois 
(Received March 30, 1953) 


\ linear theory is developed of the ac behavior of solid or liquid 
materials containing charge carriers which can move freely within 
the material but cannot leave it through the electrodes. The 
theory applies for any degree of dissociation of neutral centers and 
recombination of positive and negative charge carriers, but these 
carriers are assumed to have been produced by dissociation from 
only one species of neutral center. The mobile carriers may be 
electrons, positive holes, positive ions, negative ions, positive ion 
vacancies, or negative ion vacancies. The general solution for the 
admittance of the material is obtained for an arbitrary ratio 
between the mobilities of positive and negative carriers, but, 
because of the complexity of the result, it is only discussed in 
detail in the present paper for the following special cases: (a) 


charge carriers of only one sign mobile, arbitrary recombination 


I, INTRODUCTION 


JOLARIZATION effects arising from the motion of 
charge carriers under the influence of an electric 
field in materials with blocking electrodes have been 
extensively investigated in the past both experimentally 
and theoretically.! Jaffé has recently renewed interest 
in this subject with his treatment of ac polarization 
effects due to ionic motion in semiconductors? and in 
electrolytic solutions.’ In this paper, we derive expres- 
sions for ac polarization capacitance and conductance 
applying to any material which contains mobile charge 
carriers for which the electrodes are blocking. The 
treatment applies for any degree of dissociation and 
recombination and for any ratio between the mobilities 
of positive and negative charge carriers. The mobile 
carriers may be electrons, positive holes, positive ions 
(including donators), negative ions (including ac 
ceptors), or positive or negative ion vacancies. 

The case considered here is considerably more genera! 
than those analyzed by Jaffé, and the solution obtained 
herein is less approximate than Jaffé’s. In his treatment 
with Chang of electrolytes,’ he has assumed the pres- 
ence of completely dissociated positive and negative 
ions of equal mobility, although it seems unlikely that 
the assumption of equal mobility can often be fulfilled 
in actuality. In his paper on the conductivity of semi- 
conductors,’ on the other hand, he discusses the equa- 
tions governing charge carrier motion in a general way 
but derives results for space-charge capacitance and 
conductance applying only to the case where the com- 


*On leave from Armour Research Foundation of Illinois In 
stitute of Technology. Now at Texas Instruments, 6000 Lemmon 
Avenue, Dallas 9, Texas 

1G. Jaffé, Ann. Physik 16, 217, 249 (1933). 

2G. Jaffé, Phys. Rev. $5, 354 (1952 

SH. Chang and G. Jaffé, J. Chem. Phys. 20, 1071 (1952). 
References to the older literature are given in this paper and in 
reference 1 


time; (b) charge carriers of both signs mobile with the same 
mobility, arbitrary recombination time; and (c) charge carriers of 
both signs mobile with unequal mobilities and very short recom 
bination time. In case (a), two dispersion regions may appear, 
with that at lower frequencies arising from recombination and 
the other from the finite mobility of the carriers. Both regions 
follow Debye dispersion curves accurately over a wide frequency 
range, making it possible to represent the electrical behavior of the 
material for any recombination time by means of a simple equiva 
lent circuit containing only frequency-independent elements. In 
cases (b) and (c), only the motional dispersion region appears, and 
it again follows Debye curves. Finally, the results of the present 
theory are compared with those of other theories of ac space-charge 
effects in semiconductors and electrolytes. 


pletely dissociated charge carriers are electrons or 
positive holes of high mobility and positive ions and 
negative ions of low mobility, respectively. 

The present work was undertaken because it was felt 
that previous treatments were insufficiently applicable 
to some physical situations which might be important 
in practice. The impurity centers in many semicon- 
ductors are not completely ionized at room or lower 
temperature, and the analysis of the response of these 
materials to applied fields must therefore take recom 
bination into account. Further, many materials, such 
as photoconducting phosphors and F-centered alkali- 
halide crystals, contain neutral centers whose potential 
energy is so great that they can only be ionized in any 
appreciable number at room temperature by the ab- 
sorption of light. Since tremendously large light inten 
sities would be required to keep a large fraction of the 
neutral light-absorbing centers in such materials disso- 
ciated, only a small proportion of these centers would 
be ionized with the usual light intensities. Finally, at 
room temperatures, the mobilities of the ionized centers 
(positive or negative ions, positive or negative ion 
vacancies) in many materials are sufficiently small that 
their motion may be neglected except for applied fre- 
quencies considerably below the usual range of interest. 
The theory developed herein has been used to explain the 
photocapacitative effect’ in alkali-halide crystals in de- 
tail. This effect affords a good example for comparison of 
theory and experiment because the number of neutral 
F centers is easily varied by exposure to ultraviolet light 
or gamma-rays, and the number of dissociated centers 
conveniently controlled by means of the incident light 
intensity in the F-absorption band. The present theory 
applies, in addition, to electrolytes, but it has been 


necessary to postpone to a later paper a detailed dis- 
cussion of the results of the theory for electrolytes and 


4 J. R. Macdonald, Phys. Rev. 85, 381 (1952); 90, 364 (1953 





THEORY OF AC 
other materials containing both positive and negative 
carriers of unequal, nonzero mobilities and long or 
infinite recombination time. 

In the following section, the applicable equations of 
the problem are solved on the basis of certain reasonable 
approximations. In Sec. III the resulting expressions for 
conductance and capacitance are plotted and tabulated 
versus frequency for the three cases (a) equal mobilities 
of the charge carriers, (b) zero recombination time and 
different mobilities, and (c) either positive or negative 
carriers immobile, any recombination time. Finally, in 
Sec. IV, the results of the analysis are compared, par- 
ticularly in regard to frequency dependence, with those 
of several other space-charge polarization theories and 
with the Fuoss-Kirkwood theory of dielectric dispersion 
in materials having a distribution of relaxation times.° 
In addition, the methods of analysis of experimental 
data allowing most simple comparison of theory and 
experiment are discussed. 


II. SOLUTION OF THE EQUATIONS OF DETAILED 
BALANCE 


Let .V denote the initial concentration of immobile 
neutral centers before any dissociation takes place; p 
the concentration of positive charge carriers of mobility 
uw, diffusion coefficient D; and n the concentration of 
negative carriers of mobility u’ and coefficient of dif- 
fusion D’.® Assume that the two electrodes are at x=0 
and x= and are blocking for both positive and nega- 
tive carriers. Both n and p will, in general, be functions 
of x as well as time, both because of the motion of the 
charges and because of the presence of continuous dis- 
sociation and recombination throughout the layer. On 
dissociation, a neutral center produces a mobile negative 
carrier and a mobile positive carrier. The number of 
carriers produced per second at a position x will be 
proportional to the product of the concentration of 
neutral centers at x anda rate constant &;. This constant 
k, will depend on temperature and will also be directly 
proportional to light intensity if dissociation can be 
induced by absorption of light. It is assumed that in the 
case where the negative carriers are electrons, the elec- 
tron concentration in the conduction band is sufficiently 
small that the influence of the Boltzmann factor for the 
conduction band levels may be neglected. 

To simplify the treatment, the concentration of any 
extraneous traps for charge carriers will be taken van- 
ishingly small and all carriers present will be assumed 
to have come from the .V neutral centers. Under this 
assumption, the total number of negative carriers in the 
layer 1 must be equal to the total number of positive 
carriers. At any given time and position within the 
layer, p need not equal n, however. Finally, the initial 
distribution of neutral centers will be assumed to be 
uniform throughout the layer before any dissociation 
occurs. After some dissociation has taken place, the 


§ J. R. Macdonald, J. Chem. Phys. 20, 1107 (1952) 
® A glossary of principal symbols is given at the end of this paper 


SPACE-CHARGE 


POLARIZATION EFFECTS 


concentration of neutral centers may be a function of x 


and time and will be denoted by ».. 
If recombination takes place, the number per cc of 
positive and negative carriers recombining to form 


neutral centers per sec will be given by konp, where k» 
is another rate constant which will not depend directly 
on light intensity and may depend on temperature less 
strongly than k;. The use of the term kyn(x, ()p(a, 0) is 
an approximation since it specifies that the recombina- 
tion rate is proportional to the concentration of positive 
centers and negative carriers present at the same 
position at the same time. In actuality, recombination 
can take place whenever a negative carrier approaches 
within a sphere of influence surrounding a positive 
carrier defined by specifying a capture probability 
distribution function. A treatment of diffusion taking 
the sphere of influence into account has been given by 
Chandrasekhar.’ This analysis might possibly be 
modified and incorporated into the present treatment, 
but it would add considerable complexity without a 
very large increase in accuracy. Therefore, the simple 
bimolecular k2pn term will be employed in the present 
work. It should also be mentioned that when holes and 
electrons are simultaneously present, their recombina- 
tion may take place through the medium of traps.* The 
k.np recombination term will no longer be appropriate 
in this case for all carrier densities. 

With these preliminaries, the equations of detailed 
balance including the effects of diffusion and motion 
under the influence of an applied electric field E may be 


written as’? 
Op/al 


On/dt=kyn, 


kin.—konp+ Dd p/dx°—pd(pE)/dx, (1) 
knpt+ D'n/dx+p'd(nE)/Ax, (2) 
kin. +k.np, (3) 


on,/dal 


where it has been assumed that the diffusion coefficient 
for the neutral centers is negligibly small. 
In addition, we have specified that 


I 
f p(x, t)dx f 


must hold for all time. The charge densities must also 


Ll 
n(x, dda (4) 


satisfy the Poisson equation, 
dE/dx=B(p—n), (5) 


where B=4me/e; € is the dielectric constant of the 
material at the frequency considered; and e is the 


7S. Chandrasekhar, Revs. Modern Phys. 15, 61 (1943) 

* W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 

*W. Van Roosbroek, Bell System Tech. J. 29, 560 (1950). Some 
further discussion of the equations is given in this reference. 

Here ¢ includes the usual contributions of the lattice and 
bound charges and is thus the dielectric constant of the material 
in the absence of free charges. If there is dispersion in the ordinary 
dielectric response of the material in the frequency range con- 
sidered, €(f) will be complex for a given frequency f within this 
range. € will, however, be taken as real in this paper 





6 . ROSS MACDONALD 


charge of a carrier." If the voltage between the elec- 
trodes is V(t), we also require that 


L 
Vil f E(x, t)dx (6) 


Finally, since it has been assumed that both electrodes 
are blocking for both positive and negative carriers, no 
conduction current arising from the motion of either 
type of carrier can flow across the electrodes, and the 
pertinent boundary conditions are 


upk -Ddp dx=0 (7) 
at «=0, L. 
p'nkE+ D'dn/dx=0 (8) 


Equations (1) to (8) are the fundamental equations 
of the problem. They tacitly neglect the image force 
which acts on the carriers when they are near the elec- 
trodes. The neglect of this force is valid unless the 
thickness of polarization layers set up at the electrodes 
is less than about 10° cm. In practice, the layers are 
almost always thicker than this. 

We shall now solve these equations for n, p, and E 
for a simple sinusoidal forcing voltage 


V (t)= Viet". (9) 


Since the equations are nonlinear, the current through 
the medium will contain all harmonics of the forcing 
voltage, and accurate solutions for n, p, and E would 
show that they would all involve zero frequency (static) 
components together with the fundamental and all its 
overtones. By taking V, sufliciently small, the ratio of 
higher harmonic components to the fundamental com- 
ponent inn, p, and & may be made negligible, however. 
In a later paper on the photocapacitative effect, it will 
be shown experimentally that a value of V; so large 
that the distribution of m is extremely inhomogeneous 
still leads to only very small harmonic generation, It is 
therefore valid here to follow Jaffé? and assume that 
all harmonics above the fundamental may be neglected. 
Then, n, p, m-, and E may all be written in the form 


n(x, t)=no(x)+n,(x)et*. (10) 


The last approximation which we shall need to make 
to simplify the solution of the equations is the assump- 
tion that the static concentrations mo and po are equal. 
Let their mutual value be co. It then follows from Eqs. 
(1) to (10) that Zyo=0 and that co is homogeneous and 
frequency-independent. This assumption cannot be 
completely correct because it leads to expressions for 

n,| and |p,| which may be larger than co near the 
boundaries for large applied ac voltage. Physically, 
however, it is obvious that po and mo must be equal to 
or greater than |f;| and |m,|, respectively, at every 

"We shall assume that each elementary carrier has a single 
electronic charge; the results of the theory are readily generalized 
to the cases of carriers of different charges and/or more than one 
electronic charge. 


point in the material; otherwise, the over-all concen- 
trations p and m would go negative during part of each 
cycle. Near the electrodes, then, po and mo will actually 
be neither equal nor homogeneous. Since the polariza- 
tion capacity and conductance are directly determined 
yy m, pi, and £, and only indirectly by the coupling 
of these quantities to mo, po, and Eo, it appears reason- 
able to assume that the ac capacitance and conductance 
will not be greatly affected by the neglect of the fre- 
quency and x dependence of the latter static quantities. 
This assumption has been verified by measurements on 
the photocapacitative effect, where it was found that 
ac capacitance and conductance are not appreciably 
affected by applying a dc bias field to the material many 
times greater than the small ac measuring field strength, 
even though such a bias must certainly alter the de- 
pendence of mo, po, and Ey on « greatly from the normal 
zero-bias condition.” 

Since mp and po are assumed equal and homogeneous, 
the static concentration of neutral centers neo will be 
simply (.V—co), which is also homogeneous. Using this 
value and mp=po=co, we find, on substituting ex- 
pressions of the form of (10) into the earlier equations, 


bw pi= kiney— ko( pit my )cot+ Dap, /dx?— pegdky/dx, (11) 


tw) = Rune, = ko(py t+ y)CQ 
+ D'd?ny/dx?+ p'cod E1/ dx, 
0 ki(N—co)+ koe’, 


wney ~kyneyt+ko(mit+ prdeo, 


I 


f (n,— pi )dx=0, 
0 


dk ‘dx=B(p1 Ny), 


I 


V; f kjdx, 


ucolt;- Ddp, dx= Q 


| at «=0, L. 


u’coli,+ D'dn,/dx=0 
Equation (13) may be solved for co and yields 
co=[(Ri/2k2)?+ (Ri / Ra) N |'— hi /2he. 
For the case of small dissociation, this reduces to 


Co (hi / ke) N J}, 


(21) 


whereas for complete dissociation co is equal to .V. These 
results are just the field-free equilibrium values which, 
according to our second approximation, are assumed 


2 The assumption that mp) equals fo is restrictive of the class 
of physical situations to which the theory will apply, especially 
for semiconductors where it excludes all but completely intrinsic 
or completely impurity types. When mp and fo are unequal but 
may, to an adequate approximation, be assumed homogeneous, 
it is found that the general form of the present solution remains 
unchanged. Therefore, this solution is a useful first step in the 
treatment of more complex physical situations 
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to apply to the present case as well. Solving Eq. (14) 
for c1, one finds 
ney =A(Pitn), (22) 
where 
1 


\=-— 
[ (Ry 'Roco) + iv, | 


and v, is a dimensionless frequency variable given by 


¥p=w/kocp= Ty. (24) 


The quantity k;/keco appearing in (23) is just ¢o/.V in 
the case of small dissociation and thus is then small 
compared to unity. The time constant 7, in (24) is the 
mean lifetime of an excess carrier for volume recom- 
bination. The recombination constant 2 is usually less 
than 10-° cm*/sec. The dimensionless, frequency- 
dependent quantity \ is, from (22), the ratio of the 
fundamental frequency component of charge bound in 
the neutral centers to the fundamental component of 
free charge arising from such centers. 

In order to solve for the x dependence of n, and py, 
one can now substitute Eqs. (16) and (22) into (11) 
and (12). After collecting, terms, the results may be 
written 
(25) 


dp,/dx?= ay pit aim, 


Pn, /dx? = ax pit don, 


where 
=2(M LyTA t+-ig(1+A)v |, 


-2(M/L)*[- 
=2(M/L)*[ —1+ irr ], 
2(M/L)Y[1+i(1+A)v], 


1+-idov |, 


12D! = 2wrecop’/ eD! = 2re*co/ RT 


pu’ /p=D'/D, 


’ 
(32) 


(33) 


, / 
v=w/p CoB= e/ Qu eco. 


The Einstein relation’ p/D=yp'/D’=e/kT has been 
used in (31) and (32). »v is another dimensionless fre- 
quency variable connected with the motion of the 
charge carriers. 

The characteristic equation associated with Eqs. 
(25) and (26) is easily solved. After simplification, its 
roots are 


M\? 1 
( )[r+ta+n( 
L 2 
o+1 . 
-))]-a 
2 


j 
—itr(1-4 or} | 


8 A. Einstein, Ann. Physik 17, 549 (1905) 
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There are thus four roots, and m, and p; will be given 
by the sum of four terms each of the form exp[p.x]. 
Considerable simplification is produced, however, when 
the symmetry of the problem is taken into account. 
From symmetry considerations it is obvious that m, and 
p: must be odd functions of x about the center of the 
slab at L/2. They may therefore be written as 


n,= A* sinh[ pt (x— 1/2) ]4+ A7 sinh[p~(x— L/2)], (35) 


pi= Bt sinh[ p+ (x— L/2) J+ B> sinh[p~(x— 1/2) ]. (36) 


The four A’s and B’s may now be determined through 
the use of Eqs. (16), (17), (18), (19), (25), and (26). 
It is easy to see that these six equations do not over- 
determine the four unknowns. The results are 
=¥*=aa/((p*)?—aee]=[(pt)?—an )/ai, (37) 
- dy |= [ (p )?- ay; | ‘dy9, 


7? _*p (1+y¥ 


= do/[ (p-)? (38) 


) coshn 
; 
(39) 


{ Y pr(l + = il coshnt 
and 
Way yet 
" «{( 
Uso - 


un coshn' 


n~ coshn 


) sinhn’* 
Lp 
) sinhy } (40) 
v2M 


Lp*/2. (41) 


where 


These dimensionless quantities n* largely determine 
the frequency dependence of the admittance of the 
material between the electrodes. 

Now, the current entering and leaving the layer of 
thickness L can be computed and from it the complex 
admittance of the whole layer considered as a lumped 
circuit element. The current density within the layer 
will be given by the sum of a displacement term and 
two convection terms arising from the motion of positive 
and negative charges. It is 


« OF dp, dn, 
tel ucol?;—D + p’coly+ D’ } (42) 


ji(x) 
tr ot dx dx 


The total current density flowing into the layer can be 
obtained by taking a space average of j,(x) over the 
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whole layer.'* One obtains 


er lwe V; é 
ViV; . { [ (utp )coV, 
le CL OL 


D{pi(L) — pilO)}+D' (ny (L) (43) 


n,(0)} ]. 


The admittance/cm’, Y,, is made up of a term arising 


‘ 


CC ope 


elt pn’ )Co 
} 


Vp 
Lp* 


v2M 


] L 
(nt coshn* 





and 
(45) 


Cy=&(/4nL. 
This is a very complicated, complex formula for Cp 
and Gp, and in the present paper we shall only consider 
the reductions of this formula in various limiting cases, 
reserving a discussion of the general formula (44) for a 
later paper. 

Before considering the reductions of (44), it appears 
to be of interest to compare the present result and mode 
of attack with that of Chang and Jaffé in their paper on 
polarization effects in electrolytic solutions.* The case 
considered by them was that of complete dissociation 
with no recombination, and the positive and negative 
carriers were assumed to be of equal mobility. Rather 
than determine /; from the equations of the problem in 
such a manner that Poisson’s equation is satisfied, as is 
done in the present work, they used an expression for 
FE, determined from an earlier solution for the de case.! 
Their expression does not satisfy Poisson’s equation, 
nor is it complex as the true ac field must be. Further, 
the field inhomogeneity does not depend on frequency 
as physical reasoning shows it must. In an effort to 
remove some of these inconsistencies, Chang and Jaffé 
applied their solution to a “polarization layer” of 
thickness 1(< 7) only. They then split this layer in 
half, put the halves at the electrodes, and assumed that 
there were no polarization effects in a bulk layer located 
between the //2-thick layers. By satisfying boundary 
conditions at the junction of polarization and bulk 
layers, they were able to determine an approximate de- 
pendence of /, and thus of field inhomogeneity, on 
frequency. These difficulties are automatically avoided 
in the present treatment, which is, in addition, more 
general, Here, the solution applies to the entire slab of 


47t is worth noting that since the convection current is zero 
the total current J; entering the layer must be 
purely displacement current. Thus J; may alternatively be 
derived from J, = (€/4r) (OF (twe/4e) FE, (0). The lack of 
a negative sign in this equation arises from our choice of the sign 
of V; or F; in Eqs. (6) and (9). 


at the boundaries, 


Obs. 


val 1- - J sinhn’ 


| Lp 
; ) ( 
v v2M 


from the normal capacitance/cm?, C,, of the layer in 
the absence of macroscopic charge motion and terms 
coming from the space-charge parallel capacitance/cm? 
and conductance/cm’, Cp and Gp, respectively. Let Vp 
he the admittance/cm* due to space-charge effects 
alone. If we now substitute the preceding expressions 
for mn; and p; in (43) using (37) to (40), we find 


sinhn 
oy 


=Gpt+twCp, (44) 


sinhnt)— xan? coshn* 


(n~ coshn~ — sinhn~)+7~ coshn 





thickness £, and there is never (except at infinite 
frequency) any bulk layer in the middle of the slab 
where polarization effects are absolutely zero, although 
they are usually negligibly small near the center of the 
slab. There is thus no uniquely defined polarization 
layer, although the inhomogeneity of n and E increases 
rapidly near the boundaries. 

Now let us consider the reduction of (44) for various 
limiting cases. It will prove convenient to introduce 
another dimensionless frequency variable »* given by 


(46) 


v*=0C,/G,=we/4re,,=rTp, 
where G,, is the limiting value of Gp at very high fre- 
quencies and will, in all cases, be found to be the normal 
ohmic conductance/cm? of the slab which would obtain 
at all frequencies were the electrodes not blocking. 
Similarly, ¢,=LG,, is the limiting conductivity of the 
material. Thus, the time constant rp is the ordinary 
dielectric relaxation time for conductivity o,. It is too 
short to be measured electrically for metals and some 
highly conductive semiconductors, but corresponds to 
measurable frequencies for less conductive semicon- 
ductors, and for photoconductors and high resistivity 
electrolytes. For example, it is of the order of a micro- 
second for distilled water. In order to deal with a single 
frequency variable, we shall also define the ratio of 
recombination time to dielectric relaxation time & as 


f=yp,/v*=1,/tp=400./€kx0, (47) 


and use this relation to express v, in terms of v*. Since 
0 is proportional to co, € is independent of carrier con- 
centration. & will be infinite in the case of zero recom- 
bination (complete dissociation) and very small for 
rapid recombination. 

We shall first consider the reduction of (44) in the 
limiting case of negative carriers alone mobile. Then 
u=0 and c= ~. Let 


5=)/(1+A)=[1 + hi /kacotite® (48) 


From the definition of A [Eq. (22)], 6 is thus 
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Ney/ (Nat pitm), Le., the ratio of the fundamental 
frequency component of charge bound in neutral 
centers to the fundamental component of total charge, 
free and bound. Expansion of (34) gives 


[et P= x (49) 


(50) 


[p~ P=2(M/L)?(1+6)(1+72*), 


where we have used the expression for G,, below, to 
convert v to v*. In this particular limiting case they are 
identical. Thus 

n= M[3(1+4)(1+ir*) ]}. 
For complete dissociation 6=0, whereas for small dis- 
sociation, the k,/keco term in 6 may be neglected com- 
pared to unity, and one finds 


n= M[(1+i&e*/2)(14+-iv*)/ (1+7&e*) J}. 


lor arbitrary dissociation the expressions for Cp 
(rp resulting from (44) are 


(51) 


(52) 


and 


Cy n —tanhy 
Re 
» cothny tanhn + tvn 


n —tanhn 
vG, Im 


tanhn + try 
where 
C'o= (yo cothn HG. 


Ga=ep'co/L, (56) 


and n° is given by (51), C, by (45). no~ is the value of 
n when v*=0. It is equal to M for small dissociation. 
Co is the zero-frequency limit of Cp. It should be men 
tioned that exactly the same expressions for Cp and Gp 
are obtained in the case of only positive carriers mobile 
with mobility yw’ instead of wu. 

The quantity M is of especial interest. In the present 
limiting case, M may be written 


VW = t (2D'rp)} L Lp 


(57) 


M is thus the number of rms Debye lengths Lp con- 
tained in the thickness Z between electrodes.’ Further, 
the distance from the electrodes over which the concen- 
trations 2; and p; drop by a factor of e-! is approxi- 
mately L/2Re(n~) as long as this is much less than L. 
lor zero frequency and small dissociation, this distance 
is Lp/2. At room temperature, the rms Debye length 
for a material of dielectric constant 10 and charge 
density co=10'/cm? is 5.3% 10~ cm. 
At zero frequency, Gp=0. Let us detine 
r=no cothno ; (58) 
‘6 The Debye length may be defined analogously to the recom 
bination diffusion length (D’r,)4 as (D’rp)4. It is the average 
distance an excess carrier must travel to establish space-charge 
neutrality. The rms Debye length is (2D’rp)4. In the present 
case, the Debye length may be written as [ek7'/4re%co }! by using 
the Einstein relation. When there are many species of carriers of 
different mobilities and valencies the Debye length is 
(ekT /4re2Ein,2,2}'. In theories of electrolytes, it is called the 
thickness of the ionic atmosphere 
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then Co= (r—1)C,. Since C, appears in parallel with 
Cp, r is the ratio of the measured parallel capacitance 
including space-charge polarization effects to that 
without such effects, in the limit of low frequencies. If 
this ratio can be conveniently measured directly, no 

may be immediately determined. In the interesting case 
of small dissociation, M is thus obtained and from it co 
if « is known. For r values greater than 3, no” is closely 
equal to r, whereas for r ¢ 1.005, mn) may be found from 
the limiting formula no =[3(r—1)]}'. In the inter 
mediate region, the relation between ny” and r has been 
determined graphically and is presented in Table I. 
It is of particular interest to note that within the 
accuracy of the present approximation, the zero-fre- 
quency capacitance Co is independent of slab thickness 
L provided r>>1. In this case. 


1 + ky / Qk 0 eeu 0 
( 0—No ( )— 
1 + ky hu 0 &rD 
Since C, is inversely proportional to L, r may be made 
as large as desired by increasing L. For small dissoci- 


(59) 


The dependence of the dimensionless constant ny on 
r=ny cothno (Cot Cg) /C 
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no 
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ation and rapid recombination 


CoS MC, = [ cep'co/8xD’ |'= €/4aLp, (60) 


whereas for complete dissociation (k2.= 9), 


CoD MC, /V2 = [ ceu’co/16xD' |'= €/4rv2L yp. (61) 


In the two above cases, the zero-frequency space-charge 
capacitance/cm? is formed from the geometrical capaci 
tance/cm? by using the rms Debye length (or v2/p) in 
place of the normal electrode separation L. 

All the foregoing expressions for Co, the low frequency 
limiting capacitance/cm*, apply also to the zero fre 
quency or de case. The expressions for Co are, in fact, 
somewhat more exact than other quantities such as Cp 


appearing in the ac theory because the neglect of higher 


harmonics is not an approximation in the de case as it 
is for finite frequencies. 
Another case of interest is that of equal mobilities. 


Then o=1, 


and we obtain 


nt = M[1+iv/2 |'= M[1+iv* }}, (62) 


2p’ eco/ L, (63) 


Ge? 
Co=(M cothM 
[ ececq’ /8rD’ |i 


HG .. 


Com MC + e/4arv2/ D; 
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where (65) holds only for M>1. Note that the rms 
Debye length in this equation is 1/vV2 less than that 
appearing in (60) and (61) because here both positive 
and negative carriers are mobile. The expressions for Cp 
and Gp obtained for this case are exactly the same as 
those above but with 9* replacing »~ and M replacing no~. 
Further, the dependence on »* is also the same as the 
previous case for 6=1 (zero recombination time). Since 
& does not appear in the equations of the present case, 
recombination has no effect. Note that Eqs. (64) and 
(55) give the same result for Co, in the case of rapid 
recombination and small dissociation, even though in 
one instance both types of carriers are mobile, in the 
other only carriers of one sign. 

It is of interest to compare our results for G, and Co 
given by (63) and (64) with the results of Chang and 
Jaffe for the same case of equal mobilities. Agreement 
is obtained for G,, but Chang and Jaffé* find the ex- 
pression (65) for Co. This is approximately correct 
when M>>1 but is a very poor approximation to the 
more correct result (64) when M<1.5. Since Chang 
and Jaffé applied their results to the interpretation of 
experiments on electrolytes for which M> 1, the 
approximate result was adequate for their purposes. 
In a later paper on the photocapacitative effect, we 
shall find experimentally that M may sometimes be 
less than unity, and the more correct result must be 
used. 

Finally, let us consider the case of zero recombination 
time and unequal mobilities. In this case \ and k» are 
infinite and ¢ is zero. We find 


0 4 
n Mi) 14 ( ye = M[1+iv*}}. (66) 
| + 0 


Again, the same expressions are obtained for Cp, Gp, 
and Cy as in the previous case. The expression for G,, 


now becomes 


es CCo(u { p’)/L, (67) 


however, as one would expect. For the results obtained 
in this case to apply, the recombination time does not, 
of course, have to be zero but only short compared to 
the dielectric relaxation time of the moving charge 
carriers. 

In the three limiting cases which we have considered, 
we have found that the shape of the curves is the same 
and that the cases differ only in values of Co, G,,, and v.'® 
Because of the correspondence between the different 
limiting cases, we may restrict attention to one of these 
cases only. We shall consider curve shape in detail only 
for the first case, that of mobile negative carriers, since 
it is this case which applies most closely to the photo- 
capacitative effect and to many space-charge effects in 
solids. The results will include the effect of different 

16 Since v*=y in the case of charges of only one sign mobile, 
for the sake of simplicity we shall use » rather than »* in the suc 
ceeding work 


recombination rates and will apply both to small dis- 
sociation and to complete dissociation. 

Before considering Cp and Gp curve shape in detail, 
it is of interest to give the expressions for Ej, 2, and p; 
in the case o= ~.'® The results are 


ky {coshn~ (1—2x/L)}/{coshn~}+-iv 
n 


(V;/L) tanhn”~ + in 


ny Vy pw’ 6 (1+iv) sinhn (1—2x/L) 
. (69) 
ca f Dp’ 


sinhn~ + itvn~ coshn 


pi= —6n, (70) 


where 9 is given by (51) and 6 by (48). These expres- 
sions show clearly how the inhomogeneity of m, and £, 
depends on x. For large M and small v, the inhomo- 
geneity of /, can be exceedingly large near the elec- 
trodes. The inhomogeneity of n, the total concentration 
of negative carriers, will not be appreciable, however, 
unless V; is large enough that || is approximately 
equal to co. 


III. RESULTS OF THE THEORY IN THE CASE OF 
CHARGE CARRIERS OF ONLY ONE SIGN MOBILE 


We shall now investigate the dependence of the 
normalized quantities Cp/Co and Gp/G,, on frequency 
for various values of £ and M for the case of small dis- 
sociation. The results will also hold for the case of 
complete dissociation. However, there may be a region 
of incomplete but large dissociation where the neglect, 
compared to unity, of the k,/keco term in 6 may not be 
permissible. Since this situation will occur only in the 
physically unlikely case of fast recombination and large 
dissociation, this term will be omitted in the following 
work. Since the expressions for the frequency de- 
pendence of Cp/Cp and Gp/G,, are complicated, complex 
functions, an IBM card programmed calculator has 
been employed to compute this dependence for selected 
values of M and £.!7 

The results of many calculations show that the dis- 
persion curve shapes depend critically upon the ratio 
§/M. When £/M is less than about 0.1, the curves are 
little altered from their shape for £=0. On the other 
hand, when &/M is greater than about 30, a double dis 
persion phenomenon appears. In the intermediate 
region, the shoulders of the curves are rounded com- 
pared with the &=0 curves. 

We shall first consider the case of zero recombination 
time, corresponding to £=0. When M is greater than 
about 10, it is found that the Cp/Cp and Gp/G,, curves 
may be approximated over a wide frequency range by 

17 Material supplementary to this article has been deposited as 
Document number 4052 with the ADI Auxiliary Publications 
Project, Photoduplication Service, Library of Congress, Wash 
ington 25, D. C. A copy may be secured by citing the Document 
number and by remitting $1.25 for photoprints, or $1.25 for 35- 
mm microfilm. Advance payment is required. Make checks or 
money orders payable to: Chief, Photoduplication Service, Library 
of Congress 
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simple Debye curves involving a single relaxation time, 
Tm. The larger the value of M, the wider the range over 
which the approximation is valid.'* Some implicacions 
of this result have already been discussed.” The cor- 
respondence of the space-charge dispersion curves to 
Debye curves is best demonstrated by converting the 
parallel quantities Cp/Cy and Gp/G,, to their equivalent 
series circuit values Cs/Co and Gs/G,,. If Cp/Co and 
Gp/G,, satisfy Debye curves for all frequencies, the 
series values, similarly normalized, will be unity for all 
frequencies. Therefore, any deviations of Cs/Co and 
Gs/G,, from unity will be a measure of the lack of 
agreement of Cp/Cy and Gp/G, with Debye curves. 
Conversion to series values shows that for frequencies 
corresponding to wtm<5r, Cs/Co is accurately unity 
but drops off toward zero for higher frequencies. Thus, 
the larger the value of M, the wider the range over 
which Cs is a constant. Similarly, Gs/G,, is found to be 
unity for very high frequencies but drops to a low- 
frequency limiting value G/G, as the frequency 
decreases. This limiting value_is 


(M cothM —1)? 
= - - .- CF) 
G, (3/2)M cothM(M cothM —1)—M?/2 


Go 


and approaches unity as M increases. 

Physically, the reason for the drop in Cs at high 
frequencies is associated with the finite mobility of the 
free charges. For small M, the space charge layers at 
the electrodes are relatively thick, and at high fre- 
quencies insufficient time is available for the layers to 
be completely established during a half cycle. Therefore, 
Cs begins to decrease as the frequency increases. The 
larger the value of M, however, the thinner the bound- 
ary layers and the quicker they can be established. It 
should be noted that although C's eventually approaches 
zero for any value of M, its reactance nevertheless also 
approaches zero in the limit. 

As a practical matter, it is probably impossible in 
general to determine Cp accurately for frequencies 
above which it has decreased to 0.1 or 0.01 of C,, since 
Cp is determined experimentally from the difierence 
between the measured value and C,. Thus, in Table II 
the values of Cs/Cp and Gs/G,, are given for various M 
values at the frequencies for which Cp/C,=0.1 and 0.01. 
The corresponding values of Cp/Co at these frequencies 
are also given. For M equal to or greater than 100, the 
deviations from unity are small for both Cp/C, values. 
For the less stringent condition Cp/C,=0.1, the devi- 
ations are small even for M=1. The final column gives 
G)/G,, for the various M values. 

The motional relaxation time 7,, is readily determined 
from the dissipation factor D,, arising from space- 
charge effects when this factor is expressed in terms of 

18 This result may also be found by expanding the rigorous 
expressions for Cp and Gp. Because of the complexity of the 
resulting formulas, their correspondence to Debye curves is, 


however, better demonstrated by graphical comparison. 


9 J. R. Macdonald, Phys. Rev. 91, 412 (1953). 
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series quantities. We obtain 


Tm= Dm/w= RsCs=Co/Go= (r—1)v/w= (r—1) rp. (72) 


Tm is thus just the time constant of Co in series with G,, 
and is cherefore the capacitative relaxation time asso- 
ciated with the space-charge layers at the electrodes. 
In contradistinction to rp it involves the separation 
between electrodes L. For large M, it is approximately 


z j 
(73) 
pw L&acokT 


For comparison of curves corresponding to different M 


values, it will be convenient to introduce another 


dimensionless frequency variable given by 


Vn=WTm= (r— 1)». (74) 


We shall actually plot Cp/Co and Gp/G,, curves versus 
\/ Vm instead of v,, both in order to reduce the number of 
decades necessary and to correspond with the work of 
Chang and Jaffé.’ It is found that curve shape does not 
depend very strongly on the value of M. Figure 1 is a 
doubly logarithmic plot of Cp/Co and Gp/G,, versus V/ Vm 
for M=0.1 and 100. In addition, (1—Cp/Co) and 


TABLE IT. Dependence of Cp/Co, Cs/Co, and Gs/G. upon M for 
Cp/C,=0.1 and 0.01, and dependence of Go/G,, on M. 


Cp/Cg™0.1 Cp v=0 


VW Cp/Co Gs/G Cp/Co 


» 


(¢ ~0.01 


Cs/Co Cs/Cqo Gs/G Go/Ge 


© 
3.092 -10°2 0.7583 
1.120-10°% 0.6530 
1110-104 0.9106 
1.001 -10°& 0.9992 


0.87034 
0.9698 
0.9954 
1.000 


0.8408 
0.9§29 
0.9950 
0.9999 


1 0.3167 

10 1.212 -10°% 
10? 1.021 -107% 
104 1.000 -107% 


0.9764 
0.9203 
O.9886 
1.000 


O.8431 
0.9568 
0.9951 
1.000 


(1—Gp/G,,) are included to show the details of the 
Gp/Ge) 
curves are displaced to the right by one decade in order 


curves near saturation. The Gp/G, and (1 


to show all curves clearly in one figure. For M= 100, 
the Cp/C» curve is an excellent Debye curve over the 
entire range shown. Thus, the deviation of the Cp/Co 
curve from the Debye values for M=0.1 can readily be 
seen. The deviation is surprisingly small. On the other 
hand, the Gp/G,, curve for M = 100 is only well approxi- 
mated by a Debye curve for vm less than about 3, 
the point where the (1—Gp/G,,) line begins to curve. 
Similarly, for M=0.1, agreement is good only for /¥m 
less than unity. In the case of the Gp/G,, curve for 
M=100, the departure from Debye values above 
\V/¥m=3 is of no practical consequence since Gp/G,, is 
within about one percent of saturation at \/v,=3. The 
dependence of Cp/Co and Gp/G,, on »/v for several M 
values is presented in Table III. 

The crossover point, at which Cp/Cy=Gp/G,, should 
occur for Debye curves at y,=1. In Table IV, the 
values of +/vm at crossover are presented for various 
M values with €=0 and 100, and also for different 
values with M=10. It will be seen that the deviations 
from unity are not very great for any of the values. 
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Fic. 1. Doubly logarithmic’plot of Cp/Cy and Gp/G., versus Vm 
for £=O0 and M=0.1 and 100, solid lines. The dotted lines are 
(1—Cp/Co) and (1—Gp/G,). These curves apply only for zero 
recombination time. Note that Gp/G,. and (1—Gp/G,) curves 
are displaced one decade to the right for clarity. 


The value of Gp/G,, and Cp/Co at crossover should be 
one-half. A decrease below this value sets in as M 
becomes small; however, this decrease is not usually 


important. 
Although the dispersion curve shape is only slightly 
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0.0100 
0.03162 
().04217 
0.05623 
0.07499 
0.1000 
0.1334 
0.1778 
0.2371 
0.3162 
0.4217 
0.5623 


1.321- 
3.3006- 
8.400- 
2.110: 
5.296: 
1.329. 
4.189. 
1.310- 
4.003 - 
0.1144 
0.2775 
0.5055 
0.7802 
2.822 0.8334 
1.193 0.8742 
035 0.9057 
23 0.9293 
)5. 0.9602 
0.9776 


0.9999 
0.9999 
().9999 
0.9997 

0.9993 
0,9984 
0.9949 
0.9841 

0.9514 
O.8611 

0.66033 
0.3875 
6.900 
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3 


l - 


/ 
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The dependence of Cp/Co and Gp/G, on v/v for M4 =0.1, 


1.000 
1.000 
1.000 
0.9999 
0.9996 
0.9986 
0.9956 
0.9862 
0.9576 
0.8773 
0.7405 
0.5336 
0.3167 
0.1612 
7.684-10 2 
3.092.102 
1.290-10 


dependent on M for &=0, this is no longer the case 
when £/M is large. Figure 2 is a doubly logarithmic 
plot of Cp/Co and Gp/G, versus vm for £=100 and 
M=1 and 100. For M=100 the principal difference 
from the corresponding §=0 curves is a rounding of the 
shoulders.’ But for M=1(£/M=100) a definite plateau 
«ppears in both the Cp/Co and Gp/G,, curves. The curves 
are thus made up of two dispersion regions, the lower 
frequency one arising from recombination, the higher 
from the motion of the charge carriers. This behavior 
is even more clearly demonstrated in Figs. 3 and 4 for 
M=10 and various values of & In these curves the 
abscissa is 4/v rather than 1/v,». It will be noted that 
in Fig. 3 the shape of the lower-frequency dispersion 
curve is essentially’ independent of & for large — and 
that an increase in £ merely displaces the two dispersion 
regions by lengthening the plateau. If the lower fre- 
quency dispersion region is treated separately, it is 
found that the dispersion curves arising from recom- 
bination alone are also well approximated by Debye 
curves over a wide frequency range if M is not too 
small. The two regions of dispersion may be separated 
by letting u’ go to infinity. Then v goes to zero and gv 
to v, Making these substitutions in equations (52), 
(53), and (54), the expressions for Cp/Cy and Gp/G, 
pertaining to recombination alone may be obtained. 
Their dependence on 1/», is presented in Table V. 
Cp/Co reaches a limiting value at high frequencies 
which will be denoted by C,,/Co (the plateau in Fig. 3). 


1, and 100, and €=0 


Cp/C Gp/G, 
9 849-10 
9753-10 
3.020-10°% 
8.963 -10~° 
0.2372 
0.4950 
0.7541 
0.9037 
0.9642 
0.9851 
0.9919 
0.9941 
0.9949 
0.9953 
0.9958 
0.9963 
0.9969 
0.9974 
0.9979 


0.9999 
0.9901 
0.9696 
0.9099 
0.7616 
0.5025 
0.2421 
9.176 
3.097 - 
1.001 - 
3.197 
1.021- 
3.309 
1.110- 
4.820 
2.179 
1.018 
$.877 
2.374: 


3.085-10°8 
1.165-10-6 
3.685 -10>5 
1.165-10 
3.684-10 
1.164-1075 
3.669 - 107% 
1.149-10? 
3.527-10 
0.1021 
0.2152 
0.3882 
0.5696 
0.7020 
0.7791 
0.8348 
0.08751 
10-3 0.9062 
104 0.9295 
0.9471 
0.9603 
0.9776 





THEORY OF AC SPACE 
If we define C,/Cro= (Cp—C,)/(Co—C,,) and G,/Gr, 
=Gp/G,(u’= 2), it is found that these quantities 
depend on frequency very similarly to those shown in 
Fig. 1 for motional dispersion and, like them, agree with 
Debye curves over a considerable frequency range. 
Thus, the equivalent series values of tecombination 
capacitance/cm? and conductance/em? will be Cr 
=(Co—C,,) and Gr,. These values may be determined 


from 


(M /v2) coth(M/v2) 


M cothM 


and 
[ (M /v2) coth(M /v2) 


M*{4 sinh?(M /v2)}-'JE“". (76 


Gre G, 


Like the motional case, the actual series value of 
capacitance drops from (Co—C,,) toward zero for very 
high frequencies. Similarly, the series conductance 
drops to a limiting value less than Gr, at low fre- 
quencies. Nevertheless, unless M is very small, the 
series values may be considered frequency-independent 
over the frequency range of experimental interest. As in 
TABLE. IV. The dependence of the value of y/ym at Cp/Co=Gp/Ge 
on M and £. The Debye value is unity. 


E\M 10> 1 10 20 100 104 


0.9999 
0.9999 


0.9990 
0.9821 


0.9938 


1.055 


0.9888 
1.056 


0.9612 
1.130 


0 0.9598 
100 1.138 


10 102 104 10° 108 


1.0692 1.0857 1.0860 1.0860 


t& 


0.9888 0.9681 


the motional dispersion case, we may now define a 
macroscopic recombination time constant rr, given by 


cothM — (1/v2) coth(M /v2) 


(1/2v2) coth(M/v2)— M {4 sinh?(.M /v2)}-! 


(47) 


Except for the term in the brackets, which approaches 
2(v2—1) as M increases, rr is thus equal to 7,. 

The foregoing results may now be utilized to con 
struct an equivalent circuit for unit area of the layer of 
thickness which consists, within the limitations dis- 
cussed above, of frequency-independent elements. The 
circuit will apply for any value of & and will be valid 
over a wider frequency range the larger the value of M. 
The circuit is given in Fig. 5. It is easily verified that 
this configuration gives the correct frequency response. 
For example, when &/M is much less than unity, Eq. 
(79) shows that Gr,/G, will be very large. The con 
ductance/cm? Gr, may then be neglected, and the 
space-charge branch of the circuit reduces to Co and G,, 
in series as previously found for the case §=0. Simi- 
larly, for E=* (complete dissociation), Gr, is zero, 
and the series arm consists of C, and G,. When it is 
remembered that G, is just the ordinary ohmic con- 
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Doubly logarithmic plot of Cp/Co and Gp/G. versus /vm 
for €=100 and M=1 and 100 


Fic. 2 


ductance/cm? of the layer in the absence of blocking at 
either electrode, it is easily seen from Fig. 5 that the 
effect of blocking is to introduce the additional elements 
shown. If only one electrode is blocking, the equivalent 
circuit of a layer L/2 thick with one electrode blocking, 
one nonblocking will be exactly like that shown in 
Fig. 5, but with all elements doubled. This result is 
readily verified from a consideration of the symmetry 
about the plane at 1/2 of a slab of thickness / with 
both electrodes blocking. Since carriers pass freely 
across the center plane and the two halves are exactly 
alike and essentially in series, the capacitance and con- 
ductance of either half with one blocking and one non- 
blocking electrode must be twice that of both together. 


IV. COMPARISON WITH EXPERIMENT AND 
WITH OTHER THEORIES 


In this section we shall consider how the theoretical 
results can be best compared with experiment to obtain 
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Fic. 3. Semilogarithmic plot of Cp/Co versus \/v for M=10 and 
various ~— values 
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Fic. 4. Doubly logarithmic plot of Gp/G,. versus \/v for 
M = 10 and various € values. 


co, w’, and £, and how the present theory compares with 
some other theories of space-charge effects. It is obvious 
from the preceding work that co, uw’, and & can be cal- 
culated if C,, Co, G., C., and Gr,, can be obtained from 
the experimental results.”? Not all these quantities are 
necessary, of course, but some are easier to work with 
than others. First, if measurements can be extended to 
sufficiently high frequencies, the measured parallel 
capacitance/cm? and conductance/cm? will approach 
C, and G,,. In the experimental situation where charge 
carriers are mobilized by absorption of light, C, can be 
determined at any convenient frequency by measure- 
ment in the dark. Alternatively, it can be calculated if 
the dimensions and dielectric constant of the sample are 
known. Assuming that C, is known and that measured 
values of parallel capacitance/cm? and conductance/cem? 
are available over the frequency range of interest, one 
then may subtract C, from the measured values to 


® Tt is possible to calculate only D’ and not yw’ unless the Einstein 
relation is employed. 


obtain Cp at each frequency. The measured conduc- 
tance/cm? will be Gp in the absence of other loss and 
conduction mechanisms. If the shapes of the Gp and Cp 
curves versus frequency approximate well to Debye 
curves with the same relaxation time, it may be con- 
cluded that recombination is rapid and £/M is less 
than about 0.1, or alternatively, that both positive and 
negative carriers are mobile with equal mobilities, or 
finally, that they have different mobilities but very 
rapid recombination. The correspondence of the experi- 
mental curves to Debye curves may be tested either by 
conversion of the parallel values to equivalent series 
values or in the following way. If Gp depends on fre- 
quency according to a Debye curve, the quantity 
Gp/(G,—Gp) plotted versus w* should give a straight 
line of slope r,,”. Likewise (Co/Cp—1) versus w* should 
also yield a straight line of slope 7”. The 7m values 
obtained from these two lines should be the same, 
provided the Cp and Gp curves involve the same dis- 
persion mechanism. Further, the value of 7, obtained 
from crossover (Cp=Gp/w,) should also be the same as 
that obtained from the straight-line plots. 

When the curves approximate well to Debye curves 
over a wide frequency range, the quantity € cannot be 
obtained from simple frequency dependence measure- 
ments. However, uv’ and Cy may be calculated from 
either the curve of Cp versus frequency or that of Gp 
versus frequency. This is a valuable result since it often 
may happen that measurements cannot be extended to 
a sufficiently low or a sufficiently high frequency to 
yield both Cp and G,,. If one or the other of these quan- 
tities can be determined together with tm, Eq. (75) 
shows that the other may be immediately computed. 
Of course, the experimental determination of Co, Gz, 
and 7, furnishes an additional check on the correctness 
of all of these values. 


TaBLE V. Dependence of recombination dispersion values of 


Cp/Co and Gp/G, on /vr. The values of Gp/G. for M=10? are 
identical with those for M = 10. 


M =10? 
Cp/Co 


V=10 
/ vr » ip/G , Gp/G, 
1 7.071-10 1 
0.9999 2.236-10 0.9999 
0.9998 7.066-10 0.9998 
0.9992 2.231-10 0.9993 
0.9976 7.016-10 0.9978 
0.9925 2.182-1077 0.9932 
0.9775 6.561-107° 0.9796 
0.9387 0.1798 0.9442 
0.8461 0.4028 0.8764 
0.7927 0.6218 0.8115 
0.7359 0.8007 0.7599 
0.7025 0.9084 0.7295 
0.6864 0.9610 0.7149 
0.6794 (9.9841 0.7085 
0.6761 0.9949 0.7056 
0.6751 0.9984 0.7046 
0.6747 0.9995 0.7043 
0.6746 0.9998 0.7042 
0.6746 1 0.7042 
0.6746 1 0.7041 


9.421-10 
2.979- 10 


0.1000 5 
4 
9.412-10~4 
3 
3 


0.1334 
0.1778 
0.2371 
0.3162 
0.4217 
0.5623 
0.7499 


0.9999 
0.9995 
0.9986 
0.9955 
0.9860 
0.9583 
O.8888 
1.000 0.7650 
1.259 0.6594 
1.585 0.5853 
1.995 0.5459 
2.512 0.5281 
3.162 0.5206 
0.5171 
0.5160 
0.5156 0.9995 
0.5155 0.9998 
0.5155 1 
65155 1 


2.970-10 
9 333-10 
2.893-10 
8.609-10°? 
0.2294 
0.4850 
0.7026 
0.8557 
0.9371 
0.9740 
0.9894 
0.9966 
0.9989 





THEORY OF AC SPACE- 
When the curves of Gp and Cp versus frequency show 
well-defined double dispersion, the quantity & (and so 
k, and k,) may be determined in addition to yw’ and Co, 
provided it can be established that the lower-frequency 
dispersion region is in fact due to recombination. £ can 
then be determined either from the Gp curve using Eq. 
(79) or from the Cp curve by subtracting out the 
motional capacitance/cm’, C,,, and determining 7, from 
the remaining recombination dispersion curve. In the 
intermediate region where the curves are rounded by 
recombination but no plateaus appear, € can only be 
determined from a detailed comparison of theoretical 
and experimental curve shapes for different values of £. 
A qualitative comparison of the present theory and 
some experimental results on electrolytes, semicon- 
ductors, and photoconductors has already been given." 
A quantitative comparison with experimental data on 
the photocapacitative effect* will be published later. 

It is worth noting that the Fuoss-Kirkwood many 
relaxation time theory® cannot be used to accurately 
fit the dispersion curves when & is greater than zero 
except in the trivial case for which ¢ is sufficiently small 
that the dispersion curves are well approximated by 
Debye curves with a single relaxation time. The reason 
for this failure is, of course, that as & increases from 
zero, two relaxation times appear in our theory, and 
these times are not in general equal. On the other hand, 
the Fuoss-Kirkwood theory postulates a distribution of 
relaxation times spread about a most probable time. 
Even in the case £=0 and M<1, for which the devia- 
tions from Debye curves are fairly considerable, the 
Fuoss-Kirkwood theory will not allow a good fit of the 
dispersion curves to be obtained. Again, this is not an 
unexpected result. 

Next, it is of interest to compare the results of the 
present theory with those of other space-charge theories. 
The present theory predicts the possibility of two dis- 
persion regions, one at low frequencies arising from 
finite recombination time and the other, at higher fre- 
quencies, produced by the finite mobility of charge 
carriers. Recombination cannot relax the space-charge 
capacitance by more than a factor of 1/2 unless M is 
small, and motional relaxation does not reduce the total 
capacitance by more than a factor of about M. 

Lawson, Miller, Schiff, and Stephens”: have de- 
veloped a theory to account for the dispersion of the 
parallel capacitance and conductance of the barrier 
layer of a crystal rectifier based on a dispersion mecha- 
nism not explicitly considered in the present work. In 
the frequency range to which this mechanism is to 
apply, these authors assume that the recombination 
time is short compared to a half cycle and that the 
mobility is sufficiently high that free carriers can always 


21 Lawson, Miller, Schiff, and Stephens, National Defense 
Research Council Report NDRC-14-153, July 1, 1943 (un 
published). 

2H. C. Torrey and C. A. Whitmer, Crystal Rectifiers (McGraw- 
Hill Book Company, Inc., New York, 1948). 
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Fic. 5. Equivalent circuit for unit area of a capacitor containing 
mobile charge carriers of only one sign for which both electrodes 
are blocking. 


stay in phase with the applied voltage. Dispersion then 
arises from the fact that some carriers will be bound to 
impurity ions within the barrier layer. When the phase 
of the applied voltage is such that free carriers leave the 
barrier layer, the additional carriers bound to impurity 
ions will be unable to leave immediately but will be 
delayed by the average ionization time k,'. Since ky 
is the probability per unit time for ionization, the delay 
will be negligible as long as k; is much greater than the 
frequency of the applied voltage, but dispersion will 
occur when these quantities are comparable. This 
trapping-time dispersion may occur either above or 
below the frequencies at which motional dispersion 
takes place, depending on the magnitudes of the 
mobility and k;. However, if motional dispersion occurs 
at the lower frequency, it will relax the barrier layer 
capacitance and no further change will be observed at 
higher frequencies. 

This theory of Lawson et al. only applies to rectifiers 
having barrier layers of the order of 10~* cm thick, to 
which the diode rectification theory also applies. The 
neglect of motional effects implies that an electron 
produced in the barrier layer will leave that layer and 
reach the bulk material in a time short compared to a 
half-cycle of the frequency concerned. For thick barriers 
of the order of 10-4 to 10-* cm thick, to which the dif- 
fusion rectification theory applies, an electron will be 
unable to traverse the layer in a half-cycle of the fre- 
quency at which trapping-time dispersion takes place. 
This frequency is of the order of 10° to 10"° cps in most 
crystal rectifiers. Thus, in this latter case, motional 
dispersion would occur at lower frequencies than the 
above. Experimentally, the dispersion in rectifiers 
having thick barrier layers does indeed occur at fre- 
quencies several orders of magnitude below 10" cps 
and the present discussion therefore indicates that all 
or part of such dispersion may be a motional effect. 

Although the present theory and that of Lawson et al. 
are both space-charge dispersion theories, the fact that 
the dispersions arise from different causes makes any 
direct comparison between them relatively useless. 
However, as an aid to distinguishing between the two 
in experimental cases, Fig. 6 shows how the respective 
normalized curves for the two theories differ in their 
frequency dependence. Both sets of curves apply to the 
small dissociation case only. The frequency scales have 
been adjusted to make the capacitance curves coincide 
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l'1G, 6. Comparison of finite-ionization-time dispersion curves 
(dotted lines) with motional dispersion curves (solid lines) plotted 
for M=10, &=0 (see references 11 and 12). Frequency scales 
have been adjusted to make capacitance curves coincide at low 
frequencies 


at low frequencies. It will be noted that the principal 
deviations occur in the capacitance curves. 

Finally, let us compare the present theory with that 
of Chang and Jaffé.* We have already seen that for 
M>>1, the values of Cy and G,, obtained from the 
present theory are in agreement with those of Chang 
and Jaffé. Even in this case, the frequency dependence 
of Cp/Co and Gp/G,, are considerably different, however. 
Chang and Jaffé derive formulas for the frequency 
dependence of the capacitance and conductance of the 
polarization layer 1(</) only. To obtain the parallel 
values for the entire layer & they would be forced to 
convert their parallel values to series values, add in the 
series resistance of the bulk layer of thickness (L—/), 
and finally convert the resulting series values to parallel 
values. Since / is also a function of frequency, this is a 
tedious process and it yields results applicable to only 
a single value of Z each time it is carried out. The 
Chang-Jaffé results for the polarization layer / alone 
yield capacitance and conductance curves which differ 
markedly from our results. 

Rather than compare our results with those of 
Chang and Jaffé for a single value of L, we shall instead 
compare them with the results of an earlier theory of 
Chang and Jaffé which are not corrected for frequency 
variation of the thickness of the polarization layer.* In 
this work, instead of assuming an inhomogeneous elec- 
tric field within the entire layer 1, Chang and Jaffé 
postulated a real constant field and derived the re- 


sulting space-charge capacitance and conductance for 
the entire layer of thickness 1 on the basis of this 


assumption. Since, as we have seen, the actual field is 
complex and may be essentially zero near the middle of 
the slab and exceedingly inhomogeneous near the 
boundaries, this is not a very good assumption. It leads 
to the correct value of G,, but to Co=eucol/6D. Thus, 
the dimensionless frequency variable which Chang and 
Jaffé use is not the same as either of the variables p,, 
or v used herein. The relative curve shapes are not as 
greatlygdifferent from those of the present theory as 
one might expect, however. Figure 7 shows the com- 
parison of normalized capacitance and conductance 
curves for the two theories. Since the Chang-Jaffé 
theory applies only to positive and negative charge 
carriers of the same mobility and no recombination, we 
have made the comparison on the same basis (¢=1, 
M=10). Here, the frequency scales have again been 
shifted to make the capacitance curves coincide at low 
frequencies, and we see that the principal deviations 
occur between the respective Gp/G, curves. The Chang- 
Jaffé curves do not, of course, agree well with Debye 
curves. The present theory is an improvement on the 
Chang-Jaffé theory in the following ways: 


(a) The theory in intrinsically more accurate since the 
electric field satisfies Poisson’s equation ; 

(b) The results apply to the entire layer 1 and 
follow Debye curves quite well in their frequency de- 
pendence, so that an illuminating equivalent circuit of 
the layer may be constructed ; 

(c) The theory applies for any recombination time 
and any degree of dissociation ; 

(d) The equations of the theory have been solved for 
any ratio of the mobilities of positive and negative 
carriers. 

In conclusion, we should mention that the theory 
derived in this paper is not sufficiently general to 
apply to all space-charge effects of interest. First, the 
results when positive and negative carriers have dif- 
ferent nonzero mobilities have only been given in 
terms of a complicated formula, not tabulated and 
graphed. It is hoped to rectify this omission in a later 
paper devoted mainly to electrolytes. Second, the 
assumption that all the charge carriers in the material 
dissociate from the same kind of neutral centers will 
often be too restrictive. However, although the ex- 
tension of the equations of detailed balance to include, 
for example, the presence of extraneous traps for one or 
more species of charge carrier changes the frequency 
dependence of *, it will not in general change the form 
of the solution of the equations. Thus, the present 
solution is a good beginning for the analysis of more 
complicated situations. Such extension has been carried 
out and will be further discussed in the later paper on 
the photocapacitative effect. 
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GLOSSARY OF PRINCIPAL SYMBOLS 


Geometrical capac itance/cm? of layer. (45)* 

Space-charge polarization parallel capacitance/cm? of 
layer. (44, 53) 

Space-charge polarization series capacitance/cm? of layer 
Zero-frequency limiting value of Cp for finite recombination 
time. (55) 

Zero-frequency limiting value of Cp for infinite recombina 
tion time; also high-frequency limiting value of Cp for 
finite recombination time, infinite mobility. (75) 
Recombination contribution to Cp. It equals (Cp —Ce) 
Zero-frequency limiting value of C,. 

\verage, static charge density of positive and/or negative 
charge carriers 

Ditfusion coetiicient of positive charge carriers 

Diffusion coefficient of negative charge carriers 

Electric field strength. Static component /£o; fundamental 
frequency component FE. 

Absolute value of electronic charge 

Electrical frequency 

Space-charge polarization parallel conductance/cm? of 
layer. (44, 54) 

Space-charge polarization series conductance/cm? of layer 
High-frequency limiting value of Gp. (56) 

Low-frequency limiting value of Gy. (71) 

Recombination contribution to Gp 

High-frequency limiting value of G,. (76 

Fundamental frequency component of current density 
within the layer. 

Fundamental frequency component of current density en 
tering layer 

Boltzmann's constant 

Dissociation constant. Probability per unit time for dis 
sociation of neutral centers 

Recombination constant. Related to average recombina 
tion rate. (24) 

Phickness of layer between electrodes 

Root-mean-square Debye length. (57) 

Dimensionless variable which measures the number of rms 
Debye lengths contained in L. (31, 57) 

Initial homogeneous concentration of neutral centers before 
dissociation 

Concentration of negative carriers. Static component n 
fundamental component m, 

Concentration of neutral centers after dissociation. Static 
component ney; fundamental component ne 
Concentration of positive carriers. Static component p 
fundamental component p; 

Dimensionless variable equal to (7 for large Wand small 
dissociation 38 

Absolute temperature 

Applied voltage; fundamental component V, 

Ratio of fundamental component of charge bound in 
neutral centers to fundamental component of total charge 
free and bound. (48 
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Fic. 7. Comparison of the results of the present theory for o= 1, 
\f=10 (solid lines) with those of Chang and Jaffé (dotted lines) who 
assume a homogeneous electric field. Positive and negative charge 
carriers of equal mobility, complete dissociation 


Ordinary dielectric constant of material in absence of free 
charges. 

Dimensionless quantities involving both the Debye length 
and frequency. They largely determine the space-charge 
polarization frequency response. (41) 

Zero-frequency value of n~ in the case of negative carriers 
alone mobile. no~ equals M for small dissociation 

Ratio of fundamental component of charge bound in 
neutral centers to fundamental component of free charge 
(23) 

Microscopic mobility of positive charge carriers 
Microscopic mobility of negative charge carriers 
Dimensionless frequency variable. (33) 

Dimensionless frequency variable equal to wrp. (46) 
Macroscopic dimensionless frequency variable equal towr,, 
(74) 

Dimensionless frequency variable equal to wr,. (24) 

Ratio of average recombination time to dielectric relaxation 
time. (47) 

Complex roots of auxiliary equation which determine fre 
quency and x dependence. (34) 

Ratio of mobility of negative carriers to mobility of posi 
tive carriers. (32) 

High-frequency limiting value of conductivity of layer 
Dielectric relaxation time for conductivity o.. (46) 
Motional or capacitative relaxation time associated with 
the decay of the space-charge layers near the electrodes 
(72) 

Mean lifetime of an excess carrier for recombination. (24 
Macroscopic recombination time constant. (77) 

Radial frequency. 

Radial frequency at which Debye curves cross 


23 Numbers in parentheses are those of the most important de 


lining equations for the symbol considered w; = Gp(w;)/Cp(w1)—Tm 
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rhe Hartree approximation is used to investigate the effect of the crystal lattice on plasma oscillations 


in metals. The plasma frequency is given by w?=4e’n({1/m,*), 
For free electrons this equation reduces to that given by Bohm and Gross: for insulators (1/m,*)=0 


states 
and there are no oscillations. 


where the average is over filled electron 


In metals with occupied d bands, such as Cu, Ni, and Ag, there is a strong coupling between the plasma 
wave and the d electrons which gives rise to frequency broadening. This explains why the plasma lines ob 
served by Ruthemann and Lang are so much wider in these elements than in Be or Al. Further confirmation 
of this mechanism could be obtained by repeating their experiments on the transition metals Sc—Ni. 


I 


HE subject of plasma oscillations in solids has 

recently received considerable attention from 
both the experimental and theoretical point of view. 
Investigations by Ruthemann! and Lang? have demon- 
strated the existence of such oscillations in several 
elements and, in addition, have disclosed a number of 
interesting features concerning them. Moreover, calcu- 
lations by Pines and Bohm* have shown that the fre- 
quencies and rates of energy loss observed by these 
workers are in accord with those to be expected from 
the theory of plasma oscillations. These calculations, 
however, are based on a theory which takes no account 
of couplings of the plasma to either the lattice or core 
electrons and which cannot, therefore, be expected to 
explain the marked differences in behavior between 
various elements that were observed by Ruthemann and 
Lang. The purpose of this paper is twofold: to point 
out that the Hartree approximation‘ is a useful tool for 
investigating such couplings, and to apply it to study 
their effect on experiments such as those of Ruthemann 
and Lang. It should be emphasized that this work is 
not a quantum theory of plasma oscillations since it 
treats them throughout on a semiclassical basis similar 
to that sometimes used in studying the interaction of 
radiation with matter. 


II 


As has been pointed out by Pines and Bohm, a 
plasma oscillation is essentially a long-range ordering ; 
typical plasma behavior depending mainly upon the 
individually weak, but cumulatively large, Coulomb 
interactions of many particles at relatively large dis- 
tances from one another. Furthermore, intimate col- 
lisions between these particles do not contribute to the 
organized nature of the motion (as they would, for 
example, in a sound wave) but, on the contrary, tend to 
disrupt it. Thus, except for these damping effects which, 
in the case of metals, are pretty well suppressed by the 

iG. Ruthemann, Ann. Phys. 2, 113 (1948). 

2W. Lang, Optik 3, 233 (1948). 

31). Pines and D. Bohm, Phys. Rev. 83, 221 (1951); 85, 338 
(1952). 

4D. R. Hartree, Cambridge Phil. Soc. 24, 89 (1928). 


operation of the exclusion principle, one would expect 
an approximation which neglects interparticle corre- 
lation, such as that of Hartree, to provide a good descrip- 
tion of the plasma oscillations. To illustrate and test 
this hypothesis let us at first consider briefly the problem 
of oscillations in a gas of free electrons. The solutions of 
this problem are well known from the work of Bohm 
and Gross® and will provide a convenient check of the 
Hartree approximation in this case. Then, having 
established the validity of our method, we may gener- 
alize the results obtained from this simple example to 
take into account the effects of the metallic lattice. 
Working in a moving coordinate system in which the 
plasma wave is at rest, the Hartree equations are 


h? ple’) Pdr 
-—V*9,4 | xf ——U |¢;= E;gy. (1) 
2m i lr—r’| : 


Here U is the potential of a uniform positive charge dis- 
tribution which exactly cancels the average potential 
due to electrons, and g,; and £; are, respectively, the 
wave function and energy of the ith electron. The differ- 


~| es(r’) |? 
| dr'—U, (2) 
r] 


rt 
aes el 


ence, 


represents the potential caused by any fluctuation of 
electron density—it is just the potential generated by 
the plasma oscillation and will be denoted by V. If the 
coordinates are chosen so that the plasma wave is 
moving in the z direction, V becomes a function of z 
only and the equations separate. The solutions are 


gj=exp[i(kiix+hk,4y) JU ;(z), (3) 


where U;(z) is a solution of the ordinary differential 
equation 

(h?/2m)0°U ,/02?+eV U ;=€,U; (4) 
and 

e;= E;—h*k, 


2/2m— h*k,?/2m. 


We may now take advantage of the fact that V(z) is in 


‘Dp. P. Gross, Phys. Rev. 75, 1851 and 1864 


(1949). 


Bohm and FE 
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general a slowly varying function’ and solve for U; by 
the WKB method. The complete wave function is found 
to be 


oj= (1—eV/e;)~* expLi/kax+k,y) 


xexp| i f [2m(e—ev) us /n}, (5) 


The final step in this example is to apply the self- 
consistency condition, i.e., to require that the electron 
density p and the potential V generated by it satisfy 
Poisson’s equation 
(6) 


—4np= —4neLn0—S | ¢41"1. 


}= 


v= 


Substitution of Eq. (5) into this relation leads immedi- 
ately to the nonlinear differential equation for V, 
N 1 
VV =4re> - ; [are (7) 

imi lL (1—eV/e;)! 


(The term —4reny represents the smeared out positive 
charge density which cancels the term independent of 
V in the sum. This cancellation is necessary since V=0 
must be a solution.) Equation (7) is identical with that 
obtained by Bohm and Gross and, when linearized, 
leads immediately to the dispersion relation, 


9 


w= 4rre?no/m+ 07k’, 


(8) 


derived by them. 

Thus we see that in the free-electron case the Hartree 
approximation leads in a simple and direct way to the 
fundamental equations of the plasma theory. We may 
feel confident, therefore, in applying this method to 
more complicated problems than that of a free-electron 
gas. In particular, the work of the next section will 
show that it makes possible a description of plasma 
waves when the electrons are moving through a crystal 
lattice. 

III 


To generalize the preceding results to the case of an 
electron plasma moving in a lattice field we use a 
method developed by Wannier,’ and discussed in con 
siderable detail in a paper of Slater’s.* In the work of 
these authors it is shown that wave functions of elec 
trons in a lattice which is perturbed by a slowly vary- 
ing potential have the form 


Ga= > rv V;(Oy)a(r—Q,) ], 


where the a’s are the localized wave functions first 
introduced by Wannier, and the sum is over all lattice 


(9) 


6 Throughout this work the assumption will be made that V is 
slowly varying. If this is not true the wavelengths become com- 
parable with the interparticle separation and the whole concept 
of a plasma oscillation loses its validity. 

'G. H. Wannier, Phys. Rev. 52, 191 (1937 

8 J.C. Slater, Phys. Rev. 76, 1952 (1949 
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sites. Furthermore, Slater shows that the V; satisfy the 
differential equation 

[Eo(—ih¥)+eV Wj;=ihy,;; (10) 
FEo(—ih¥) being the operaior obtained by replacing 
the momentum by —ih¥ in the energy-momentum 
relation. In the case we are considering V is the plasma 
potential which we now take to be harmonic, corre 
sponding to a linearized version of Eq. (7). The dif- 
ferential equation for y then reads 


[ Eo(—ih¥)+eVo cos{k(z—v.t)} W=ihy. (11) 


As before, V is a slowly varying function of its argument 
and this suggests a solution of the form 


y=expi(p.rt pyy)/h] 


Xexp[iS(s—vot) ]expl—ikt/h], (12) 
with a subsequent expansion of S into a power series 


in h, 


(So/A)+Si+ +--+. (13) 
This procedure leads to equations for So, S), etc., com- 
pletely analogous to those obtained in the more usual 
version of the WKB approximation. However, the cal- 
culation is somewhat lengthy and we defer it to the 
appendix, giving here only the differential equations 
which determine Sp» and S;; 

)}=vS0 +E, 


Eo(p:, Pu So’) + eVo cos{k(z Ve ( 14) 


OE ‘Op. (pz, Pu So AS 
1 °K h 
f~ ~ - (Pz, Py, So')—So"’ =hvSi’. (15) 
2 Ops 1 


| Notice that p, and p, only enter these equations para 
metrically. For brevity, therefore, we will suppress the 
dependence of the energy and its derivatives on them 
and in the future write Eo(p,p,So’) merely as Eo(So’), 
etc. ] To solve for So’, we find the root of the equation 
Eo(p)—vup=E, (16) 
as a function of the energy /. In terms of this root, 
which we denote by p(£), the solution of Eq. (14) is 


So = | 


The second equation integrates immediately, just as in 
the conventional WKB method, and we find 


t 


plE—eV» cos(kq) |dq. (17) 


a) 


Op, 


5;= —} Io 


(So’) — Ve | 
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The wave functions are, therefore 


Z—~t 


plLEj—eV o cos(kg) dq | / 


Vy; -exp| t (1/h) | 


OEy 4 
. (So’) —VUy 
Op. 


To complete the calculation we apply the consistency 
condition in the form 


VV =4ne(D |y¥,|2—1). 


Notice that here, instead of the charge density, we use 
its average over a lattice cell. This approximation, 
without which the equations become exceedingly com- 
plicated, will be made throughout the rest of this work. 
Its validity is difficult to estimate, but this type of 
approach is the usual one and has been used with 
success on a number of problems (see Slater’s paper* 


(19) 


(20) 


for references). 

After linearizing Eq. (20), a straightforward algebraic 
manipulation (see Appendix) such as that performed 
by Bohm and Gross leads to the dispersion relation 


1 (0E/dp.)* Rk? 
w= arcing ) +¢ ) —- . 
m.* m,* (1/m,*) 


where 1/m,*=0°E/0p., and the indicated averages are 
taken over filled electron states. The form of this equa- 
tion is hardly a surprise (especially the appearance of 
m,* in the first term on the right-hand side) since the 
most natural generalization of Eq. (8) would be to replace 
m by the effective mass. However, it is worth noting 
that, besides giving the correct answer for free elec- 
trons, Eq. (21) also gives a reasonable result in a 
radically different limit, namely, when all occupied 
bands are completely full and the substance under con- 
sideration is an insulator. In this case the average, 
(1/m,*), is taken over full bands only and, since Fo is a 
periodic function, this quantity is then zero. Thus, we 
conclude that plasma oscillations do not exist in insu- 
lators and, further, that in conductors the electrons in 
filled bands do not contribute to the oscillations. Physi- 
cally this is only what one would expect since it is hard 
to conceive of a charge density fluctuation within a full 


(21) 


band. 

As far as experimental verification of Eq. (21) is 
concerned, the best metal with which to work is prob- 
ably Li, since for this element there is a good theory 
which predicts an m* value differing appreciably from 
unity. The calculations of Silverman and Kohn® 
indicate that 1/m,* is about 0.73 for Li, which means 
that the value of w observed in an experiment should 
differ from that calculated with Eq. (8) by about 15 
percent. 


9R. A. Silverman and W. Kohn, Phys. Rev. 80, 912 (1950). 
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IV 


Before going on with the discussion of the effect of 
interband transitions on the plasma oscillations, it is 
well to clear up one possible objection to the work of 
the previous section. This objection concerns the use 
of the Hartree equations with their neglect of electron 
exchange. Intuitively one might suspect that ex- 
change, at least in the long-wavelength limit, would 
have a negligible effect since its contribution to the 
plasma energy will be proportional to the square of the 
electron density fluctuation (6p)*, while the Coulomb 


energy is 
] 6p(r)dp(r’) 
f drdr’, 
2 |r—r’| 


and to keep this expression finite for small k we must 
choose 6o~k which means that in the limit kR-0 the 
exchange energy goes to zero compared to the Coulomb 
energy. 

That this argument is correct for a free-electron gas, 
can be shown explicitly by use of the Fock" equations. 
The details of this work will be left to the appendix 
since they are rather lengthy, and here we will be 
content to quote the result that exchange affects only 
the term proportional to k® in Eq. (8). Thus, for almost 
all cases of interest, the Hartree equations are adequate 
for description of plasma oscillations. 


(22) 


Vv 


One of the most interesting features of the work of 
Ruthemann and Lang is the fact that in certain metals 
(Al, Be) they observed sharp resonances in the curves 
of intensity versus energy loss whereas in others (Cu, 
Ag, Ni) the peaks are very broad, their width being 
comparable to the energy of the plasma quanta ab- 
sorbed. Herring" has suggested that this broadening is 
due to strong coupling between electrons in overlapping 
s and d bands which makes possible a rapid transfer of 
energy from a plasma oscillation in the s band to a 
single d electron, thus leading to a short life and large 
energy width for the oscillations. In this section we will 
compute, in so far as possible, the energy broadening of 
plasma oscillations due to this interaction. The section 
will also contain a short discussion of the shift in plasma 
frequency due to s-d coupling. 

To calculate the width of a plasma oscillation due to 
interband transitions, we first determine the rate at 
which plasma oscillations excite electrons and then use 
the uncertainty principle to obtain the energy broaden- 
ing. For this purpose we must extend Eq. (10) to include 
terms that cause these transitions. Such an extension 
has recently been carried out in detail by Adams,” 
and to find the potential causing interband transitions 
we need only Eq. (49b) of his paper. Using this for- 

VY. Fock, Z. Physik 61, 126 (1930). 


C, Herring (private communication), 


2 FE. N. Adams, II, Phys. Rev. 85, 41 (1952) 
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mula, it is readily seen that the matrix element for 
excitation of an electron by a plasma oscillation is 
identical with that for absorption of a photon of the 
same energy. Furthermore, this is also the matrix 
element of the plasma potential V between the two 
states in different bands. This is as one might expect 
since, as we mentioned earlier, Eq. (10) only includes 
intraband effects and takes no account of the operation 
of the potential in causing transitions between them. 
Taking advantage of the fact that these matrix ele- 
ments are the same we may express the energy width 
in terms of the parameter nk for optical absorption 
which has been measured by Minor" and Meier" for Cu 
and Ag. After normalizing V» so that the plasma energy, 


fvevar 


is that of one plasma quantum, we find the following 
exceedingly simple relation connecting the energy 
width AE and nk: 


(23) 


8r 


AE/hw,=nk. (24) 

If experimental values of nk existed in the proper 
frequency range, Eq. (24) would give immediately the 
desired width. Unfortunately, the work of Minor and 
Meier only extends down to wavelengths of about 
2000A (~5 ev) which is rather far from the 20 ev at 
which we wish to evaluate nk. However, the values 
they quote for 2000A lie between one and two and this 
indicates that, barring an exceedingly rapid change of 
nk with frequency, the values of AE/hw, will be close 
to those observed by Ruthemann and Lang. For the 
alkali metals, on the other hand, the observed nk values 
are generally smaller by about a factor of 10, and this 
tends to confirm Herring’s surmise. In this picture, 
energy broadening is caused by excitation of both s and 
d electrons but since the latter are both more numerous 
and more tighly bound, they will be excited most often 
and contribute the major portion of the frequency 
width whenever their excitation is energetically possible. 
These conclusions are in complete agreement with the 
results of Ruthemann and Lang. 

An attempt to compute the value of the matrix ele- 
ment for excitation by numerical integration using 
plane waves for the excited electron and a Hartree® 
function of the Cut ion for the electron in the 3d band 
was rather unsuccessful. For 5-ev quanta it gave values 
smaller by more than factor of three than those obtained 
from Eq. (24); hence the result calculated for 20-volt 
quanta (AE/hw,~1/80) can hardly be considered 
reliable. The discrepancy probably has its origin in the 
fact that the wave functions of a 3d electron in Cu* 
and in the metal are quite different in the region far 

'8R.S. Minor, Ann. Physik 10, 581 (1903) 


‘*W. Meier, Ann. Physik 31, 101 (1910). 
16 TD). R. Hartree, Proc. Roy. Soc. (London) 157, 490 (1936). 
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from the nucleus where a large part of the contribution 
to the matrix element arises. 

In conclusion, therefore, it is reasonable, that s-d 
coupling in metals such as Cu, Ni, and Ag is responsible 
for the large widths of the plasma energies observed by 
Ruthemann and Lang. This tentative conclusion could 
be checked by repeating their experiments on the 
transition elements, Sc through Ni. If our interpretation 
is correct, the widths of the absorption peaks should be 
observed to increase from element to element as the 3d 
shell is filled. 

In addition to inducing interband transitions, the 
terms neglected in Eq. (10) will also cause a shift in 
frequency of the plasma oscillation. This effect is very 
marked in Cu, Ni, and Ag where the frequencies ob- 
tained from Eq. (21) (choosing m*=m) are roughly 
half of those observed experimentally. A very crude 
estimate, using second-order perturbation theory and 
the optical absorption data to give the magnitude of 
the matrix elements, indicates that the energy shift is 
of the order 10 ev for these elements. Of course, since 
the shift is so large, perturbation theory can, at best, 
give a semiquantitative result but it is encouraging 
that the order of magnitude and direction of the effect 
are in agreement with experiment. 


VI 


In the preceding sections the Hartree approximation 
has been used to describe the behavior of plasma oscil- 
lations in metals. The results, in general, are in accord 
with observation but it is abundantly clear that more 


experiments are needed to test the somewhat tentative 


conclusions set forth here as well as to provide a spring- 
board for further theoretical work in this field. 

In conclusion, the author would like to express his 
thanks to Conyers Herring, Gregory Wannier, and P. 
W. Anderson number of 
interesting conversations on the topics discussed here. 


with whom he has had a 


APPENDIX A 


The principal problem in deriving Eqs. (14) and (15) 
of the text is to find the effect of operating on y=e"* 
with £y(Px, Py, —ihd/dz). For this purpose we expand 


Ep into a power series 
) 


ho 
bal 


and consider separately the effect of each term on y. 
Our problem, therefore, is reduced to the evaluation of 


o” 
(la) 


OZ n 


d"(e**)/dz". Furthermore, because we plan later to keep 
only terms up to the first power in h, we drop all 
derivatives of S of higher order than the second since, 
to this approximation, they do not contribute. With 
these restrictions it is readily verified (by induction, 
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for example) that 


a” n(n—1) 
(e'S) =] (1.8’)"+7 $7" (4S")** te, 
2 


ag" 


whence 


ho 
I a ( ) -_ 
1 az 


l Ko h 2 
E,(hS')4 as’)( ) (iS""), 
2 ap,’ 1 


Expanding S into a power series in h, 


S= (So/h)+Si+---, (4a) 


and collecting terms of zero and first degree in f# in 
Eq. (11), we arrive immediately at the differential 
equations for Sy and S, given in the text. 

To derive the dispersion relation from Eq. (20) con- 


Oko 
y,|? i/| (Sof)—n] 
Op. 


Treating the plasma potential as small, we write 
Soj= pj +6So;. 6So; is proportional to Vo (to first order) 
and is obtained by expanding Eq. (16) into powers of 
the plasma potential and equating coefficients of the 
linear terms in Vo. The result is 


OF 5 
5S,’ eV cos[ k(s—v,!) /| (p))— Ve (6a) 
Op, 


Substituting this back into the expression for |y,|? 
and again keeping only linear terms in Vo, we arrive at 


sider 


(5a) 


the dispersion law 
CE OE *| 
elfen /[sor-ef 
1 \0P, Op, 


This expression may now be expanded, making use of 
the fact that for long waves v,>>0E/dp,, in the same 
way as was done by Bohm and Gross to give the dis- 


+- k? | cosk(z—v,t) =0. 


(7a) 


persion law, Eq. (21). 
APPENDIX B 


To solve the Fock equations in the presence of a 
plasma oscillation, we make use of the fact that for free 
electrons plane waves are an exact solution. Working 
from these as a base, we treat the effects of the plasma 
potential as a small perturbation and thus are able to 
make the differential equations linear. More explicitly, 
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the Hartree-Fock equations are 


h* _ ly;(r’) : 
oni Vite > f dr'y;(r) 
2 ' 


m i r—r'| 


’ (r’ Wi (r’) 
eS fur dr'y,(r)=Ew.(”), (1b) 
} l\r— r’ 


to which we attempt a solution of the form 


vi= etl 1ta(ke™ '+8*(kje~*** |, (2b) 
knowing that for a=8=0 we have an exact solution. 
Substituting these tentative wave functions into (1b) 
and keeping only linear terms in @ and 8, we find that 
they do, indeed, satisfy the equations provided the 
coefficients obey the following set of linear, homo- 


geneous, algebraic equations: 


(h?/2m)a(k;) (k;+k)? fe? S ; a(k)Cy 
+e Vij alk)Cy—e Y, B( kj) Ck +k; —k 
2 Yj alk, )Cr+k;—k,—e& Yj a( kj) Cy, 
=Fia(k,;), (3b) 
and 


(h?/2m)8(k;) (k;—k)? +e? ©; a( kj)Cx 
+e? >; B(kj)Cyh—e js a(k,)C -e +a; -k, 
e >, B(k,)C —e +; —Ky—e? ©; B( Ks) Ci; —&; 
=E,B(k;). (4b) 
Here Cy= f(exp(ik-o/c))do, and use has been made 
of the fact that this integral is real in taking the complex 
conjugate of the second equation. 

These are very complicated equations but in the 
absence of the exchange terms they simplify enormously 
and are readily soluble, leading to the formula given in 
Sec. II. Therefore, we adopt a perturbation theory 
approach, solving first without the exchange terms and 
then using these solutions to obtain a first-order cor- 
rection due to exchange. If we set )>;a(k;)=A and 
>; 8(k;)= 8, the simplified equations have solutions 


e’Cy (A+B) 


a(k;) = 
[E,— (h?/2m) (k; +k)? ] 
eC, (A+B) 

B(k;) = 3 
[E,— (h?/2m) (k;—k)? ] 


Neglecting exchange completely the consistency con- 
ditions, 


e’Cy (A+B) 


> a(k;))=A=>0 ' 
[E,— (h?/2m) (k+k,)? 


(6b) 
> 3(k B=> e’C, (A+B) 
p\ j= a = x" 
i i [E;— (h?/2m) (k—k,)*] 


would lead directly to the formulas of Sec. II which 
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were derived from the Hartree equations. Since, however, we are interested in including exchange to first order, 


we substitute (5b) into (3b) and find the solutions 


| 2me* 
a(k,;)=e A+B) (1 
| 2(k-k;) 


C-k+k,—kj—Ck; 


ew , 
| 2me* 
8(k,;)=e?(A+B)Cy} 1+ > — 
| j 2k -k; 
In obtaining these formulas we have dropped exchange 
corrections to £ in (5b) when substituting these into 
(3b). Also, we have neglected k? compared to k-k; in 
several places. 

To complete the calculation we apply the consistency 
conditions, 


and >; 6(k)=8, 


di a(k,)=A 


and proceed exactly as we did with Eqs. (6b). After 
doing a certain amount of algebra, we arrive at the dis- 
persion relation, 
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Cx +k; —kj— Ck; —k; 


VOLUME 9 


|)} /1u 2m) (ki +k)?— E;—e? 20 Cut+uy—nj}, (7b) 


| /uw 


: 4re*ng | 
w= | 


m 


2m) (k;—k)?— E,—e? 3 C-u+u;—0j}. (8b) 


dore'm* 


hs 
| 6k- (k,—k;) 


: | +i7k?. (9b) 
(k-k,)*(k-k,) (k;—k,)* 

In this expression, the k,, k; in the sum are wave num- 
bers in the coordinate system in which the plasma wave 
is at rest. Transforming to the laboratory system 
(k,— > (kw/k?)(m/h)+2,), we immediately verify that 
the exchange correction in (9b) is proportional to ’, 
which confirms the statement in Sec. IV. 
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Some Electrical and Optical Properties of Synthetic Single Crystals of Zinc Sulfide 
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The fundamental optical absorption edge and the temperature dependence of electrical conductivity of 
synthetic single crystals of hexagonal zinc sulfide have been measured, as well as the photoconductivity near 
the absorption edge. The fundamental absorption coefficient is 1 mm™ at a photon energy of (3.58+0.02) 
ev and increases exponentially by a factor of ten every 0.07 ev up to 108 mm™. The logarithm of the electric 
resistivity varies linearly as a function of the inverse absolute temperature with a slope of (3.77+0.1) 
ev/2k. A peak in the spectral variation of photoconductivity has been observed at the optical absorption 


edge 


I. INTRODUCTION 


NFORMATION pertinent to the energy gap be- 

tween the valence band and the conduction band 
of an insulator or a semiconductor can be deduced from 
experimental data by two general techniques. First, 
the energy gap can be calculated from the temperature 
variation of intrinsic conductivity (or conduction elec 
tron density). Alternatively, one can study the long- 
wavelength edge of the fundamental optical absorption 
hand by making measurements of the spectral variation 
of the absorption coefficient or the photoconductivity. 

Gudden and Pohl! report a sharp rise of photo- 
conductivity at 3350A in natural 
crystals of zinc blende and in zine sulfide phosphors. 
Gisolf® reports the ultraviolet limit of transmission 


approximately 


' B. Gudden and R. Pohl, Z. Physik. 5, 176 (1921). 
*B. Gudden and R. Pohl, Physik Z. 23, 417 (1922) 
5]. H. Gisolf, Physica 6, 84 (1939). 


of powdered samples of pure zine sulfide (wurtzite) 
to be 3350A. This measurement was confirmed by 
Reynolds and Czyzak‘ on single crystals of synthetic 
wurtzite. 

It is the purpose of this paper to report experiments 
relating to the band gap of the hexagonal form (wurt- 
zite) of zine sulfide. Measurements of photoconduc 
tivity and optical absorption have been made more 
exactly than in previously published work. In addition, 
temperature dependence of electrical conductivity has 
been measured. 

This work was done with synthetic single crystals of 
zinc sulfide. These crystals were grown in an evacuated 
quartz container as described by the author elsewhere® 
and in a long quartz tube in an atmosphere of hydrogen 
by a technique similar to that reported by Reynolds 


*D. C. Reynolds and S. J. Czyzak, Phys. Rev. 79, 543 (1950) 
»W.W. Piper, J. Chem. Phys. 20, 1343 (1952). 
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and Czyzak.4 In both cases a luminescence grade of 
zinc sulfide powder was used as a charge. The crystals 
grown by the former method were hexagonal columns 
as large as five millimeters long and two millimeters 
thick. The crystals were single except for a stacking 
disorder of the (00.1) planes. The unique crystallo- 
graphic axis (c axis) was parallel to the geometric axis 
of the cylinder. Hereafter, these crystals will be re- 
ferred to as the columnar crystals. The crystals grown 
by the latter technique included flat plates 10-50 
microns thick and several millimeters on an edge. The 
crystals were also hexagonal with the same sort of 
stacking disorder. The large plate faces were (11.0) 
planes and the ¢ axis paralleled one edge of the large 
plate face. Hereafter these crystals will be designated as 
the laminar crystals. All the crystals used in these 
experiments were colorless in room light and showed 
no visible evidence of luminescent impurities under 
ultraviolet. 


II. INTRINSIC CONDUCTIVITY 


Measurements of the temperature dependence of 
electrical conductivity were made in a _light-tight, 
evacuated chamber. The pressure did not at any time 
rise above 10-5 mm of mercury. The crystal was clamped 
under spring tension between two platinum electrodes 
each of which was in good thermal and electrical 
contact with a copper block about 2X3X4 cm. These 
electrode blocks were clamped to and enclosed in a 


6 Dr. W. L. Roth has made a careful crystallographic study of 
many single crystals of zinc sulfide grown by the author. The 
most probable interpretation of the streaking observed in x-ray 
reflection patterns is that one plane in fourteen has violated the 
stacking sequence of the (00.1) planes for a hexagonal crystal. 
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larger. copper block. Thin sheets of mica provided 
adequate electrical insulation and thermal conduction. 
A dc potential was supplied to the electrodes by bat- 
teries, and the current passing through the crystal was 
neasured with an electrometer. A chromel-alumel 
thermocouple was embedded in the large copper block 
near the surface to which the electrode blocks were 
clamped. The large copper block was suspended in the 
vacuum chamber by a stainless steel tube (1 inch o.d., 
4 inches long, 3'y-inch wall thickness). A nichrome 
ribbon heating element slipped through the tube into a 
recess in the large copper block. 

With a crystal in place between the electrodes the 
copper block was heated at a rate of 5°K/min and was 
allowed to cool not faster than 5°K/min (at the lower 
temperatures the cooling rate was considerably slower 
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2. Percent transmission through a flat plate of ZnS 
15 microns thick as a function of wavelength. 


Fic. 
than this). In Fig. 1 the logarithm of the current passed 
by a typical columnar crystal pinched between platinum 
electrodes maintained at a constant potential difference 
is plotted as a function of reciprocal absolute tempera- 
ture. Upon subsequent heating and cooling cycles the 
points on the straight line were reproducible. The dotted 
curve to the right was the current passed on initial 
heating after exposure to room light. The straight line 
can be represented by a function 

I= A exp(—£/2kT). 
The value of £ as determined from the slope is 3.77+0.1 
ev. 
III. OPTICAL ABSORPTION 


Laminar crystals have been grown which appear 
optically clear over an area of 1 mm? when examined 
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with a S0X microscope. These crystals were mounted on 
brass disks 3'y inch thick which had a 1-mm hole at the 
center. These disks could be mounted so that the hole 
was directly in front of, and bisected by, a 0.005-inch 
slit which was the exit slit of a spectroradiometer.’ 
Light passing through the exit slit was measured with 
a 1P21 photocell. The recorded width of half-maximum 
intensity of monochromatic light was 6A. The peak 
intensity of a particular wavelength on the exit slit 
could be set with an error of less than two angstroms. 
The entrance slit of the spectroradiometer was illumi- 
nated by a low-voltage hydrogen lamp which was 
operated from a bank of storage batteries and supplied 
an extremely stable near ultraviolet spectrum. A 
similar lamp is described by Johnson. 

Percent transmission of a crystal was obtained by 
measuring and comparing the amount of light reaching 
the photomultiplier with and without the crystal 
mounted on the brass disk in front of “the exit slit. 
Figure 2 shows a typical transmission curve as a func- 
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lic. 3. Refractive index, theoretical transmission through a 
laminar plate of this index with no absorption and measured 
transmission through a flat plate of ZnS 15 microns thick. 


tion of wavelength for a crystal about 15 microns 
thick. This data can be used to compute the optical 
absorption coefficient of a crystal as a function of wave 
length if the thickness of the crystal is known, and if 
corrections are made for reflection at the optical 
interfaces, 

The thickness d of these crystals can be determined 
by measuring the interference fringes at longer wave- 
lengths if the index of refraction m is known. Well 
defined fringes were observed at \>5000A. The index 
of refraction for natural sphalerite (cubic form of zinc 
sulfide) has been reported by Brum® and DeVore." 
This index should differ from the indices of wurtzite 
by less than 1 percent over the visible and near ultra 

7 This instrument was designed by Dr. F. J. Studer. It employs 
a one-meter replica diffraction grating (15 000 lines/inch) in a 
Wadsworth mounting. 

§P. D. Johnson, J. Opt. Soc. Am. 42, 278 (1952) 

® A. Brum, Bull. soc. franc. mineral. 53, 35 (1930). 

J. R. DeVore, J. Opt. Soc. Am. 41, 416 (1951). 
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violet spectrum. By measuring the wavelengths of 
successive transmission maxima (which occur for 
integral values of 2\/nd), the thickness was determined 
with a probable error of less than four percent. 

Barnes and Czerny" have derived an expression for 
the fraction of light transmitted through a laminar 
sheet of known optical index which includes the effects 
of absorption and interference. In the visible and near 
ultraviolet the measured crystal transmission in each 
case was a few percent less than the value calculated 
from this formula assuming no absorption (see Fig. 3). 
Assuming the difference to be due to scattering at 
surface imperfections the calculated transmission with- 
out absorption was adjusted by a constant factor. The 
absorption coefficient was then calculated from the 
difference between the measured transmission and the 
adjusted calculated transmission without absorption. 

Figure 4 is the calculated absorption coefficient for 
the crystal whose transmission is shown in Fig. 2. 
Among four crystal plates the wavelength for an 
absorption coefficient of a=1 mm! varied from 
3450A (hv= 3.60 ev) to 3480A(Av=3.56 ev) and the 
slope, d(log a)/d(hv) varied from 12 ev! to 16 ev 


IV. PHOTOCONDUCTIVITY 


A columnar crystal about 1 mm? in cross section and 
2 mm long was mounted between silver paste elec 
trodes so that the electric field paralleled the unique 
crystallographic axis. The crystal was then mounted 
in front of the exit slit of the ultraviolet monochrometer 
described by Johnson.* The axis of the crystal was 
parallel to the exit slit edges. The entire crystal was 
illuminated by radiation from the exit slit. The width at 
half-maximum intensity was 8A. The absolute intensity 


PHOTON ENERGY (ev 


3.70 3.65 360 
1 r r 


COEFFICIENT 


ORPTION 


abs 


WAVE LENGTH (mp) 


Fic. 4. Spectral variation of the optical absorption coefficient 
of hexagonal ZnS at the fundamental absorption edge. 


" R. B. Barnes and M. Czerny, Phys. Rev. 38, 338 (1931). 
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Photoconductivity of a single crystal of ZnS as a 
function of the photon energy. 
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of the radiation was measured with a Cs-Sb photocell 
which had been calibrated to yield values correct 
within twenty percent. Fifty volts was applied between 
the crystal electrodes and the photocurrent was 
measured with an electrometer utilizing a split #P-54 
electrometer tube.” 

Figure 5 shows the photocurrent produced in units of 
electrons/incident photon as a function of photon 
energy. The width of the peak at half-maximum 
current is about 60A. The number of photons incident 
may be in error by a factor of two due mostly to geom 
etric uncertainties in relative positioning of the exit slit 
and the sample. No correction is made for reflection at 
the front surface. The current behaved ohmically up to 
500 volts. Doubling the radiation intensity doubled the 
photocurrent within five percent for all points on the 
curve. All points represent steady-state values as 
closely as possible. Two to ten minutes between wave 
length settings was required to allow the current to 
reach a steady value. After a steady-state current had 
been reached with 3650A radiation from the mono- 
chromater the radiation was turned off and the photo- 
current was allowed to decay to less than five percent 
of the initial value. The decay was exponential with a 
time constant of 1000 sec. Assuming a_ reasonable 
frequency factor, this value is in agreement with other 
experimental evidence for an electron trap about 1 ev 
below the conduction band.'*" 


27. M. Lafferty and K. H. Kingdon, J. Appl. Phys. 17, 894 
(1945). 
13R.H. Bube, Phys. Rev. 80, 655 (1950). 


4H. Kallman and B. Kramer, Phys. Rev. 87, 91 (1952). 
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V. DISCUSSION 


The density of electrons in the conduction band for 
the intrinsic case is!® 


n= AT exp(— E¢/2kT), (1) 


where £g is the energy difference between the bottom 
of the conduction band and the top of the valence band, 
k is the Boltzmann constant, and JT is the absolute 
A is a constant containing the effective 


temperature. 
fundamental 


masses of electrons and holes and certain 
constants. The conductivity is 
o= nep, (2) 
where e is the electronic charge and uw the mobility. 
Thus 
ao = AepT exp(— Eg /2kT). (3) 


Frohlich and Mott!® have examined theoretically the 
temperature dependence of mobility of conduction 
electrons in polar crystals. They determined that 


u=Bexp(6/T—1), (4) 


where B depends only on constants of the crystal lattice 
and @ is the temperature associated with the frequency 


TABLE I. Coefficient 8 of the linear term in the photon 
energy (7) for various materials. 


Ble K Reference 


5-10 104 17 

5-7 «104 18, 19, 20 
10104 21 
4X10 22 
3x10 


of longitudinal polarization waves of the lattice. The 
formula is valid only for 7<@6. For metallic salts they 
estimate that @ varies from 300° to 800°K. They were 
not able to calculate yu for 0<T. 

The experimental data on the thermal variation of 
electrical conductivity is not precise enough to differen- 
tiate between the linearity of loge vs 1/7 and log(a/T™) 
vs 1/T for m<3. If one assumes 

o=A,,1™ exp(— Eg/2kT) (5) 
and determines /g as a function of m from the con- 
ductivity data, one obtains 


E-g= (3.77—0.07m) ev. (6) 


Hence, if the mobility is constant in the temperature 
range investigated, the band gap energy would be 
about 3.67 ev. If the mobility is increasing in this range, 
the correct band gap energy would be even lower. If 
6=800°K. and (4) is assumed to be correct in the 
temperature range from 400° to 600°K, T! exp(@/T—1) 


16R. H. Fowler, Statistical Mechanics (Macmillan Company, 
New York, 1936), second edition, Eq. (1131). 


and N. F. Mott, Proc. Roy. Soc. (London 


16H, Frohlich 
A171, 496 (1939) 
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is essentially constant, and the band gap would be 
3.77 ev. Since 6 is more likely lower than 500°K, a 
constant or only slowly varying mobility at this 
temperature is most probable. 

The fundamental optical absorption edge has been 
observed to shift with temperature for several crystal- 
line solids. The photon energy £, at a constant value of 
the absorption coefficient decreases approximately 
linearly with temperature so that 


E,(T)=E,.(0)—6T. (7) 


A partial list of materials is given in Table I.'"~* This 
shift has been attributed to a temperature dependence 
of band gap energy, i.e., 


Eg(T)= Eq(0)—BT. (8) 


Shockley and Bardeen* have demonstrated theoreti- 
cally that a change in band gap energy is to be expected 
due to the change in lattice constant associated with 
thermal expansion. This was also suggested earlier by 
Moglich and Rompe.*® An additional shift of Hg due 
to the change in the excitation of lattice vibrations 
with temperature has been calculated by Fan.** 

When (8) is substituted in (1) or (5), it is evident 
that 2g as determined from the temperature dependence 
of electrical conductivity is the band gap energy at 
absolute zero. The optical absorption data, on the 
other hand, relates to the band gap at the crystal 
temperature. 

Ideally the value of the absorption coefficient corres- 
ponding to a transition from the upper edge of the 
valence band to the lower edge of the conduction band 
would be very small. Actually, absorption may be 
present at this and lower energies for a variety of 
reasons. Cheeseman*’ has shown that it is theoretically 
possible for appreciable absorption to occur for photon 
energies less than the band gap energy. 

Optical transitions to exciton levels might also alter 
the shape of the absorption edge. Assuming a Coulomb 
field in a continuous dielectric medium as an approxi- 


'7 J. H. Gisolf [unpublished data privately communicated to 
Moglich and Rompe (see reference 25) ]. 

18 F. A. Kroger, Physica 7, 1 (1950). 

19 R. Seiwert, Ann. Physik 6, 241 (1949). 

”» (CC. Klick, Phys. Rev. 89, 274 (1949) 

21 Pp. H. Miller, Jr., Semiconducting Materials (Academic Press, 
New York, 1951), p. 172 

2H. Y. Fan and M. Becker, Semiconducting Materials (Aca- 

»mic Press, New York, 1951), p. 132. 

23 G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949) 

* W. Shockley and J. Bardeen, Phys. Rev. 77, 407 (1950). 

25 F. Moglich and R. Rompe, Z. Physik 119, 472 (1942). 

26H. Y. Fan, Phys. Rev. 78, 808 (1950). 

271. C. Cheeseman, Proc. Phys. Soc. (London) A65, 25 (1952) 
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mation, the two lowest exciton levels for an optical 
index of refraction of 2.7 are 0.12 and 0.03 ev below 
the bottom of the conduction band. With the resolution 
of the equipment used one would expect structure to be 
observed if exciton absorption were appreciable. 

Assuming that neither of these effects alter the 
absorption edge appreciably and that the absorption 
coefficient at the band gap energy lies between 10 mm! 
and 0.1 mm', the optical absorption data yield a 
value of the band gap energy at room temperature of 
Eq (300°K) = (3.58+0.1) ev. Assuming the mobility not 
to be changing significantly between 500°K and 700°K, 
the conductivity data yield an energy at absolute zero 
of Eg (0°K) = (3.67+0.1) ev. The temperature coefficient 
of band gap energy @ as calculated from the two band 
gap values just suggested is 3X10-4ev/°K, which is 
not in disagreement with the value reported in the 
literature (Table 1). 

If the shape of conduction and valence band energies 
are considered as a function of the electron wave 
vector k, it is obvious that the value of the band gap 
determined from the temperature dependence of con- 
ductivity should be less than the optically measured 
gap (neglecting any temperature dependence of the 
gap) if the maximum of the valence band and the 
minimum of the conduction band do not occur at the 
same value of k. It appears unlikely that the Lg 
determined electrically should be lowered appreciably 
for this reason and that the Kg determined optically 
should also be lowered by the same amount for one of the 
reasons discussed above, so that a reasonable value of 
8 should be maintained. 

The sharp rise of photoconductivity as the wave- 
length is decreased corresponds closely to the absorp 
tion of a significant fraction of the incident radiation 
by a crystal 1 mm thick. The sharp drop 60A further 
indicates some sort of dead layer approximately one 
micron thick. Recombination due to a high hole-electron 
concentration, the presence of special surface traps, 
and the possibility of minute surface cracks have been 
suggested as possible reasons for such a dead layer. 
Similar spectral response curves have been observed for 
other photoconducting materials (e.g., CdS”), 
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It is 


proved by 


a rearrangement of Léwdin’s solution to the many-body problem that a vector model 


type energy expression is valid for a solid provided (in the simplest case of one electron per atom) the 
number of nearest neighbors times the overlap integral between them is small compared with unity. 
The approximation is also carried to include third order permutation terms, and the spin coupling via 


closed shells these “triple exchange”? terms can produce is discussed. 
General expressions are given for the exchange integrals to be used in a vector model solution. These 
under the proper conditions reduce to the conventional integrals except for a slight modification, which 


helps to make the integrals negative 


INTRODUCTION 


N the theory of solids, two separate points of view 
exist, one emphasizing the “free” aspect of electrons 
in the solid, the other the “bound” aspect. The first, 
known as the collective-electron or energy-band theory, 
makes use of one-electron wave functions having the 
Bloch form of a free-electron wave multiplied by a 
function having the periodicity of the crystal lattice. 
The second places more stress on the bound nature of 
the electrons, and in its simplest form, the Heisenberg 
model, regards the solid as just a collection of atoms, 
with each pair behaving as a hydrogen molecule. 
A slightly more refined atomic picture is found in the 
Dirac-Van Vleck formulation, wherein the energy of 
the solid is assumed to be 


(1) 


E=Eo—> Jij(§+2(S,-S,)), 
with /y including the kinetic energy of all electrons plus 
the classical Coulomb energies of nuclei and smeared 
out electronic charge; and with J,;; a Heitler-London 
exchange integral between the 7th and 7th wave func- 
tions and §; the vector spin operator (in multiples of 
h/ 2m) for the ith electron. The angular brackets indicate 
an average over a spin function. 

The relative merits of the collective vs atomic points 
of view are, in brief, the following. The collective picture 
has the advantage that the Bloch wave functions are 
orthogonal, which leads to greater mathematical sim- 
plicity. It has a disadvantage in not containing the 
physical fact that electrons, irrespective of spin, try to 
avoid one another due to their repulsive Coulomb inter- 
action. This disadvantage causes states of maximum 
spin to be unduly favored, because the theory allows 
two electrons with antiparallel spin to move inde- 
pendently of one another while the Pauli principle 
enforces its automatic correlation on electrons with 
parallel spin. 

On the atomic model, the electrons are made to avoid 
one another in a certain sense by being localized around 


* Work partially supported by the U. S. Air Force 
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the different nuclei, the degree of separation depending 
upon the overlap of neighboring wave functions. In 
addition, the localized point of view has the advantage 
of physical simplicity, since (1) reduces the problem 
of a solid to the familiar diatomic molecule problem. 
In spite of these advantages, use of the Dirac-Van Vleck 
model has been restricted, because of the following ob- 
jection. It has been pointed out by several writers'~4 
that in solving for the energy of a linear chain of hydro 
gen-like atoms, as a simple example, one obtains a 
result of the form 


Eo—O(NJ)+O(NVT?S)--- 
E= (2) 
1—O(NT?)+O(N°T')- >> 
when an antisymmetric wave function is used. The 
symbol O denotes the order of magnitude of the term, 
N the number of atoms in the chain, and 7 an overlap 
integral for nearest neighbors, which might reasonably 
have the value 107! to 10-*. The exchange integral J 
also refers to nearest neighbors. Setting the denominator 
equal to unity and neglecting all terms beyond the 
second in the numerator gives approximately the result 
expected by (1), but such procedure seems obviously 
foolish when N is a very large number. Nevertheless, 
Van Vleck? in special cases was able to show that such 
a naive approach does give substantially the correct 
answer, because the remaining terms, in a rather obscure 
manner, tend to cancel each other. Van Vleck’s analysis 
is convincing in that use of this theory leads to no 
“catastrophe.”’ Doubts have remained as to whether, 
in general, the model is actually a good approximation.‘ 
The purpose of the present paper is to investigate the 
problem further in order to determine under what 
conditions, and with what modifications, a vector 
model similar to (1) can be used; and to consider some 


applications to ferromagnetism. 


.C. Slater, Phys. Rev. 35, 509 (1930 
». R. Inglis, Phys. Rev. 46, 135 (1934) 
H. Van Vleck, Phys. Rev. 49, 232 (1936 
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NON-ORTHOGONAL 


THE WAVE FUNCTION FOR THE SYSTEM 


For any one-electron model of a many-electron 
system, one of the most satisfactory ways of describing 
the complete wave function is by means of Slater 
determinants of one-electron functions y,, each multi- 
plied by a spin function £;. The latter is specified by 
either a; or §;, the eigenfunctions for the component of 
spin in a particular direction. 

Thus 


&(1) 
W2(2) 


¥i(1) 
. % 
Vv = | 


Yv(V) Ey (CV) 


where the number in parenthesis labels the electron 
whose coordinates appear and the subscript designates 
the wave function. 

If a linear combination of determinants such as (3) 
is taken and a large enough number of terms con- 
sidered, then, no doubt, a good solution for the energy 
could be obtained for any type of ¥;, whether spread 
out over the entire crystal or localized about one or 
more nuclei. In practice, the solution of the secular 
equation to determine the correct linear combination is 
difficult, if not impossible, to obtain when a large 
number of determinants with different y,’s are involved, 
and therefore in reality the method is highly restricted. 
More often, one attempts to approximate the wave 
function by a single determinant, and it is in this prac- 
tical sense that one model may lead to correct results 
and the other incorrect. In fact, for the single deter- 
minantal wave function there is an optimum set of YW, 
namely, that set which leaves W stationary with respect 
to small variations 6y; and brings about the lowest 
energy. It conceivably could happen that this set would 
contain a mixture of both localized and Bloch functions. 
In any event, to determine what this best set is, one 
first must solve the general problem of the energy for 
nonorthogonal y;, which is essentially what the vector 
model attempts to do. Viewed in this manner, the 
energy band method is simply a special case of an 
equation such as (1), obtained by restricting the y,; toa 
certain type of orthogonal one-electron wave function. 


FORM OF THE ENERGY EXPRESSION 


According to the pres¢ ription of Van Vleck,’ one can 
calculate the energy from (3) by naively overlooking 
in all terms but the first exchange integral—the fact 
that the w’s are not in general orthogonal. It is worth 
doing a calculation similar to this in order to establish 
the form to seek when using a more rigorous method. 
However, the present calculation will be made con- 
siderably better than usual in order to obtain a correct 
expression for the energy up to and including the third 
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order in overlap.® There is little point in calculating 
higher terms since they must be negligible if the 
method is to prove useful. For simplicity, one may think 
in terms of one electron per atom, although the proof 
will apply to any number. With the wave function (3) 
the energy may be expressed 

SUH 

SVVdr 

VIS Wit (1): + -Wy*® (NED) «Ev (N)HWd2 
(4) 
NYS Wit (1) Wy * (NEMA) © = Ey (Ndr 

since W can be expanded into .V! permutations of the 
diagonal element, each of which gives the same result 
because /7 is symmetric in all electrons. Unless expressly 
designated, dr will always indicate an integral over all 
orbital, and sum over all spin, variables involved in the 
integrand. Expanding ¥ in terms of permutations gives 


W=Yi(1)-- Ww (NDE) + Ew CV) 
+3°/P.(—1) il)» Ww (VED) + Ew OV), (5) 


where P, is a permutation operator that interchanges 
the electrons, p the parity of the permutation, and the 
>.’ is over all permutations except the identity one. 
Taking the w’s to be normalized and shortening the 
notation to go=Will)---WwOV), ¢.=&:(1)---EWCV), 
ky=S got eur (Ey is independent of spin and is the 
energy obtained without antisymmetrizing the wave 
function), one finds 
Fo+ ZX.’ ( 
E= 


- 1 PS pote HP ove dt 
1+ 3°,’ 


» a 
beg -] WS got eo LHP gogdt 
Ey > (-1)"S go* oP goed 
t= Fo « wy 
1 +> ,’( —1 VS got e.P wop.drt 
In a purely formal way, P,gog.= Pw¢oPr.¢s, where 
P,) permutes the orbital part, and P,, the spin part, 
of the wave function. Then, assuming // to be inde- 
pendent of spin, containing only kinetic and electro- 


1)"S go* oP popdt 


static energy terms, 
p ey 1 VES got HP wed 
Ev JS go Pweodt |‘ F ve) 
E=Eo-4 ’ (3) 
1+ » DE 1 Pf go P godt Fy 


2» 
where (P, dX ¢.P.¢. (the sum being taken over the 
spin coordinates) is the mean value of the permutation 
operator over the spin function obtained by taking the 
diagonal elements of (3). (P,,) in this case can have 
only the values zero or one. 

In summing (8) over the various permutations it is 


convenient to denote a particular permutation P, by 
ijerel 

Pym.cn Meaning ki, m—>7, n-l. The bracketed ex 
° By the order in overlap, we mean the number of integral 

over pairs of wave functions centered about different atoms. For 

example, in Eq. (2) J is of second order, J7? of fourth order, et« 
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pression in the numerator of (8) for this particular per- 
tjeeel 

mutation shall be denoted by Jim...n. It is shown in 

Appendix A that J can be put into a very simple form. 

The expansion of (8) runs as follows: 


1)>> J&P; 
Wt ST gi; tik( P, jit) )+--- 


Le Ti TidPyi")+- 
From the Appendix, 


J 8B J 5; [ve Ly ,*(2)5C(1, 2); (1)y.(2)dr 


vbr | indade f ver(Ws*(2) 


xIC(1, 2)Pi(Dy,(2)dr 


(F7|5C(1, 2)| ji) —Ti,T (ij |3C(A, 2) |iZ), 


J ixi'* = fve (1) *(2)yn*(3)5C(1, 2, 3); (Lv (2)Wi(3)dr 


fornsifrensefecvcifeoc 


XW *(2)W.*(3)5C(1, 2, Wi (1); (2 (3)d7 
| 7kt) 


T45T js Tei (igk|5e( i. im 3) | ijk), 


(ijk! 3C(1, 2, 3) 
(10) 
Ty= | var, 


3C(1, 2 \+VitV» 


"dr 


lw.(Z) | 


ri 
» e 

| 
wv Tas 


V3") + V 1 + | 


2 
re 


ivi) dra) +— 


Ti2 


‘etVs 


Rit. 2.3) 


Will) |2dr, 


52 » ¢ 
lWi(L) 2drit | iv) *dr) 
t * tl 
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The e?/r., term, being a constant, 


pats 


where V, is the potential between electron 1 and all 
nuclei, — (h?/2m)V,’ is the kinetic energy operator for 
electron 1, e?/rjz is the Coulomb interaction between 
electrons 1 and 2, and W is the electrostatic energy 
among nuclei. 

It will be recognized that J;; is of second order in 
overlap and J,;'* of third order. The Hamiltonian 
5C(1, 2) is nothing more than the Hamiltonian for two 
electrons in the time average potential of all other 
charges in the lattice (overlap neglected). Similar 
remarks apply for 3C(1, 2, 3). 

By employing the same process of division that was 
used to remove Eo, one can take the next two groups of 
terms in the numerator of (9) out of the fraction. Thus 


E=E—D JidPi")+ XTi Pyri'™ 


p> k>j>i 


+S eij'™ Pasj™) +R. (11) 


For small overlap the series up to R is well behaved, 
the aggregate of triple permutation terms being small 
compared with the J,; terms which, in turn, are small 
compared with /o. The remainder R is a fraction con- 
taining in the numerator terms involving only fourth 
and higher orders in overlap. For large NV, however, 
both numerator and denominator are seemingly diver- 
gent series similar to those illustrated in Eq. (2). 

If R can be neglected the derivation is complete. 
Before attempting to find the conditions under which 
the remainder in (11) really can be overlooked, it is of 
interest to point out that the equation is in a form which 
lends itself to simple interpretation. 

It is desired first to compare J;; with the exchange 
integral in the Heitler-London description of the 
hydrogen molecule. For that problem the wave func- 
tions are Yi (1)Y2(2)+y1(2)¥2(1) multiplied by spin 
functions. The plus sign goes with the singlet state, 
the minus with the triplet. The energy, 


S Vil )o(2) Mr Dpe(2)dr Spi (De (2) My (2 po 
1+ T 2" 


1)dr 
a | 
may be written as 
(12| H|21)—72(12| H| 12) 
= (12|#]12)+ ane — : 
1+7),? 
and, when the overlap is small, 
Ex (12|H|12)4((12| 7|21)— 71? (12| 712) ]. (12) 
The first term on the right in (12) is in exact analogy 
to the Ey term of (11); and the bracketed term, the 
exchange integral,® differs from Jj, only in the following 
6 The Hamiltonian is HW = H,+ Het e?/rapt /rig— e/riy— e?/rea, 
where rap is the internuclear distance, ri2 the interelectronic 
distance, 715, faq the distances between electrons on one atom and 
nuclei of the other, and 4, //, are the Hamiltonians for the iso 


lated atoms. As normally used, ¥; and y2 are eigenfunctions for the 
hydrogen atoms, so the exchange integral becomes 


(2 See 21)—T(12| pe “|12), 
Tab Viz Tib 2a | Fab Ti2 Tb Tea} 


would also cancel out, but no 
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manner: the 7 of (12) is the Hamiltonian for two elec- 
trons in the potential of two nuclei, while the i(1, 2) 
in the corresponding Ji. term of (11) is, as stated 
before, a Hamiltonian for two electrons in the average 
potential of the rest of the crystal. J;;;'* bears a similar 
relation to the three atom problem. 

To summarize, the right side of (11) contains, firstly, 
the spin independent kinetic and classical Coulomb 
energies ; secondly, the spin dependent energy obtained 
by assuming the electrons to interact in pairs; thirdly, 
the additional spin dependent part that comes from 
assuming the electrons as interacting in groups of three. 
Had the expansion been carried further the effect of 
groups of four, etc., would have appeared. 

If one takes only the first two terms on the right side 
of (11) and substitutes Dirac’s relation’ Pj,'’=} 


+ 2§,-S,, then 
EXE o— > Ji;(4+2(8;-§8,), 


>I 


(13) 


which corresponds to the vector model when the spin 
function is restricted to a simple product ¢,. The J of 
(13), however, is somewhat different from the J of 
Van Vleck, a point that will be discussed later. 


CALCULATION OF THE ENERGY BY 
LOWDIN’S METHOD 


An estimate of the conditions under which one is 
justified in neglecting the remainder in (11) may be 
obtained by expressing the determinant (3) in terms of 
minors, rather than permutations, and then using an 
expansion due to Léwdin.* 

If the product ¥,é; in (3) is denoted by ¢,, the wave 
function can be written 


v=> ¢)(OW:, j= x £)(t) pu CL) it, sky (14) 
: isk, ix 


where VW; ; is the cofactor of ¢;(7) in W, and similarly 
V1, « 1s plus or minus the minor of ¥ formed by deleting 
the 7th and /th rows and jth and &th columns. Let the 
Hamiltonian be written 


H=W+> W(i)+>d H(i, D, 


axl 


with /7(i) depending only on coordinates of the ith elec- 
tron, and //(i,/) depending only on those of 7 and J, 
while W is independent of electron coordinates. In the 
present case, 


H(i)=—(h?/2m)V2+V;, and W(t, l)=e/2ri. 


harm is done by leaving it in, since to do so makes (12! e?/ray+ e?/riz 
— ¢e*/ryp—e?/req|12) simply the classical electrostatic energy be 
tween two atoms with smeared-out charge. This quantity multiplied 
by 7?, at least in the hydrogen molecule, can be neglected compared 
with (12! e?/ra,+e?/rie— 2?/rin— e?/rea| 21), which is the familiar 
form of the exchange integral. For present purposes, however, it 
is not demanded that y¥; and ye be eigenfunctions and conse 
quently the general form of the exchange integral is retained 

7P. A.M. Dirac, Proc. Roy. Soc. (London) A123, 714 (1929 

§ Per-Olov Léwdin, J. Chem. Phys. 18, 365 (1950) 
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From (4) the energy is 
‘ont (IY; HOD; ¢) (Wi, dr 
-on*(N)Wdr 


*(1)--- py*(N) 
gin(1)---ey"(N) 
XE AG DE 9;(i) ee) Wir adr 


a! od. 


S ei*(1)-- 


-gnv*(V)Wdr=det/=A, where ¢ is a 
Sveti jtidr. Further, 


(15) 
-yn*(V)Wdr 


Now J ¢)*(1)-- 

matrix with elements ¢;; 
*(4 1) giga*(i+1)--- 

X on*(N)W;, dr=A,, ;, 


which is the cofactor of ¢;; in A, and 


-on* (ND, dT Asx a- 


K gi*(l—Deu* (+1): 


Therefore 


x DH (i) g,(i)dr 


} | | e* er OHG, Desex(bar. (16) 
1 jk A « 


j#k,1#l 


Equation (16) is essentially Léwdin’s expression,’ 
which, as he pointed out, contains no “catastrophe” 
since the matrix elements are multiplied only by the 
ratios A, ;/A or Ay, j/A. If tis the reciprocal matrix of 
t (t('=1), then from the theory of determinants 
t= A; ;/A and C9 fu — 0 pte = Ait, pe / A. The key 
point in the further development is Léwdin’s expansion 
of ('= (14+.S)~ in the power series 


- (87) 


where the matrix elements S;;=/;,—46;; are the off- 
diagonal elements of the ¢ matrix. They are zero if i and 
j have different spins or when y, and y,; are orthogonal 
(for example wave functions on the same atom). The 
sum over spin coordinates of ££; may be replaced by 
(P,,;*") so that t,;= 7 ,<P3;*"). 

By substituting (17) into (16) and grouping terms, 
one can obtain an energy expression up to any order 
in the overlap. It is sufficient to state that the first 
three groups of terms so obtained are exactly equal to 
those of (11) (see Appendix B). 

’ The derivation given here, pointed out to me by C. Zener, is 
somewhat more straightforward than Léwdin’s, which is based 
upon the premise that certain power series expansions exist 





CARR, JR. 


i <————__ | ——_———_-» | 

ijk 

kij 

Fic. 1. The two permutation possibilities for three electrons 
exchanging position. 


ijk 


j ki ° 


Pp 


In the scheme of localized wave functions, if the y; 
are selected so that only the overlap between nearest 
neighbors is important, the term ($");; in (17) approxi- 
mately equals the mth power of the nearest neighbor 
overlap integral, Sa,= JWa*fidr, times the number of 
paths from j to7 via n jumps between nearest neighbors 
(these paths being through wave functions having the 
same spin). 

It is apparent that in the nearest neighbor approxi- 
mation (S");,;<Z""(Sq)", where Z represents the 
number of neighboring wave functions which have a 
nonvanishing overlap with Wa. Therefore, a sufficient 
condition for the convergence of the right side of (17) 
is ZSq,< 1. 

Thus, having Z.S,, small compared with unity is suf- 
ficient, though possibly not necessary, for the neglect 
of R in (11). The proof holds for any number of electrons 
per atom, since wave functions on the same atom are 
orthogonal 

If only the criterion for neglect of the three-body com- 
pared with the two-body exchange is considered, it is 
more nearly that Z’S,, must be small compared with 
unity. The quantity Z’ is the number of wave functions 
of the right spin which overlap both a and 6. 


EXTENSION TO A LINEAR COMBINATION OF 
DETERMINANTS WITH THE SAME w; 
For a given set of one-electron wave functions y, 
an improved total wave function may be obtained by 
taking a linear combination of determinants, 


¥i(1)é1,(1) 
v=) A, 


»(2)£o,(2) | 
¥l2)Ea02) |, (18) 
‘ | 
vv (N éwa(V)| 
where the A’s are coeflicients, and the spin functions 
represent a given number of a’s and £’s which in each 
determinant are assigned to the y; in a different way. 
In particular, it is possible to construct eigenfunctions 
of both the ¢ component and the square of the total 
spin angular momentum operator in this manner.'° 

The extension of (18) to the energy calculation by 
the first method is very simple, for V can be written 
v=>, P.(-1) i (1)- + Ww (VY) ©, Ape (1): -- 

X tv (V)=>%, P.(—1)?goe,’, (19) 


oNu 
For example, see H. Eyring, and G. E. Kimball, J. Chem. 


Phys. 1, 239 (1933). 


and the calculation thereafter leads to an expression of 
exactly the form (11), except that (P) now means the 
sum of ¢,’P¢,’ over the spin coordinates and thus the 
mean can have values other than zero or one. The spin 
function ¢,’ is a linear combination of product one- 
electon spins formed by taking the diagonal elements 
of each determinant multiplied by the coefficient in 
front of the determinant, i.e., 


Os =D Apt (1)--> 


It has been assumed that ¢,’ is normalized. 

The remainder in (11) for the wave function (18) will 
certainly be small under some conditions, and there 
seems no reason to suspect that the conditions will 
differ greatly from those calculated for the case of a 
single determinant. 

Thus, for a given set of orbital y; the problem of a 
many-electron system is reduced to finding the best 
spin function for the effective Hamiltonian, 


, 3 ( Ji ij" Py if AT seg!*P ins). 


k>j>i 


(20) 


Heoy=Eo—> J P35" - 
>i 
(21) 


Equation (21) corresponds to the usual Dirac-Van 
Vleck model, extended to include third order permuta- 
tations and modified as regard to exchange integrals in 
the manner previously discussed. 


SIGN OF THE EXCHANGE INTEGRAL 


In the early quantum theory of solids the presence 
of ferromagnetism in certain elements was attributed 
by Heisenberg as due to a positive sign for J;;, the 
exchange integral between d wave functions on neigh- 
boring atoms. Of the several attempts! made to 
calculate this quantity all have used the standard 
Heitler-London approximation to the hydrogen mole- 
cule exchange integral (see footnote 6). The value of 
these calculations is to show that the positive and 
negative terms in the integrand cause cancellation to 
a high order so that a slight modiffication of the inte- 
grand can be of importance. 

The correct value of J;; is from (10) (ij|3C(1, 2)| ji) 
—T;;T ;:(ij|3(A, 2)\i7). We assume, in analogy with 
the hydrogen molecule, that (i7/3C(1, 2)! ji) is the 
principal term. The Hamiltonian in this term, as already 
mentioned, differs from the two-electron Hamiltonian 
in that it contains the potential of the complete crystal 
lattice. Far away atoms will, of course, add nothing to 
this potential, but neighboring atoms might be expected 
to add a considerable negative term, because the d 
electron will, to some extent, penetrate the charge 
cloud around nearby atoms and therefore experience a 
nuclear attraction. 

The remaining point to consider is that, according 
to experimental evidence, diatomic molecules, with very 
few exceptions, have a negative exchange integral. 

" E. P. Wohlfarth, Nature 163, 57 (1949). 

"2H. Kaplan, Phys. Rev. 85, 1038 (1952) 





NON-ORTHOGONAL 
Since in a solid the tendency for a negative integral is 
even greater, as was just shown, Zener’s assumption” 
that the exchange between d shells in the transition 
elements is negative becomes a very attractive working 
model. This assumption makes it necessary for the 
ferromagnetic coupling in the iron group of elements to 
come about indirectly, such as via the conduction 
electrons. 

It is to be understood that all of the preceding dis- 
cussion applies to wave functions i and j which are 
nonorthogonal. In the case of accidental orthogonality 
between wave functions on different atoms, the ex- 
change integral reduces to that of the band theory 
(i7|e?/r,2| 71) and becomes positive. 


THE TRIPLE EXCHANGE 


The two groups of triple exchange terms in (21) 
correspond to the two possibilities for three electrons 
exchanging position: clockwise and counterclockwise as 
shown in Fig. 1. 

Normally, if the overlapping of wave functions is 
small, the triple exchange will be relatively unim- 
portant compared with the simple exchange terms. In 
one common case, however, the triple exchange might 
be expected to play an important part: namely, the 
interaction between a wave function y¥; and a closed 
shell of electrons, for in this case the simple exchange 
terms sum to a constant independent of spin. To show 
this fact one can replace the permutation operator with 
the spin operators, obtaining 


Dd JidP i) =D Jij(4+2(8;-S;)) 
ij ne 
= const-++ 2d Si: Ls J iS); 


and the spin dependent part is zero if 7 is summed over 
a closed shell. 

In many ferro- or antiferromagnetic 
lattice arrangement exists where atoms possessing a 
magnetic moment are well separated by atoms having 
essentially closed shells. Two mechanisms for a spin 
coupling that can be transmitted through closed shell 
atoms have been proposed: the double exchange of 
Zener and Heikes,'® which takes place in cases of 
degeneracy, such as in off-stoichiometric compounds ; 
and the superexchange of Kramers,'* Anderson,'? and 
Van Vleck,'* which can take place in ordinary stoichio- 
metric materials. Both of these mechanisms arise when 
one considers interactions between different electronic 
configurations, i.e., between determinants having dif- 
ferent sets of ¥;. The superexchange is just a statement 
of the fact that the “closed shell” atoms in a second 
approximation really are not closed, and_ therefore 
allow a coupling to take place. 


>. Zener, Phys. Rev. 81, 440 (1951 
4C, Zener, Phys. Rev. 82, 403 (1951). 
15 R. Heikes, thesis, University of Chicago (unpublished 
16H. A. Kramers, Physica 1, 182 (1934). 
17 P, W. Anderson, Phys. Rev. 79, 350 (1950) 
'®§ J. H. Van Vleck, J. phys. radium 12, 262 (1951). 
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M M! 
Fic. 2. Arrangements of three atoms 

The triple exchange terms, on the other hand, admit 
an appreciable coupling in certain instances even in the 
closed shell approximation. Consider three atoms 
arranged as in Fig. 2, with M and M’ having one elec- 
tron each but overlapping each other very little, and C 
having a closed shell of two electrons which overlap 
both M and M’ considerably. 

For the case of M and M’ having parallel spins, the 
spin function can be written 


a(1)a(2)[a(3)8 (4) —a(4)8(3) |/v2; 
and for antiparallel spins, 
[a(1)8(2)—a(2)8(1) |[a(3)8(4) —a(4)8(3) }/2. 


Taking account of the fact that ys=ys, one easily can 
show that 


4 
YL (Seij*(Priy"®) 4S ss P pes™)) 
‘ j >t 

equals (J 312'%+-Jo5:'%) for the triplet and — (J31.'¥ 
+ Jo3;'"4) for the singlet. This result can be summarized 
by the expression (J3;2'%+-J23;'¥)(P2;"), indicating a 
coupling between 1 and 2 of the same form as the direct 
coupling. The ratio of this coupling to the direct 
coupling is, other things being equivalent, of the order 
T 137 \2T 32/7122, a number that can be quite large if the 
closed shell atom has a big overlap for M and M’. If 
J 312'8 is to have appreciable magnitude, however, 1, 2, 
and 3 must all overlap each other to some extent, so the 
interaction is probably strongest when the three atoms 
are approximately at the corners of an equilateral 
triangle. 

A considerable number of materials with configura- 
tions such as this exist. Rough estimates indicate that 
the triple exchange integral can feasibly attain values 
large enough to account for Curie temperatures ob 
served. If J3;.'% is negative it contributes a ferromag 
netic coupling, if positive, an antiferromagnetic one 
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APPENDIX A 


The Hamiltonian is 


H=W 


i 2m 


where W is the interaction among nuclei, — (#? 
the kinetic energy operator of the 7th electron, V, the 
Coulomb interaction between the ith electron and all 
nuclei, and e?/r,;; the Coulomb interaction between two 
electrons. 
Let H] be written 
H=H(1,2---n)+ > > 


— 
n {#1 


+I’, 


n ‘ij 


where the first term contains only the coordinates of the 
second term is the interaction of 
all other electrons, and /1/’ is the 
remainder, which does not depend upon the coordinates 
of electrons 1 to n. 


electrons 1 to n, the 


these electrons with 


-n)=H(1- lw, (7) |*dr,. 


(23) 


9 
e 
, | r > & 
nN) — 

i=] n {#1 ne Vij 


Joon 


godt 
: leeen 
Wn (NTP... hi) Ww Ndr 
lesen 
HP, i dt 


° 1 lesen 
/ got!’ godt } yo*P.....cgodr, (24) 


] 


¥ lesen 
f cot TP 10d 


therefore 


. 
leeen 


je leeen - . 
| go TP pod yp *H godt | QoL mess wyodT 


® > Looogy 
f cot (a7 IH’) godt / ¢o*Pm....godr, (25) 


and the right side of (25) is equal to 


fur Vn*(n)ac(1 nN)Wm(1)> + -Wiln)dr 


[viva fe 


«KH 


WY dt f v.r(1): -Wn*(n) 


1---n)Wy(1)---Walnddr. 


(26) 


2m)V 7 


The expression (26) shall be denoted by the usual 
notation 


(1-+:n!3C(1--+m)|m-+ 1D) —Tim: s+ Ta 
K (1---m\5C(1- ++) | 1-- +n) 
or simply by Jm...0°°°". 

Now the summation over permutations involving a 
simple interchange gives the terms D> ji F Pic"; 
the summation over permutations involving three 
electrons is 


® (SF gij** Pas +S jns*™P ns™). 
k>j>1 
The integral J go*// godr evaluated in a straight- 
forward manner is /» in (10). 


APPENDIX B 

Equation (16) may be written 
A;.; : 
@{/M(1)\j+>. 
A tj 


1) 


A; ; ' 
E=W+> (2| (1) | 7) 
i A 


+> 


77) 


iy, 0) 
(17| H(A, 2)|27) 
A 


iii: 
+> (17| H(A, 2)| jz) 
17 OA 


Aix jk 


(tk| (1, 2) | 7k) 


J, jk ee . 
(17| (1, 2)! 7k) 


Ain ix 
ye (il| (1, 2)| 7k). (27) 
iJ A 


ix, els 


By making use of (17), 


E=W4E¥,(14+E) SuSj— +++) (G) H(A) fi) 


+E (-Sjt+--)G/M()] 3) 


Pat ++) (tk) H(A, 2)| 7k) 
eit +++) (ig| H(A, 2)| jk) 


ei SeSecte>) (tl] AC, 2) 
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Group these terms in the following manner: The first group on the right in (29) is Eo of (11). The 
oe ve cane second group in (29) is equal to — Xo js; Ji(P i") of (11), 
F=(WH+Y GA) D+ Lj HA, 2)[17)] which one may prove by expanding J,; as defined in 
12) (10). In the proof it must be remembered that S,;,=0 
+L SiS) (7) H(A) 12) and S;;, (i| | 7), ete. are also zero if i and 7 have dif- 
‘J ferent spins. 
+> (2 >, Su 8-880 7 HA, 2) i) We state without further proof, that the next group 
of terms in (29), which would involve three integrals 


mH) 


LSD) P-L AG, 2)1 ji 


over pairs of wave functions with different 7 and 7, is 
equal to the third-order terms of (11). 

= If the series (17) converges sufficiently, one may 
Sj(tk| HL, 2)| jk) J+Aeee. neglect the remaining terms in (29) and consequently 
R in (11). 
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A Modified Theory of Production of Secondary Electrons in Solids 
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A few difficulties in the previous theories of energy loss and secondary electron production by primary 
electrons in metals can be removed by replacing the Coulomb interaction between a primary electron and a 
lattice electron by a screened Coulomb interaction, such as required by the plasma theory. In the new theory 
Wooldridge’s mechanism of secondary electron production seems to have lost most of its importance. The 
energy loss distribution due to the interaction with the conduction electrons of the metal is found to have a 
maximum at an energy loss slightly less than (h?k,,?/2m), where &,, is the value of the wave vector of the 
conduction electrons at the Fermi level. The theory is also applied to the bound electrons, and it is shown that 
the screened Coulomb interaction does not change the previous results very strongly. It is also shown that 
the polarization of the medium has only a small influence upon the previous results for insulators 


I. INTRODUCTION It is the aim of this paper to investigate whether a 
screened Coulomb interaction might remedy these 
defects. It is reasonable to expect so, for, since the 
difficulties are caused by the interaction of primary 
electrons and those lattice electrons that are passed by 
at larger distances, this interaction should be removed 


EKKER and van der Ziel' recently unified the 
various theories of secondary electron production. 
This theory, which is essentially a modification of the 
existing theories of energy loss of fast particles in 
matter, is based upon a Coulomb interaction between ; 
: ; by a screened potential function. 
the primary electrons and the lattice electrons. It has ~~. ; 
ee aa Such a screened petential should be expected in 
the same difficulties for the conduction electrons of the ; 
metals according to the plasma theory of electron in 
metal as previous theories: , ae 
teraction. In that theory the interaction between a 
(a) In a single collision between a primary electron primary electron and the electrons of the metal is split 
and a lattice electron the probability P(Ay,JdE,.. of into two parts.” 
an energy loss between Fy,, and Fyy- +d, becomes IVA ed” fu 
geen ae . ) An “organizec vart, Consisting of the interaction 
intinite for Fy,-—>0. ¥ | - 
(b) The probability P(A’)dk’ of a transition of a lat 
tice electron to an energy state having an absolute value 


with the electron gas as a whole, resulting in relatively 
sharp to very sharp energy losses caused by the excita- 
; ‘er tion of “plasma oscillations.’ This part of the interaction 

of the wave vector between k’ and k’+dk’ becomes | : | : 
nae ‘ieae can explain the discrete energy losses of electrons in 
infinite at the Fermi level. I foils. [tj , ; oF hi 
ren metal fous. It Ils not Known how important this process 
(c) The rate of energy loss (d#, dx) due to the lattice | 
electrons for a primary electron of energy E, varies as ' 

E.— log (E,./E,! ; h Pa aS ear gee E! ?R. Kronig and J. Korringa, Physica 10, 406, 800 (1943 
4p og( hy fo), with a very small value of fy H. A. Kramers, Physica 13, 401 (1947); D. Bohm and E. P 
Gross, Phys. Rev. 75, 1851, 1864 (1949); D. Bohm and D. Pines, 
* Supported by U. S. Signal Corps Contract Phys. Rev. 80, 903 (1950) ; 82, 625 (1951); D. Pines and D. Bohm, 
‘A. J. Dekker and A. van der Ziel, Phys. Rev. 86, 755 (1952 Phys. Rev. 85, 338 (1952); D. Pines, Phys. Rev. 85, 931 (1952 
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is for the production of secondary electrons; this ques- 
tion deserves further study. 

(2) An “unorganized” part consisting of the residual 
interaction with the individual lattice electrons. This 
part can be described by a screened Coulomb potential, 


e 
V(R, r) -expl —A|R—r| J, (1) 


r 


where R and r are the radius vectors of the primary 
electron and the lattice electron, respectively, whereas 
\ is determined by the properties of the electron gas; 
it is estimated that A~10* cm for metals. This part 
of the interaction is investigated here. 

We assume in our discussion that the metal is in the 
form of a cube of 1 cm* volume and that the primary 
beam has an intensity of 1 electron per cm? per second. 
Let K and K’ be the wave vectors of the primary electron 
and k and k’ the wave vectors of the lattice electron 
before and after the impact, respectively. Energy is 
conserved in the collision process; that is, if E and EF’ 
are the energies of the lattice electron before and after 
the impact, then 


h?K?/2m4+-E=h?K"/2m+ FE’. (2) 


For given values of K, k and k’ the magnitude of K’ is 
thus fixed but its direction is not. 

We apply the method employed in Dekker and van 
der Ziel’s paper and rewrite Eq. (11) of that paper. 
\ccording to that equation the rate of collision processes, 
in which the wave vector k is changed into k’ and the 
wave vector of the primary electron after the collision 
is found within a solid angle dQ’ around K’, is 


m’(K'/K) 


P(K, kK’, k’)dQ’ J?| 1 |2dy, 


tor"h' 
where 


/ } V(R, r) exp[ iq: (R—r) JR, 


(3b) 


/ [valor *(r) exp[i(q-r) Jdr. 


The integrations are to be extended over the crystal 
and q=K—K’. The potential energy V(R, r) describes 
the interaction between a primary electron and a 
lattice electron, and y,(r) and yy (r) are the wave 
functions of the lattice electrons before and after the 
impact. It follows directly from Dekker and van der 
Ziel’s calculations that (3) holds for an arbitrary poten- 
tial function. 
Substituting (1), we obtain 
J = 4re*/(g?+"*), 
and 
4m*e'(K'/K) 
P(K, kK’, k’)d0’ = [P|*7dQ’. = (4) 
h*(g-+n?) 
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For the case A—>0, the potential energy (1) becomes a 
Coulomb potential function and (4) reduces to Dekker 
and van der Ziel’s formula (11), as should be expected. 

To calculate the rate of production of secondaries the 
integral J has to be evaluated. The cases of weakly 
bound electrons (conduction electrons) and strongly 
bound electrons have to be treated separately. 


II. THE CASE OF WEAKLY BOUND LATTICE 
ELECTRONS 


For weakly bound lattice electrons ¥x(r) is of the 
form uy(r) exp[i(k-r) |], where u(r) is periodic in r 
with the period of the lattice. A Fourier expansion of the 
periodic part of the wave function yields. 


=> ca(k) expli(n-r)+i(k-r) |, 


n=) 


Wx (4) 


> em(k’) expli(m-r)+i(k’-r) |. 


m=() 


Vn (r) = 


Substituting this into (3b) yields that 


1=D Lealk\em*(k’), 


n m 


(5a) 


C=K+k+n—m=K’+k’ (momentum law) 


and zero otherwise; —h(n—m) = —hp is the momentum 
taken up by the lattice. 

For a given momentum —/p taken up by the lattice 
the transition probability becomes 


P,(K, kK’, k’)d0’ 


> dame! (K'/ K) 
>, Cup (i)cu*(k’) dQ’, (6) 
- h*(g?-+d2)2 
where 
g=|K—K’ k’—k—p.. (6a) 
Now introduce the vector C,= (K+k+p), and use 
it as the Z axis of a polar coordinate system and in- 
troduce the polar angle 3 between K’ and C, and the 
azimuthal angle ¢ of K’ as new variables. Since C,~K 
if K>!k+o!, 


k'dk’ k'dk’ 


( ly, (6b) 
C,K’ 


d= 


lh = ( 
Kk’ 


we find for the rate of transitions whereby a lattice 
electron of wave vector k is scattered into a state 
between k’ and k’+dk’ 

4m’e' 


k'dk’ 
h'K? 


Qn do 
0 (|k’—k—p|?+)?)?| 


P,(R’ dk’ = 
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We now have to discuss this for the cases (a) momen- 
tum —hp taken up by the lattice (p#0), (b) no mo- 
mentum taken up by the lattice (p=0). 

For \=0 these cases lead to Wooldridge’s theory and 
Baroody’s theory, respectively.’ 

Comparing the cases p¥0 and p=0 and observing 
that 


Zz. Cm+p(K)Cm*(k’) |<K1 for pxO and ~1 for p=0, 
m 


we see that the case p~0 has a much smaller probability 
than the case p=0. For A\=0 this would be offset by 
the fact that the factor |k’—k—p)|~‘ has a very sharp 
maximum around k’~(k+p), but for A#0 this is no 
longer the case. The unimportance of the case p#0 
is further strengthened by the fact that 


DX cm+p(k)cm*(k’)| =0 for k’=k+p, 
m 


as was first shown by Marshall.° It seems therefore that 
Wooldridge’s mechanism has lost all its importance 
in the case of a screened potential and that it is sufficient 
to consider the case p=0 (Baroody’s mechanism). 

We first make the simplifying assumption that 
k’>k; Eq. (7) then becomes 


Same! — k’dk’ 
P(k'\dk' = . 
h'K? (k’?+ ?)? 


and the rate at which an energy loss between /y,: and 


Exe t+dk yy: 


occurs is 
rVe' dE xy 
P(E xy dE y= - (8) 
Ec. (Ey: + Eo)’ 
where .V is the number of conduction electrons/cm', 
Eo= (h?/2m)d*, E,=(h?/2m)K*, and Exx =E£’ 
= (h?/2m)k” is the energy loss. The total rate of energy 
loss is, therefore, 


Lp 


I 
Exx Pl Fixx dE, 


rVe E,+Eo E, 
= [iox( )-( I (9) 
E, Ey E,+Eo 


For £,>>£, this may be written 
2 


where ¢ is the base of natural logarithms. 


3D. E. Wooldridge, Phys. Rev. 56, 562 (1959) 

4E. M. Baroody, Phys. Rev. 78, 780 (1950). 

6 J. F. Marshall, Phys. Rev. 88, 416 (1952); E. M 
Phys. Rev. 89, 910 (1953). 
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We now investigate how these results are modified 
if the velocity distribution of the lattice electrons is 
taken into account. We observe that (7) expresses the 
number of transitions from a single state of wave vector 
k to a new wave vector having an absolute value be- 
tween k’ and k’+dk’. 

We therefore multiply (7) by the number of electrons 
occupying a given region in k space. The number of 
states in k space from which an electron may be 
scattered into a new state k’ by an increase in momen- 
tum equal to #| k’—k! is then equal to 


2.2rk*dk sinddé Sr’*, 


where @ is the angle between k and k’. The number of 
transitions per unit time from an initial state with a 
wave vector of magnitude between k and k+dk to a 
final state with a wave vector of magnitude between 
k’ and k’+dk’ is found approximately by integrating 
with respect to @ and ¢, this yields 


Sm’etk'dk' k'dk 


. (10) 
mh*K*[ (k?+ k?+X?*)?— (2kk’)? | 


P(k, k')dkdk’ = 


Integrating this expression with respect to k be- 
tween the limits 0 and &,,, where k,, corresponds to the 
absolute value of the wave vector at the Fermi level, 
gives the total transition probability to a state between 


k’ and k’'+dk’, 


Pro (Rk) dR’ = 


Amicth'dk | ] (R’ +m)? +? 
a og | 
’ (k’ —k»)?+X? 


thik? | 4k 


] 2RmA 
+ tan ( )} (11) 
2r k’?-+-)d2— k,,? 


Considering the logarithmic term as a function of 
2k’ Rm/ (Rm? +k’+-d*?) and making a series expansion 
of (11) gives in first approximation 


mVNe dE’ 


(12) 
E, (E+E)? 


P(E) dE'= 


where E’ = (h?/2m)k’, which is identical with (8). This 
result is obtained by using only the first terms in the 
series expansion, rearranging some terms, bearing in 
mind that usually k?+A*>>k,,”, and substituting 
k,>=39’?N, where .V is the number of conduction elec 
trons/cm*. This expression remains finite at the Fermi 
level and extends to relatively large energies if Eo >E». 
The infinite transition probability to unoccupied states 
at the Fermi level has thus been eliminated. 
Introducing into (10) the energy loss Ex, = (h?/2m) 
x (k?—k?) as a new variable and Eo= (h?/2m))? as a 
constant and integrating with respect to k, we obtain 
the rate P(Exx)dEx, at which an energy loss between 
Exx and Exye+dEyx occurs. In carrying out this in- 
tegration we have to observe that all conduction ele« 
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trons can contribute to Fy, if Bie 2Em. For Exe S Em 
only those electrons can contribute for which E(k) 
+E. 2 Em»; here E,,= (h?/2m)k,,?2 and k,, is the absolute 
value of the vector at the Fermi level. For 
Ey. 2 EE, the limits of integration are therefore 0 and 
kn, whereas k,,(1— Fixx /E,,)' and k,, are the limits of 
integration for Fy. SEF,,. Carrying out the integration 
we obtain 


wave 


wVedk,, 
Pkg dE x 
EK LEE, 


p 


2(EoEm)! 
I (13) 
Eun + Eo 


for Ex. 2 E,, whereas for Exx S Em, 
us VetdEy, 
P(E, Ey, 


(Ko En)! 
| Ore a 
y | ( En + Eo ) 
1 a 
Sen ) 2/ Fo(Eem— Exx) |} 
(Em Fx’) |! | 
I 
Exy-+Be 


We thus see that P(Exx)—>0 if Exx—0 so that the 
previous infinity at yx. =O has been removed. More 
over, (14) has a maximum value for a value of Fy,- that 
is slightly smaller than £,,. Previously such a maximum 
had been found experimentally by Rudberg and Slater ;° 
they could only explain these maxima theoretically by 
treating the free electrons as bound. The screened 
potential thus leads to the same result in a less artificial 


2[ & 
tan ( 


manner. 
Calculating the energy loss distribution we obtain a 

complicated expression which in first approximation is 

In the case \=0 it was found that 


7 Ve! Ey 
ox( ), (15) 
E Ey’ 


“} 


identical with (9) 


where F,'=0.277E,, and E,,= (h?/2m)k,2 as before. 
Comparing this expression with (9), we see that 

(df, /dx) decreases much more slowly with increasing 
E, for the case \#0 than for the case \=0 so that the 
screened potential also removes the third objection of 
the introduction. This result is important for the rela 
tive shape of the curve representing the secondary 
emission coeflicient 6 as a function of £). 


® EF. Rudberg and J. C. Slater, Phys. Rev. 50, 150 (1936 
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III. THE CASE OF STRONGLY BOUND ELECTRONS 


Though the application of a screened potential func- 
tion to the interaction between primary electrons and 
bound electrons does perhaps not have as firm a founda- 
tion as for the conduction electrons, it is at least 
interesting to investigate the result. The wave function 
¥x(r) for an electron bound to an atom in a lattice point 
of radius vector r; closely resembles an atomic wave 
function. In calculating the integral J of (3b) we may 
use the approximation 


fT: ] f i ] fs 1 
exp 2(q-r) |= 1+ 7q- (r—r,) | explz(q-r,) |. (16) 


Making 


leads to 


use of the orthogonality of ¥x(r) and Yy-(r) 


~ | 2 
| Cq:(r—r,) Wu(rvy-* (nde 
q 


= | Lee |?q?, (17) 


Liz |* is the optical transition probability.’ 
(4) yields 


where 
Substituting into 


P(K, kK’, k’) do’ 


4m’e'K'/ K gy? 
Lex |? 
hh (g*-+-A*)? 


dQ’. 


(18) 


Choosing K as the Z axis of a polar coordinate system 
and specifying the direction of K’ by its polar angle 6 
and its azimuthal angle @ gives 


dQ’™ (qdq/KK')dd. (18a) 
Integrating with respect to @ (limits 0 and 2m) and 
with respect to gllimits gmin= Exe /WK and qmax=K 
(see reference 1) |, we obtain for the rate at which transi- 
tions k—+k’ occur 

4arme* LE, (E p+ £o) 
P(k, k’) = FP log 


WE, Ex? +4E, Eo 


For E,>Eo and Ey.’ >4+koE,, this expression reduces 
to the value found for ordinary Coulomb interaction 


(E,=0), 
firme? 2E 
P(k, k’) IL, ion( ) 
hE Exx 


4p 


(19a) 


This should occur for the deeper-lying bound electron 


levels. If, however, £,>Eo and Ey.?K<4EoE,, Eq. (19) 


7It should be noticed that in general the value of the integral 
depends upon the direction of q, unless the wave functions have 
spherical symmetry; we ignore this dependence here 
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reduces to 


4arme? I E, 
P(k, k’)= Lick |? - o( ) 
WE, ) cE 


19b) 


where € is the base of natural logarithms. This might 
occur for bound energy levels closest to the conduction 
band. 

We conclude therefore that the screened potential 
does not modify Dekker and van der Ziel’s results for 
the bound electrons very much; it only decreases the 
transition probability for those bound electrons that 
have energies closest to those in the conduction band. 
his is a very reasonable result. 


IV. APPLICATION TO INSULATORS 


In the case of the interaction between primary 
electrons and bound electrons in insulators, one has to 
take into account the polarization of the medium. The 
potential function is then equal to e?/|R—r! for small 
for larger distances, where € 
constant. It seems therefore 


distances and e?/e)| R—r 
is the effective dielectric 
that the potential function 

e e"(€g— 1) 


V(R, r)= + 
e)/R—r| e{R—r 


\({R—r/ J, 


exp! 
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where 1/A is of the order of magnitude of atomic dimen- 
sions, should give a rough estimate of the influence of 
polarization. The integral J of (3a) then becomes 


dre? (eg—1 
(21) 
€0(g?-+A’) 


€og” 


Since the electron of wave vector k is bound, the value 
of the integral J is given by (17). Introducing (21) 
and (17) into (3), using Eq. (18a) for d2; and in 
tegrating with respect to @ and q yields the rate ?(k, k’) 
at which transitions kk’ occur. The result is similar 
to the one obtained for bound electrons in a metal. 
For E,>Eo and Ey,.?>4EoE, the result reduces to the 
value found for zero polarization. For E,>#o and 
Exx?®“<AEE, we find that P(k, k’) somewhat smaller 
than for zero polarization. The polarization should thus 
only affect the transition probability for the more 
weakly bound electrons, which is a very reasonable 
result. 

The author is indebted to Dr. A. J. Dekker and Dr. 
W. G. Shepherd for stimulating discussions on the 
problem and to Dr. FE. L. Hill for a critical review of 
the manuscript. 
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One may produce a variety of absorption centers to the long-wavelength side of the / band. The ones 
most carefully studied are the F’, Ri, R2, and M bands. In NaCl at room temperature, the R bands over 
lap and resemble the F’ band; indeed, it is not possible to tell if the erregt state, so extensively studied 
by the workers in Géttingen, is due to R or F’ centers. An experimental study of these bands has been made 
It indicates that the Ff, F’, and M band form during x-radiation. Since the lifetime of the /’ band at 


300°K is short 


it dissociates during the course of the usual absorption measurement. To obtain reliable 


growth rate of the F band during x-radiation the contribution of the /’ band must be taken into account 


Ihe R bands are formed primarily by optical bleaching of the F band 


rhe experiments indicate that the 


“erregt’’ state at room temperature is due to the presence of the R bands 


I. INTRODUCTION 


HE most prominent color center in pure alkali 

halides is the F center. Two types of absorption 
bands occur on the red side of it. One type is the F’ band 
which is very broad and which occurs when an addi- 
tional electron is trapped in an F center.' The second 
type, represented by the R,, R2, M, and \ bands, is 
narrower. It is believed that the coagulation of vacan- 
cies is responsible for the second type of centers. 
Colloidal centers will not be considered in this paper. 
Generally the /’ centers and the coagulation centers 
form at different temperatures and one may consider 
each independently. An exception occurs in NaCl where 
both types can be produced at room temperature. This 
crystal is of special importance since it has been studied 
extensively and may be obtained in both the natural 
and the synthetic form. 

This paper describes experiments which distinguish 
between the two types. Actually a great deal of work 
has been done on these bands. Since this information 
will be needed in a latter part of the paper, it will be 
briefly reviewed in the next section. This will be followed 
by a description of the experiments and the presentation 
of data. Finally, some theoretical speculations will be 


made. 


II. REVIEW OF INFORMATION ON R AND F’ BANDS 


The workers on the bands to the red of the F band 
can be divided into four groups. The first group ex- 
plored the wnerregt (unexcited) state and the erregt 
(excited) state (Fig. 1). Gyulai? and Smakula® fall in 
the first group. The second group worked at low temper- 


* This research was supported by the Bureau of Ordnance, 
U. S. Navy. 

t Now at Zenith Radio Corporation, Research Division, 6001 
West Dickens Avenue, Chicago, Illinois. 

‘For reviews of this field, see R. W. Pohl, Proc. Phys. Soc. 
(London) 49 (extra part) 3 (1937) or Physik. Z. 39, 36 (1938) ; F. 
Seitz, Revs. Modern Phys. 18, 384 (1946); and N. F. Mott and 
R. W. Gurney, Electronic Processes in Tonic Crystals (Oxford 
Press, New York, 1940), Chap. 4 

2Z, Gyulai, Z. Physik. 31, 296 (1925); 33, 251 (1925); and 39, 
636 (1926). 

3A. Smakula, Z. Physik. 59, 603 (1930) 
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atures and concerned themselves with the formation of 
F’ centers in additively colored crystals. There seems 
to be little question that this work does not involve the 
R and M bands. Pick* by himself constitutes this 
group. 

The third group recognized the presence of a struc- 
ture different from the /’ band. Examples of workers in 
this group are Ottmer,® Molnar,® Petroff,’ Burstein and 
Oberly® as well as Delbecq, Pringsheim, Voreck, and 
Yuster.? The fourth group produced F’ centers by 
means of x-radiation and used this band to explore the 
properties of other centers. Typical examples are 
Dorendorf,! Dutton and Maurer,'' as well as Duerig.” 

The effects of plastic deformation on these bands 
have been studied by Haberfeld."’ These additional 
complications will not be considered. 

Many years ago Gyulai exposed to F light a natural 
rock salt crystal which had been previously x-rayed. 
This work was done at room temperature. He observed 
that the F band shifted to the longer wavelengths and 
that there was a decrease in the maximum absorption. 
This effect could easily be explained on the assumption 
that some of the F centers were transformed to a broad 
band which peaks to the red of the F band. Shortly it 
will be seen that a combination of an F and an F’ 
band gives an absorption curve which resembles those 
of Gyulai (Fig. 1). The following properties of the 
excited state have been indicated by the work of 
Gyulai and Smakula: 

(1) Plots of the optical absorption and photoelectric 
response against wavelength give identical curves at 


‘H. Pick, Ann. Physik 31, 365 (1938); and 37, 421 (1940). 

5 R. Ottmer, Z. Physik. 46, 798 (1928) 

6 J. P. Molnar, thesis, Massachusetts Institute of Technology 
1940 (unpublished). 

7S. Petroff, Z. Physik. 127, 443 (1950). 

5 FE. Burstein and J. J. Oberly, Phys. Rev. 76, 1254 (1950). 

®Delbecq, Pringsheim, Voreck, and Yuster, U. S. Atomic 
Energy Commission Report A.E.C.U. 1533, 1950 (unpublished). 

” H. Dorendorf, Z. Physik 129, 317 (1951). 

"J, Dutton and R. Maurer, Phys. Rev. 90, 126 (1953). 

2W. Duerig, thesis, University of Maryland, 1952 (unpub 
lished). 

13M. Haberfeld, Wien. Ber. IIa 142, 135 (1933); see also K. 
Przibram, Z. Physik 102, 331 (1936). 
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room temperature. This is true for both the erreg! and 
unerregt states. 

(2) The saturation excitation (reading at \= 630 my) 
which occurs after a long irradiation is independent of 
the intensity of exciting F light, although the weaker 
sources take much longer. 

(3) The amount of excitation decreases with temper- 
ature, reaching zero at 70°C. 

(4) The quantum efficiency of excitation seems to 
depend on the intensity of F light, being higher for 
weaker sources. 

(5) Some spontaneous (dark) bleaching of the erregt 
state occurs. This increases with temperature. 

(6) In his work Smakula defined three maximum 
absorptions of the F band: ko, the value after x-radia- 
tion; &,, the value after the crystal has been re-exposed 
to F light; and finally, k2, the maximum absorption 
after the excited state has been eliminated by red 
light. From these he was able to calculate the per- 
centage of destroyed centers which can be restored by 
red light.'* The percentage restoration is very small for 
synthetic crystals (less than 10 percent) and quite 
large (83 percent) for natural rock salt (see also refer- 
ence 9). 

Smakula carefully measured the shape of the erreg/ 
F band between 540 mu and 660 my. Gyulai’s meas- 
urements were made at selected points between 240 my 
to 700 mu. They found no indication of any structure. 
This work was done at room temperature. We shall 
shortly see that in Smakula’s work the absence of 
structure is an inconsistency which is hard to under- 
stand. 

The workers in the third group above have modified 
and expanded Gyulai’s and Smakula’s work as follows: 


(1) In NaCl at room temperature the M band ap- 
pears at 720 mu. Molnar has shown that by cooling the 
crystal to 90°K one may resolve the structure be- 
tween the F and M bands into two distinct bands, R; 
and R». The structure between the / and M bands has 
been observed at room temperature by Ottmer'® and 
by the group at the Argonne National Laboratory.’ 

(2) When irradiating additively colored KCl with 
F light, the red bands do not appear simultaneously. 
The M band appears first and is followed by the R 
bands. 

(3) The M band appears during the x-raying. 

(4) The Géttingen workers have been able to 
transform completely the erreg/ state to the unerregt 
state by exposing the crystal to red light. Gyulai’s 
bleaching source emitted light between 700 and 1400 
mu; the sources of Ottmer and Smakula are not fully 
described. Molnar using a monochromatic source was 
able to bleach the M band but was unable to bleach 
the R bands. 


“4 Actually a correction should be made to &; for the overlapping 
of the F and R bands. 
16 Ottmer did not have enough points to establish the R band 


(see reference 5, Fig. 8). 
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Fic. 1. Absorption curve for the umerregt (a) and erregt (b) 
state of the F band in NaCl. State (b) is formed from state (a) by 
the irradiation with F light. (Data taken from reference 2.) 


We shall not review the work of Pick‘ since it has 
been described and interpreted in several places.':'® 
These data indicate that when the ratio of the con- 
centration of F centers to negative-ion vacancies is 
not too small, free electrons attach themselves to 
F centers to produce F’ centers. This occurs when 
additively colored crystals are first exposed to F light‘ 
or during x-radiation."-"? The F’ band does not decay 
exponentially ; nevertheless, Pick has measured a mean 
life. For NaCl at 20°C his value is 1000 sec (17 min) 
while at 40°C, his value is 200 sec (3 min). This indi- 
cates that the F’ band bleaches in the dark at room 
temperature. 

Finally, one should mention the work of Duerig who 
showed that the growth rate of the F band during 
x-radiation at 78°K is affected by the presence or 
absence of the F’ band. Two distinct growth rates have 
been observed. These curves are not influenced by the 
x-raying interval. 


III. EXPERIMENTAL PROCEDURE 


The procedure is similar to the previous work of 
this laboratory.'*"® The irradiation in the dark was 
made with 50-kv x-rays from a molybdenum target. 
The optical absorption measurements were made with 
a Beckman Model DU spectrophotometer and will be 
reported in terms of logig (/o//), where J» is the light 
which is transmitted before coloration and / is the 
light transmitted after coloration. The room tempera- 
ture runs were made with a simple holder designed in 
such a way that one can carefully position the crystal 
relative to the x-ray beam. Throughout these experi- 
ments Harshaw synthetic NaCl was used. The low- 
temperature measurements were made in the cell de- 
signed by Duerig and Mador.'* 


16 For a recent reinterpretation of Pick’s data, see J. J. Mark 
ham, Phys. Rev. 88, 500 (1952). 

17 Dutton, Heller, and Maurer, Phys. Rev. 84, 363 (1951). 

'®W.H. Duerig and I. L. Mador, Rev. Sci. Instr. 23, 421 (1952) 

'"W.H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 
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Fic. 2. Decay curves of the F band in NaCl at room temperature 
The measurements were made at the band maximum 
IV. EXPERIMENTAL DATA 


In this section data will be presented to show how 
the F’ band forms during x-radiation at room tempera- 
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Fic. 3. Absorption spectra of NaCl x-rayed at room temperature. 
The measurements were made at 78°K, 


ture. This will be followed by curves which indicate 
the difference between the /’ and R bands. 

Figure 2 shows the dark bleaching rate of the F band 
at room temperature. A pair of crystals cleaved from 
the same block of NaCl were x-rayed for four minutes 
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THERMAL BLEACHING OF F-BANO 
AT HALF -HEIGHTS AT 300°K 
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Fic. 4. Decay curve of the F band. The measurements were mace 
at the half-heights. 
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and allowed to bleach in the dark. The geometry was 
such that the faces exposed to the rays were adjacent 
before cleavage, i.e., a cleaved pair. Between runs the 
crystals were heated to 350°C for an hour and a half. 
This seemed to remove all the coloration. 

» A definite plateau in the decay curve appears after 
approximately two minutes. After the irradiation, the 
concentration of Ff centers seems to increase for the 
first minute and then decreases. This would occur if 
F’centers are formed during x-raying and dissociate in 
the first minute or two after the exposure. Pick’s life- 
time measurements show that our time interval is of 
the right order of magnitude although a little shorter 
than might be expected. 

To show the presence of the F’ band, the crystal 
was x-rayed at 300°K and immediately cooled to 78°K. 
To achieve this, the crystal was mounted in our low- 
temperature cell and x-rayed. The moment the x-raying 
stopped, the cell was filled with liquid nitrogen. Since 
the lifetime depends critically on the temperature, it 
was hoped that the crystals would be cooled with 
sufficient rapidity to trap some of the F’ centers. The 
results of our attempts are shown in Fig. 3. Curve A, 
obtained immediately after cooling to 78°K, shows the 
IF, F’ and M bands. No resolved structure was ob- 
served in the /” region. On bleaching the F’ band, the 
F band increased, a typical F’ behavior. 

An alternative way to show the presence of the F’ 
band is to measure the thermal decay at 422 my and 
508 mu. These are the room-temperature wavelengths of 
the half-heights of the F band. At 422 my the F and F’ 
bands overlap very little, if at all, and one essentially 
measures the half-height of the / band. If the F-center 
concentration increases, the absorption at 422 my 
would increase. At 508 mu one measures the half- 
height of the F band superimposed on the F” band. If 
the 7’ band decreases and the F band increases or 
stays stationary, the absorption here should look quite 
different from that at 422 mu. Figure 4 gives the re- 
sults of the measurements and indicates significant 
differences in the behavior at the two half-heights. 
The rapid initial bleaching is believed to be due to the 
decay of the F’ band. The small difference in the ab- 
sorption after 10 minutes is due to limitations in the 
experimental technique. 

The previous data show that the F’ band forms during 
x-raying. No evidence of the two R bands was found. 
As stated above, Molnar (his Fig. 29) has shown that 
these bands form if one excites the F centers with light 
at room temperature. For this reason the data in Fig. 5 
were obtained. A crystal was first colored by x-rays at 
300°K and then bleached with F light from the Beck- 
man. (At 460 my the band pass is about 30 mu under 
bleaching conditions.) After this bleaching, the crystal 
was again exposed to x-rays and bleached so as to 
enhance the unresolved structure which appears be- 
tween the F and M bands. 

On cooling the crystal to 78°K, this structure was 
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resolved into the R,; and Rz bands. A comparison of 
Fig. 3 and Fig. 5 shows the difference between the two 
types of structure and indicates that the maximums 
shown in Figs. 2 and 4 are caused by the thermal dis- 
sociation of F’ centers. 

The growth rates of the / band during x-radiation 
were also studied. The data are not complete; never- 
phenomena have been established. 


theless, some 


Samples of the data are presented in Fig. 6. The rates 
were obtained under the following conditions: 
(1) The crystal was x-rayed for 25 minutes. For the 


first 9 minutes the absorption was measured every 
minute while for the last 16 minutes it was measured 
every 2 minutes. An absorption measurement indicates 
that the x-raying was interrupted for about 10 minutes 
during which time there was a short exposure in the 
Beckman to F light. A definite change in slope was ob- 
served when the x-raying interval was lengthened. 

(2) The rate was obtained by taking absorption 
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Fic. 5. Absorption spectra of NaC] with R bands. The R bands 
were produced by prolonged bleaching at room temperature. The 
measurements were made at 78°K and 300°K. 


measurements every 4 minutes. In this case the growth- 
rate curve lies higher. 

(3) The rate was obtained by taking absorption 
measurements every 12 minutes. The x-raying was in- 
terrupted every 4 minutes for 10 minutes. 

(4) The rate was obtained by making measurements 
every 12 minutes; however, in this case the interruption 
period was shortened to 15 seconds. 

Between runs the crystal was bleached by heating it 
to 350°C for 90 minutes. Preliminary tests indicate 
that after this treatment, the growth-rate curves were 
completely reproducible. The possibility exists that it 
is harder to color a fresh crystal than a heat-treated 
one. The number of heat treatments, however, does 
not seem to be important. During this test little was 
known about the presence of the /’ band, so that its 
behavior was not taken into account. 

Figure 6 indicates that the shape of the curve is 
affected by the x-raying period. The x-raying period 
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Fic. 6. Curves showing the rates of coloration of NaCl 
exposed to x-rays 
° 
has less effect if the interruptions are small (15 sec) 
than if they are large (10 min). The number of actual 
measurements on the Beckman does not seem to be 
important. 

The data presented can be summarized as follows: 

(1) x-raying NaCl at room temperature produces 
the F, F’, and M bands. The F’ band is thermally 
unstable and dissociates in a matter of minutes. 

(2) The rate of growth of the F band in NaCl] during 
x-raying at room temperature depends on the number 
and length of the interruptions of the x-ray beam. The 
number of optical measurements, if few, does not seem 
to be important. 

(3) In agreement with Molnar’s data, the optical 
bleaching of the F band creates R centers which, in 
contrast to the F’ center, are stable at room tempera- 
ture. The R structure can be resolved into two bands 
at /8°K. 


V. SOME TENTATIVE INTERPRETATIONS 


In this section we shall briefly speculate on what 
seems to be happening during these experiments. The 
curves shown in Fig. 2 illustrate the fact that the 
stability of the / band depends on the lifetime of all 
the centers formed during irradiation. If the F’ centers 
were the only unstable imperfection, one would expect 
that there would simply be a rise in the number of 
F centers after the x-radiation stops. The fact that 
there is a plateau or maximum strongly suggests that 
two or more imperfection reactions occur. One is the 
creation of F centers by the thermal release of electrons 
from the I” 
F centers. This may be caused by the thermal dissocia 


center. The other is the annihilation of the 


tion of some of the F centers or the dissociation of some 
hole centers (i.e., color centers which are caused by the 
trapping of holes) followed by a capture of the electron 


trapped in the negative-ion vacancy. 
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The bleaching of a center may depend primarily on 
the concentration of other centers. Specifically in this 
case, the number of F centers produced depends on 
the concentration of F’ centers but does not seem to 
be related to the F-center concentration. Thus one 
may not be able to explain the decay rate of a color 
center by a simple first or second-order reaction 
equation. 

In several respects the curves shown in Fig, 6 are not 
similar to Duerig’s data at 78°K. At this temperature 
two growth-rate curves exist, one with and one without 
an F’ band. The x-raying interval as well as the time 
when the F’ band is bleached does not influence the 
rate. Further, from Duerig’s data one would expect that 
the F concentration would be greater when there had 
been more F’ bleaching. The fact that this is not true is 
another indication that the F centers are destroyed 
rapidly during the initial dark period. The change in 
slope shown in Fig. 6 is related to the F band bleaching 
as well as the F’ band dissociation. 

At present it would be premature to analyze our de- 
cay curves so as to establish a half-life for the F’ band. 
If one associates the plateau of Fig. 2 with the half- 
life, then it is of the order of 2 minutes which is shorter 
than Pick’s value of 17 minutes. One cannot be sure 
that this procedure is correct. 

It is evident from these data that the growth rate of 
the F band in NaCl at room temperature is not only a 
function of total x-ray time, but it-also depends on the 
length of interruption if the exposure is interrupted. 
One way to obtain a curve is to heat-treat the crystal 
after every irradiation, and take the absorption meas- 
urements about 2 minutes after the x-raying has 
stopped. 

We do not know the answer to the question, “Did 
Gyulai and Smakula study F’ centers or R centers?” 
The shape of the erreg! state was measured carefully 
by Smakula (reference 3, Fig. 1) and the characteristic 
R bump is not in evidence. Perhaps Smakula’s degree 
of excitation is too small to produce a measurable 
bump. Our guess is that Gyulai and Smakula actually 
studied R bands. 

Now consider the bleaching properties of the R- 
bands. Some very puzzling and possibly contradictory 
information is available. Gyulai’s papers indicate that 
optical and photoelectrical measurements of the shape 
of the absorption curve, erregt and wnerregt give 
identical results. The photoconductivity data of 
Glaser and Lehfeld® support the idea that in NaCl at 


*G. Glaser and W. Lehfeld, Nachr. Akad. Wiss. Gottingen, 
Math.-physik. 2, 91 (1936-37). See also Seitz, reference 1, Fig. 6 
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300°K every photon absorbed in the F center yields a 
conduction electron. Hence, Gyulai’s measurements 
indicate that every photon in the red tail of the erreg/ 
state also yields a conduction electron. This would 
imply some bleaching of the R bands except if the un- 
likely situation occurred where every electron released 
from an R center to the conduction band reformed 
another R center. As mentioned, Gyulai, Ottmer, and 
Smakula have been able to bleach the erregt F band 
producing an unerregt F band. 

Molnar, on the other hand, has investigated the 
bleaching properties of the R bands in NaCl, KCl, 
KBr, and RbBr. He was unable to bleach the R bands 
although the M band readily bleaches. Molnar’s re- 
sults have led Seitz! to suggest that the R centers are 
molecules of the F center, i.e., fF: or F2+. F, implies a 
cluster of two negative-ion vacancies combined with 
two electrons, while /;+ implies two negative-ion 
vacancies combined with one electron. The work of 
Gyulai, Ottmer, and Smakula suggest that further work 
is needed to establish this point. Perhaps the band width 
of the bleaching source affects the results. 

Finally, one seems justified in concluding that two 
types of electron centers form to the red of the F 
band. One type, namely, the F’ and the M, requires a 
presence of free electrons. The other type, R centers, 
requires, in addition, a concentration of excited F 
centers, which are produced by the F radiation. Why 
excited states are needed is not clear at present. 

We may summarize our speculations as follows: 

(1) The plateau in the decay curves is due to two 
competing reactions, one creating and one destroying 
F centers. There is no reason to believe that either rate 
is related to the concentration of F centers. 

(2) The difference between the growth curves of 
NaCl at 300°K and the growth curves in KBr and KCl 
at 78° is due to a rapid bleaching in the dark immedi- 
ately after the x-radiation stops. 

(3) The formation of R centers seems to require a 
concentration of F centers in the excited state. 

(4) The early Géttingen workers seemed to have 
been studying R and not F’ centers. 

(5) Contradictory information is available on the 
bleaching properties of the R bands which suggests the 
desirability of further experimental work. This is 
especially important in view of the present models of 
these centers. 

The authors wish to thank Dr. I. L. Mador for his 
helpful discussions of the problems involved and Miss 
Doris Rubenfeld for the preparation of the figures. 
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A progressive reduction of the observed field current below values expected from the empirical law for 
increasing values of the potential is attributed to space charge. The current density expected in the presence 
of space charge is calculated from the Fowler-Nordheim field emission theory using values of the cathode 
electric field obtained from a solution of Poisson’s equation for plane electrodes with boundary conditions 
appropriate to field emission. The result is a generalization of Child’s equation, and is asymptotic to it 
when the applied potential is large compared with the value required for appreciable field emission. Current 
densities predicted by the theory are compared with experimental] values obtained for several values of 
the work function by use of the clean tungsten and the barium-on-tungsten emitting surfaces in high 


vacuum. 


The Fowler-Nordheim theory correctly predicts the observed average current density from clean tungsten 
for densities in the range from 2 amp/cm? to 4X 107 amp/cm?, thus extending a previous test of the theory 
which was limited to current densities less than 6X 10° amp/cm*. Significant features of the electron emission 
pattern observed at high current densities are explained as effects of space charge 


INTRODUCTION 


HE present paper concerns a quantitative study 

of the effects of space charge on the field emission 
of electrons from metals in high vacuum. This study 
was suggested by an earlier experiment' in which there 
was observed a reduction of field current below the 
values predicted by the empirical law’ for increasing 
ralues of applied potential. The effect was observed 
only at current densities J greater than J, where 
J.=6X 10° amp/cm’ for a typical emitter. It was shown 
that the electron charge density near the tungsten 
emitter appreciably alters its surface electric field when 
J>J_; however, a detailed study applicable at larger 
densities was not made at that time. 

The stable emission of field current densities about 
two orders of magnitude larger than J,!*-4 encourages a 
number of associated studies, each of which requires for 
its interpretation knowledge of the magnitude of the 
cathode electric field. At such current densities, space 
charge precludes use of previously described methods 
for the calculation of that field ;> however, that calcu- 
lation has been accomplished in the present work 
through a solution of Poisson’s equation with space 
charge included. This work thus extends the preliminary 
calculations of Stern, Gossling, and Fowler,® who found 
no experimental evidence for a space-charge effect in 
field emission at the lower current densities then 
available. 

The present study permits extension of the com- 


* This work was supported principally by the U. S. Office of 
Naval Research; in part it was supported by the U. S. Air Force. 
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(1953). 

6 Stern, Gossling, and Fowler, Proc. Roy. Soc. (London) A124, 
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parison between experiment and the wave mechanical 
field-emission theory’’* to a current density of 4X 107 
amp/cm?, an earlier comparison! being limited at the 
value of J. noted above; while current densities larger 
than 4X10’ amp/cm? are emitted stably, resistive 
heating‘ of the emitter then precludes use of the theory? 
which is applicable only at low temperatures. 

Significant features of the field-emission pattern 
observed in a Mueller type projection tube at large 
current densities are herein explained as effects of 
space charge. 

Child’s equation, relating thermal emission current 
density to voltage, and calculated on the assumption 
of zero cathode field, is shown not applicable to field 
emission except when the applied voltage is large com- 
pared with the value V,, corresponding to the current 
density J. 

Knowledge of the cathode electric field in the presence 
of space charge will be useful in further analysis of the 
field-emission initiated vacuum arc? and of the emission 
of electrons from metals at high temperatures and high 
fields, presently under study. 


THEORETICAL DEVELOPMENT 


Determination of the voltage necessary for a given 
cathode electric field in the presence of space charge 
requires a solution of Poisson’s equation with boundary 
conditions appropriate to field emission. These condi- 
tions are: 


(1) a value of the cathode electric field in the range 
107’< F< 108 v/cm, 

(2) electrode geometries which in a typical case in- 
clude a conical emitter with a hemispherical tip® and an 
anode which is either spherical or plane, and 


7A. Sommerfeld and H. Bethe, Handbuch der Physik (J. 
Springer, Berlin, 1933), Vol. XXIV, No. 2, p. 441. 

® R. H. Fowler and L. W. Nordheim, Proc. Roy. Soc. (London) 
A119, 173 (1928) 
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(3) a nonuniform current density distribution at the 


cathode.® 


The mathematical difficulties introduced by the fore- 
going boundary conditions were sufficient to preclude 
an exact solution of the problem by use of available 
methods, Attention was therefore turned to an approxi- 
mate solution which led to good agreement with ex- 
periment. 

Two limiting cases in which one would expect an 
effect of space charge on field emission were recognized : 
(a) when the space ¢ harge in transit between electrodes 
was an appreciable fraction of the total charge on one 
electrode, and (b) when the space charge near a small 
area on the cathode surface was an appreciable fraction 
of the charge on that area. The latter was shown to be 
applicable in experiments reported in reference 1. In 
that work, the field emission of electrons from clean 
tungsten was not detectably affected by space charge 
until the average current density at the cathode ex- 
ceeded the critical value J, noted above. It was shown 
that for J=J, sufficient space charge was present 
within the distance s=210~° cm from the emitter 
surface to alter sufficiently the cathode electric field to 
account for the deviation of observed current from the 
theoretically expected value. 

The foregcing suggests that it is reasonable to 
approximate the electrode geometries as planes for the 
present theoretical study of the space-charge problem, 
since the value of s noted above is an order of magnitude 
less than the radius of curvature of the smallest hemi- 
spherical emitter commonly used. It was possible to use 
experimental values of both the applied potential and 
the cathode field (when space charge was negligible) in 
the calculations by choice of a spac ing between planes 
of the order of 10-4 cm, i.e., about 100s or about 10 
emitter radii. This method is roughly equivalent to the 
assumption that space charge at distances from the 
cathode larger than 10-4 cm has negligible effect on 
the emission, which assumption appears justified under 
the present conditions from the foregoing and from the 
agreement between experiment and theory which 
follows. Plane electrodes were also used in the pre- 
liminary study of Stern, Gossling, and Fowler.® 

The form taken by Poisson’s equation for plane 
metal electrodes and a negative space charge is 


where V is a function of x alone, the x axis is normal to 
the electrode planes with x=0 and V =O at the cathode, 
and k=22r(2m/e)}, all units in esu. If solved for the 
boundary condition of zero cathode field, which is 
usually assumed applicable in thermionic emission, 
Eq. (1) leads to Child’s equation, 
T= (4/9kx) V?. (2) 
For field emission the cathode surface field has a non- 


rrolan, Phys. Rev. 85, 391 (1952). 
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vanishing value Fo, and the integration of Eq. (1), 
which is straightforward, differs from that of the 
thermionic case and yields the relation 


(2kI V$— Fy?) (4RI V+ F 2)! = 6B *d — F;,, (3) 


where d is the spacing between electrodes. This equation 
is equivalent to that obtained by Stern, Gossling, and 


Fowler’ who carried the work no further than this 
point. 

It would be desirable to eliminate Ff from this equa- 
tion in order to express J as a function of V, but this 
arrangement is mathematically inconvenient. It is 
more satisfactory to eliminate J between Eq. (3) and 
the following expression which is the fundamental 


l‘owler-Nordheim field-emission equation,’* 


J =1.54X10-*(F,2/p) exp —6.83 107! f(y)/Fo], (4) 


where @ is the work function in ev, J is in amp/cm?, 
Fy is in v/em, and f(y) is Nordheim’s elliptic function 
of the variable y=3.79X 10~F*y!/@, presently accepted 
values of the physical constants being used. Calcula- 
tions based on Eq. (4) have made use of a recent cor- 
rection” in the values of Nordheim’s function. This 
equation is not explicitly solvable for /, but it is easy 
to eliminate J between Eqs. (4) and (3), after making 
appropriate alterations in Eq. (3) to permit the use of 
practical units instead of esu. If Eq. (4) is abbreviated 
to J=cl? exp(—6b/Fo), the result of the elimination is 


4kcV' exp(—b/Fo)—3V 


= Qk "( 2F yd? exp( sit 2b Fo) ae 3F od. (5) 


Under the foregoing assumptions, this is the general 
equation for space-charge limited field emission, yielding 
with the aid of Eq. (4) the value of current density at 
any given potential. 

At small values of Fo, the positive terms of Eq. (5) 
are negligible, and the relation reduces to V=F od as 
expected. At much larger values the negative terms are 
negligible, and the equation reduces to Eq. (2). Over 
the intermediate range, further investigation is de- 
sirable. For this numerical form of the 
coefficients of Eq. (5) is obtained 


purpose a 


(3.90 10-'/¢) V? exp(—b/Fy) —V 


= (25.8X10-2/¢2) Fy2d? exp(—2b/Fo)—Fyd. (6) 


In the calculation of the curves discussed below, the 
exponentials of Eq. (6) are expressed with base 10 for 
convenience in computation. 

The electrode spacing d, needed in Eq. (6), must be 
chosen in such a way as to give a theoretical surface 
field Fy (in the absence of space charge) equal to the 
experimentally observed field for a given value of the 
applied potential. This is accomplished by noting that 
F=V/d for the plane electrodes, while F=8V in the 
experimental geometry ; the factor 8, which is constant 
for a given emitter, is obtained either through Eq. (6) 


Burgess, Kroemer, and Houston, Phys. Rev. 90, 515 (1953). 
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of reference 1 or Eq. (3) of reference 5, the latter by 
use of electron micrographs. The desired equality be- 
tween theoretical and experimental surface fields in the 
absence of space charge is therefore obtained by sub- 
stituting 1/8 for d in Eq. (6). 


The curve ACD of Fig. 1 was constructed by plot-— 


ting J, as calculated" from Eq. (4) for a sequence of 
arbitrarily chosen values of Fo, against V from Eq. (6) 
for the same values of Fy. Substitution of any value of 
Fy into Eq. (6) yields a numerical equation of the 
form AV!—V=B., Although this might be solved ex- 
plicitly as a cubic in V4, the procedure is clumsy and 
it is easier to find the roots by approximation. As long 
as B is negative there are two roots for V, but only one 
of them is physically admissible, and the choice is made 
on the basis of continuity, beginning with V=0 when 
Fo=0. 

The curve ACD, Fig. 1, is asymptotic to the curve 
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Fic. 1. Theoretical dependence of field current density J on 
applied voltage V. Curve ACE, Fowler-Nordheim theory without 
space charge; curve ACD, space-charge corrected theory; curve 
BD, Child’s equation for comparison. 


BD calculated from Child’s Law [Eq. (2) ]. Curve ACE 
results from the Fowler-Nordheim theory [Eq. (4) ] if 
space charge is assumed negligible. 


EXPERIMENTAL METHOD 


Experimental field current-voltage relationships, re- 
quired for comparison with the corresponding theo- 
retical curves presented in the previous section, were 
obtained by the methods of references 1 and 3, with 
certain refinements noted in the following. 

Field emission from cathode surfaces of various work 
functions, required for the comparison shown later in 
Fig. 7, was obtained from a tungsten cathode which had 
various partial surface coatings of barium." -'’ Since the 


1 W.W. Dolan, Phys. Rev. 91, 510 (1953 
2. W. Mueller, Z. Physik 108, 668 (1938) 
13 J. A. Becker, Bell System Tech. J. 30, 907 (1951). 
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Fic. 2. Experimental tube. C, field cathode; P, aluminum backed 
phosphor anode; B, barium source; A, anode inseal. 


stability of the barium-on-tungsten surface during field 
emission at current densities approaching 10° amp/cm* 
as required for the present work had not been previously 
demonstrated, use was made of the electron emission 
pattern to monitor the surface condition. 
Patterns were recorded simultaneously with the cur 
rent-voltage relationship by the methods of references 1 
and 3. 

The experimental tube shown in Fig. 2, which was 
used for the present work, was similar to that described 
in Fig. 1 of reference 3 except for the present addition 
of the barium source B. That source, a Batalum strip, 
was heated resistively in order to evaporate barium 
onto the cathode C. The emission pattern was viewed 


cathode 


on the aluminum backed phosphor (willemite) screen P. 
Fabrication of such anode screens is described else 
where.’ 

The field cathode, a tungsten needle, was fabricated 
by previously described techniques.® Residual pressures 
of chemically active gases in the experimental tube were 
less than 10-' mm of Hg, and the total pressure was less 
than 10-'° mm of Hg at sealoff. Methods for obtaining 
and recording such pressures were described earlier.'* 
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Fic. 3. Experimental field current-voltage data for Emitter N85 


Curve 1, clean tungsten emitter; curves 2-4, tungsten with in 


’ 


creasing surface coatings of barium. 
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EXPERIMENTAL RESULTS AND CONCLUSIONS 


Current-voltage relationships for the combined direct 
current and pulsed operation of emitter V85 are shown 
in Fig. 3 in the usual form of In/ vs 104/V, where J and V 
are current and voltage, respectively; curve 1 from 
clean tungsten, curves 2, 3, and 4 from correspondingly 
increased fractional surface coatings of barium-on- 
tungsten. 

Stability of the cathode during the foregoing opera- 
tion is argued from several lines of evidence. The 
reproducibility of the data, shown in Fig. 3, precluded 
irreversible changes in emitter geometry, work function, 


Cc 
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and emitting area. The best evidence against reversible 
changes in those variables during a given run, for 
example, curve 2, Fig. 3, is found in the corresponding 
series of emission patterns of Fig. 4, taken at a wide 
range of currents during that run. The fine detail in the 
émission pattern is coistant from pattern to pattern, 
indicating the stability of the barium coating during 
the present operation. In this regard it is convincing to 
compare the patterns A and D of Fig. 4, both of which 
were taken at a low direct current, respectively, before 
and after high-level pulse operation. The data from 
clean tungsten in curve 1 of Fig. 3 were reproduced 


D 


lic. 4. Emission patterns at various currents, with constant work function ¢= 3.19, 
tor emitter N85, corresponding to curve 2, Fig. 7. 
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Fic. 5. Direct current emission patterns for emitter V85, with various average work functions as shown, 
corresponding to curves 1-4 of Fig. 7 


after the other data shown in the figure (the uncon- 
taminated surface having been restored by heating) 
providing further evidence of cathode stability. 

The series of emission patterns 1, 2, 3, and 4 of Fig. 5 
were recorded at approximately the same direct current 
level (9X 10-8 to 7X10~7 amps in various cases) corre- 
sponding to the curves 1, 2, 3, and 4 of Fig. 3. These 
patterns illustrate the various surface distributions of 
current density obtained from clean tungsten (pat- 
tern 1) and from increasing fractional coatings of 
barium-on-tungsten (patterns 2, 3, and 4). From these 
patterns the relative emitting areas may be estimated, 
and will be useful below. 


rhe three emission patterns of Fig. 6, taken at a 
wide range of current densities, were obtained from 
the clean tungsten emitter .V85 and will be useful for 
comparison later with Fig. 8 which predicts the general 
features of these observed patterns. 

The experimental data in Fig. 3 were compared with 
corresponding theoretical curves in Fig. 7. The latter 
were obtained from Eqs. (6) and (4) in the manner 
which led to Fig. 1. Values of the work function @ 
corresponding to the several curves of Fig. 3 were re- 
quired. For curve 1, @ was assumed to be 4.5 ev, the 
average value for tungsten whose surface cleanliness 
was known from the emission pattern, Fig. 5a. For the 
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other curves in lig. 3, values of @ were obtained from 
the observed slopes of the curves (at low currents 
where space charge was negligible) and the known 
dependence of the slope on the work function.” These 
values of @ were used in Eq. (6) to calculate the corre- 
sponding curves of Fig. 7. In the same figure are shown 
the experimental data from Fig. 3, replotted in the 
form logyJ vs 10°/8,,V by the methods of reference 1. 
For this purpose use was made of the value of emitting 
area A =6.3X 10°° cm? and the value B,,= 4.0 108 cm™. 
The latter agrees, within the experimental error, with 
(3.7+-0.6)X 108 cm™ calculated by the 
methods of reference 5. Knowledge of the emitter 
geometry, required for the calculation of both the area 
and 8, was obtained from electron micrographs of the 


the value Bp 


emitter. 


4 R. H. Haefer, Z. Physik 116, 604 (1940). 
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Fic. 6. Emission patterns for clean tungsten, emitter 
N85, showing increasing uniformity of current density 
distribution at high current densities. 


The agreement between experiment and theory shown 
in Fig. 7 is well within the experimental error, which is 
introduced primarily by the uncertainty in 8». Confining 
attention momentarily to curve 1 of that figure, it is 
seen that Eqs. (6) and (4) lead to the correct prediction 
of the observed average current density from clean 
tungsten in the range of current densities from 2 amp/ 
cm? to 4X10? amp/cm’, which extends the test of the 
theory from the previous! limit of 6X 10° amp/cm’. 

Minor deviations between experiment and _ theory 
may be explained by two considerations involving 
small changes in the emitting area neglected above. 
First, the deviations at low current densities are con- 
sistent with the reasonable assumption that the emit- 
ting area is less for the partial coating of barium-on- 
tungsten than for clean tungsten. This assumption is 
confirmed by inspection of Fig. 3 (extrapolation of the 
linear portions of the curves to the infinite voltage axis 
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provides an approximate comparison of relative areas®) 
Second, the deviations at high current density which 
exhibit a consistent trend towards higher experimental 
densities than expected theoretically, are explained by 
the observation that the effective emitting area in- 
creased with the applied voltage. This effect is observed 
in Fig. 4 and was anticipated in Fig. 13 of reference 1. 
Correction for this effect would bring experiment and 
theory into closer agreement in Fig. 7. 

It will be noticed from Fig. 7 that the current density 
required for a given space-charge effect 
with the value of ¢. This occurs for two reasons: 
(1) the electric field required for a given J decreases 
with @ and lower fields are less effective in removing 
space charge from the vicinity of the emitter surface ; 


decreases 


(2) at lower fields there is less induced charge on the 
cathode surface. 

Certain changes in the surface distribution of current 
density from the clean tungsten field emitter are ex- 
plained as an effect of space charge. The principal 
feature is an increase in uniformity of the distribution 
with increasing current density (Fig. 6), characterized 
by the gradual disappearance of the dark areas of the 
pattern which correspond to crystal faces of high work 
function.'® Such an effect is expected from Eqs. (6) 
and (4) when current density-voltage relationships are 
calculated for several faces of the tungsten monocrystal 
whose work functions are given by Nichols'® and 
by Smith.'’ Relationships for the (211) crystal face 
(@=4.65 ev), the (310) crystal face (@=4.35 ev) and 
for the (110) crystal face (curve drawn for ¢=5.0 ev, 
a minimum value for this face whose value is not yet 
definitely established’) are shown in Fig. 8. The figure 
indicates that the current density levels from the three 
crystal faces would be indistinguishable at current 
densities J > 10° amp/cm’. 

Experimental verification of that prediction is seen 
from Fig. 6, which shows emission patterns from emitter 
N85 at a wide range of average values of current 
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Fic. 7. Comparison of experimental data with space-charge 
field-emission theory (solid lines) for emitter N85. Curve 1 
clean tungsten, curves 2-4, barium-on-tungsten as in Fig. 3; 
curve 5, Child’s equation 


18 E,W. Mueller, Z. Physik 106, 541 (1937). 

16M. H. Nichols, Phys. Rev. 57, 297 (1940). 

17G. F. Smith, Abstracts of Field Emission Seminar, Linfield 
College, 1952 (unpublished). 
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Space-charge theory for work functions 


sponding to various crystal faces of clean tungsten 
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density recorded for the clean emitter during run 1 of 
lig. 3. The several patterns in Fig. 6 correspond to 
average current densities as follows: (A) 16 amp/cm?, 
(B) 3.510° amp/cm’, (C) 1.410" amp/cm*. Pat- 
terns (A) and (B) correspond roughly to the two 
extremities of the linear portion of the curves in Fig. 8, 
over which range space charge is negligible. The 
emission pattern detail is similar, and distinct in both 
patterns, indicating no marked current 
density distribution over the large indicated range of 
current densities, which observations are predicted by 
the curves of Fig. 8. On the other hand, the relatively 
small increase in average current density from pattern 


change in 


(B) to (C) caused marked changes in the pattern 
characterized by a more uniform current density dis- 
tribution resulting from a relative increase in density 
at the (211) and (100) faces. This occurs at a current 
density near that for which curves B and C of Fig. 8 
become indistinguishable; hence it is possible to explain 
the effect as due to space charge. On the other hand, 
the central dark region (110 face) is clearly distinguish- 
able in all patterns of Fig. 6. This is expected from 
Fig. 8, curve A, which merges with curves B and C only 
at current densities J >10° amp/cm’, 1.e., greater than 
those obtained in the present experiment, which as 
noted in the introduction was limited at 4107 amp, 
cm? by the onset of appreciable resistive heating of the 
emitter.‘ A further test of the predictions of Fig. 8 at 
higher current densities by use of an emitter with wide 
cone angle’ to minimize resistive heating’ is con- 
templated. 
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Data on the heat capacity of niobium in the normal and superconducting phases are presented in the 
temperature interval 2.5°K to 11°K. The normal heat capacity c, was found to be given by the usual 


relation: Cy 


v1 +404T?*/©*, where y= 20.4104 cal/M deg? and @=252°K. The zero-field transition 


temperature 7’) was found to be 8.70°K+0.10°, and the heat capacity discontinuity Ac at this temperature 
to be 0.0368 cal/M deg. The heat capacity in the superconducting phase was found to depart from a T°? 
dependence below 5°K. The entire curve could not be represented by either the Koppe relation or the 
a model. The Hz vs T curve deduced from the heat capacity data was found to be very nearly parabolic, 
with the value of Ho= 2000 gauss and dH7/dT at the zero-field transition temperature equal to 453 gauss/deg. 


I. INTRODUCTION 
HEN a pure superconducting element undergoes 
a reversible isothermal transition from the 
superconducting phase s to the normal phase n at 
temperature 7 and magnetic field M7, the change in 


the molar heat capacity c is given by 


vl d dH y 

(ur 

tr dT dT 

Although there have been direct calorimetric determina- 

tions of c, and c, for several of the soft superconductors 

and for a few of the hard superconductors, much of the 

heat capacity data listed in the literature has been 

calculated with the aid of Eq. (1) from the experimental 

determinations of the relation between Hr and T (the 
so-called Hy vs T curves). 

The recent discovery of the isotope effect among 
superconducting isotopes has stimulated very accurate 
measurements of the //7 vs 7 curves. In the case of the 
soft superconductors, various investigations on different 
samples of any given element have yielded substan- 
tially the same results, whereas in the case of the hard 
superconductors this has not been true. The following 
reasons may be given: (1) different samples of a hard 
superconductor vary in purity and internal stress, to 
which the magnetic behavior seems to be very sensi- 
tive; (2) the magnetic field necessary to destroy super- 
conductivity at a given temperature depends on the 
method used to detect the onset and completion of the 
phase transition. In the case of niobium, whose zero- 
field transition temperature has been variously re- 


r 


ported between 5°K and 9.6°K,'~* the Hr vs T curves 


(1) 
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were measured in only three of these investigations*>:° 
and serious disagreement was found among them. Since 
no reliable heat capacity data can be inferred from them, 
direct calorimetric determinations of c, and c, were 
therefore desirable. 

Many measurements of the heat capacity of pure 
elements (mostly nonsupercynductors) have been made 
in recent years, the principal object being to examine the 
validity of the Debye-Sommerfeld relation which ex- 
presses the molar heat capacity as the sum of a term 
linear in T attributable to the free electrons, and a 7* 
term arising from the lattice, 77z., 


Cn= T+ (464/ 0*)7°. (2) 


“ 


This formulation has recieved ample confirmation from 
many experimental studies on nonsuperconducting 
elements. In addition the experimental results thus far 
available support the fact that the behavior of the 
superconducting elements when maintained in the 
normal phase by a suitable magnetic field also follows 
the relation expressed by Eq. (2). 

Until recently, direct calorimetric measurements of 
the heat capacity in the superconducting phase were 
were interpreted to indicate a 7* dependence, as though 
a superconductor had only a lattice heat capacity. 
Application of the Debye 7* equation in conjunction 
with these measurements yielded values of a Debye 
© smaller than that appropriate to the normal phase. 
A T* dependence of the heat capacity in the supercon- 
ducting phase can be derived from Eqs. (1) and (2) 
provided a parabolic relation between Hr and T is 
assumed. Since many of the measured Hy vs T curves 
are nearly parabolic, there seemed to be a satisfactory 
consistency between magnetic and calorimetric proper- 
ties in the superconducting phase, although the low 
values of the Debye 0 had no theoretical significance 
whatever. In recent years, however, much more careful 
measurements of the Hr vs T curves and of supercon- 
ducting heat capacities have been made, with the result 
that both the parabolic law and the 7* dependence in 
the superconducting phase have turned out to be only 
approximations. 
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A recent theory due to Koppe’ postulates that the 
lattice heat capacity in the superconducting phase is 
identical with that in the normal phase. The remainder 
of the heat capacity arises from the electrons and is 
expressible as a function of the reduced temperature 
T/T», this function being the same for all supercom- 
ductors. This theory can be tested most favorably 
using an element which (1) has a large Debye character- 
istic temperature, since in this case the heat capacity 
will be primarily due to the electrons, and which (2) 
possesses a high transition temperature 7» since this 
circumstance makes experimentally available a wider 
range of reduced temperatures without resorting to the 
adiabatic demagnetization technique. 

These criteria are best fulfilled by the metals niobium, 
vanadium, and tantalum.* This paper presents heat 
capacity data for the first metal of this group, niobium, 
in both the normal and superconducting phases. The 
related study on vanadium and tantalum is now in 
progress, preliminary data having already been re- 
ported for vanadium.’ The present measurements were 
made on a single sample of niobium supplied by the 
Fansteel Metallurgical Corporation, and specified as 
annealed, strain-free, and of the purest grade available. 
Previous experience in this laboratory® with Fansteel 
niobium indicates a purity of 99.8 percent. 


II. EXPERIMENTAL METHOD 


The calorimeter used in these determinations. is 
shown in Fig. 1. A cylindrical specimen of niobium of 
diameter 1.26 cm, height 4.75 cm, mass 50.76 g (0.55 
mole) was suspended by a fine Nylon thread in the 
experimental space S. A carbon resistance thermometer 
was mounted in a transverse hole through the center 
of the specimen. Heat could be supplied electrically 
by means of a coil of constantan wire (No. 40 B&S 
gauge) wound noninductively around the outside of 
the specimen. The heater wire was thermally bonded to 
and electrically insulated from the niobium by means 
of several layers of clear Glyptal lacquer each about 0.5 
mil thick. Each layer was thoroughly baked before 
the next was applied. The thermometer and heater 
leads each consisting of about a meter of No. 40 B&S 
gauge enameled copper wire were led from the specimen 
to a Stupakoff seal B. Connections to the other side 
of the seal were brought down into the helium bath and 
then out of the cryostat. The experimental space S 
could be evacuated through a one-inch tube which had 
an offset in the helium bath to insure that all radiation 
to the specimen came from surfaces at helium tempera- 
tures. The liquid helium container C (capacity 1.5 
liters) was equipped with a 0.5-inch diameter tube for 
pumping on the helium bath, and a 0.125-inch diameter 
tube which extended below the surface of the liquid 
helium, the function of which was to measure the 


7H. Koppe, Ann. Physik 1, 405 (1947). 
8 P. L. Bender and C. J. Gorter, Physica 18, 597 (1952) 
* Worley, Zemansky, and Boorse, Phys. Rev. 87, 1142 (1952). 
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F 1G. 1. Simplified sche 
matic diagram of the 
adiabatic calorimeter. 
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vapor pressure. The liquid helium bath was separated 
from the liquid nitrogen space EF by a highly evacuated 
space D. 

The thermometer consisted of an Allen-Bradley 
carbon composition radio resistor rated at 0.5 watt and 
56 ohms at room temperature. It was prepared and 
mounted as described by us in a previous publication 
in this journal." The thermometer was calibrated in 
the liquid helium range (2°-4.2°K) and in the liquid 
hydrogen range (14°-20°K). A total of ninety calibra- 
tion points was taken in the course of eight runs ex- 
tending over a period of five months (June through 
October 1951). It was found that the data could be 
represented with high accuracy by a modification of 
the semiconductor equation in the form 

logR= A+ BT '+CT?*— KT’, 
where, for this particular resistor, 4 =1.90554, B= 
5.22291, C= 12.14932, and K =0.000068. A few typical 
values are given in Table I. The agreement between 
experimental calibration points and the empiric equa- 
tion was such that over 90 percent of the points in the 
helium range differed by less than 0.002° from the 


equation. 
The molar heat capacity ¢ is given by the equation 


1 dO ] 


(t1)*RyAr 


‘' dT Jn AT 


where n is the number of moles, J is the mechanical 
equivalent of heat, 7y is the heater current, Ry is the 
heater resistance, Ar is the time interval during which 
in is applied, and AT is the temperature change brought 
about by the electrical energy input. The mass of the 
thermometer, Glyptal, and heater amounted to only 
(0.9 percent of the mass of the niobium. Corrections for 
the heat capacity of these parts of the system were used 


© Brown, Zemansky, and Boorse, Phys. Rev. 84, 1050 (1951). 
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Pasce [. Typical thermometer calibration and sensitivity 


dR/dT, 
1 K ¢, ohms ohms/deg K 


Room 
temperature 56 
20 136.2 
14 179.6 
9 284.3 
4.2 1061.8 
3 9553 
) 9537 


4.941 
11.16 
39.15 

583.4 
2478 
16 880 


to provide an effective value for 2 which was estimated 
to be in error by no more than 0.25 percent. The magni 
tude of i, was computed from the potential difference 
across a 10-ohm Wolff standard 
with the heater. This potential difference was measured 


resistance in series 


during each of the individual heat capacity deter 
minations by means of a Leeds and Northrup Type K 
potentiometer. The difference across the 
heater itself was with a Leeds and 
Northrup Type K potentiometer, and Ry was found 
to be constant at the value 96.9 ohms within 0.1 percent 
over the range of temperature in which heat capacity 
measurements were made. The time interval Av was 
measured by a standard timer which 
be read to the nearest 0.01 second. The same switch 
that controlled the heater current also controlled the 
electric timer so that the period during which heater 
current was supplied was known to a few hundredths 


pot ntial 


also measured 


electric could 


of a second. The percentage error introduced by this 
uncertainty was of the order of 0.1 percent, which, as 
will appear, is not significant. 

The temperature interval AT was determined as 
follows. The current through the resistance thermometer 
was kept constant at 10 microamperes by reading the 
potential difference across a 100-ohm Wolff standard 
resistance in series with the thermometer. Separate 
potential leads were brought out of the cryostat from 
the Stupakoff seal B to a Leeds and Northrup Wenner 
potentiometer which was used to measure the potential 
difference across the thermometer. The resistance of 
the thermometer was measured at intervals of approxi- 
mately ten seconds for about one minute both before 
and after energy was supplied to the heater. A typical 
plot of resistance vs time is shown in Fig. 2. Such a 
graph was made for each of the heat capacity determina- 
tions. In most of these, the fore and after period plots 
were linear or only very slightly curved. Measurements 
made during the heating period showed a linear resis 
tance variation with time as indicated in the figure. 
The fore and after period curves were extrapolated 
to the center of the heating interval Ar. The graph was 
then used to determine Rs, and AR. When the method 
Keesom and Kok" was used to analyze some typical 
curves the result in every case was identical with that 
No. 219 ¢, re 
Amsterdam 35, 
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obtained by measuring AR at the center of the heating 
interval as shown. The temperature appropriate to a 
determination of the heat capacity was obtained from 
R,, and the calibration curve. The temperature in- 
terval AT was cetermined from the relation 


AT=AR/(d8/dT), 


where dR/dT was computed (at the temperature corre- 
sponding to R,,) from the empirical relation, Eq. (3), 
for the thermometer calibration curve. In order to pre- 
sent a more detailed picure of the experimental data 
entering into the evaluation of the heat capacity, the 
raw data appropriate to eleven typical points are listed 
in Table II. 

To measure the heat capacity in the normal state at 
temperatures below 7, a constant transverse magnetic 
field of approximately 5000 oersteds was applied to the 
specimen by means of an electromagnet. This field was 
found to be sufficient to maintain the niobium in the 
normal state down to the lowest temperatures. Although 
it was recognized that a larger sample would yield better 
data, the 0.55-mole specimen was the largest size that 
could be used in view of the limited space over which 
the field was uniform. 

With the exception of the quantity A7, the error in 
the measurement of each of the quantities needed to 
compute the heat capacity is of the order of 0.1 percent 
or smaller. The error in AT depends on the accuracy 
with which AR can be derived from the graphs of the 
type shown in Fig. 2. Since the resistance thermometer 
has greater sensitivity below 5°K, the value of AR and 
thus AT7 in this range could be determined to 3 percent 
or better in almost every case. Data above 5°K show 
a greater scatter. 


III. EXPERIMENTAL RESULTS 


The normal and superconducting molar heat capa- 
cities of the niobium specimen are plotted against 
temperature in Fig. 3. The curves are constructed from 
over 220 separate heat capacity determinations, each 
calculated from data obtained from a graph similar to 
that in Fig. 2. The value of 7») at which the discon- 
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Fic. 2. Typical heating curve with fore and after periods 
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TABLE IT. Raw data’ for eleven typical heat capacity determinations 


98 
42 
3.233 
3.996 
6.144 
8.63 
10.475 


Awszewanunununn 


5180 
2095 
249 0.1016 


1768 
715 0.05888 


Al \r WH 

less on ma 

0.001108 
0.002414 
0.008520 
0.01066 

0.01680 

0.04424 

0.000951 
0.01031 

0.01910 

0.03746 

0.05439 


27.29 
$7.07 
27.52 
34.81 
50.00 
50.00 
40.00 
40.00 
60.00 
50.00 
410.00 


0.200 
0.200 
0.500 
0.500 
0.900 
1.500 
0.25 

0.600 
1.000 
1.500 
2.100 


0.0394 
0.03986 
549.5 0.03403 
380.7 0.03441 


72.3 0.1072 
0.01516 


0.1324 
0.1266 
0.1367 


138.2 
$4.62 
24.87 


(Ry =96.9 ohms, 1/Jn=0.435 


tinuity in the heat capacity occurs was found to be 
8.70°K+0.10° by a careful analysis of the AT values 
associated with the individual points in the transition 
region. This is in agreement with the value found 
previously by another method in this laboratory.® 

Expressing the heat capacity in the normal phase, 
at low temperatures, as the sum of an electronic term 
and a lattice term, as given by Eq. (2), 


Cn= T+ (464/08)T%, 


the values of y and © may be conveniently found by 
plotting c,/T vs T*. Such a graph for values of T up 
to 10°K is shown in Fig. 4. It is seen, as would be ex- 
pected, that the points immediately above 7») both 
with and without a magnetic field lie on the same 
straight line as those with a field below 7». Extrapola- 
tion of this straight line yields a value of y equal to 


Fic. 3. Temperature depend 
ence of the heat capacities of 
niobium 


2 Brown, Zemansky, and Boorse, Phys 
and are superceded by those in the present paper. 


Rev. 86, 134 (1952). The values of y and @ reported in this reference were 


20.4 10-4 cal/M deg*®. The slope of this straight line 
yields a value for the Debye © equal to 252°K. Measure- 
ments of the heat capacity were made up to 20°K and 
a plot of these data was published previously in this 
journal.” Inspection of this plot shows that, above 
12°K, the experimental points fall below the straight 
line, indicating an increase in © in this temperature 


range. 
According to present theoretical ideas, the molar 


heat capacity in the superconducting phase is also con- 
sidered to be the sum of two terms, one due to the 
lattice vibrations represented by the usual Debye T* 
term with the normal Debye ©, and a remainder at 
tributed to the electrons. This electronic contribution, 
denoted by c,*!, is therefore obtained by subtracting 
the lattice term from the measured superconducting 
heat capacity. For comparison with the current theories 
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Fic, 4. ¢/T vs T? plot of the heat capacity 
of niobium in the normal phase 


discussed in the following section, the variation in c,*! 
with temperature is most conventiently represented by 
plotting c,*!/y7 against the reduced temperature 7/7». 

The plot using these coordinates is shown in Fig. 5 
and was obtained in the following way. A smooth curve 
was drawn through all the points appropriate to the 
superconducting phase. At half-degree intervals, the 
value of the 7* term in Eq. (2) was subtracted from the 
value of the superconducting heat capacity as deter- 
mined from the smooth curve. These differences were 
then divided by the appropriate values of y7. Table 
III lists the numerical values involved. 


IV. DISCUSSION 


The numerical values obtained experimentally for 


the heat capacities may be utilized in two ways: (1) to 
calculate the //7 vs T curve appropriate to a sample of 
niobium which is capable of undergoing reversible 
magnetic transitions between the normal and super- 
conducting phases, and (2) to test the predictions of 
theories of superconductivity. 


A. Calculation of the H; vs T Curve 


If a superconducting element undergoes a reversible 
transition between the normal and superconducting 
phases at any temperature 7 and magnetic field 17, the 
difference of the heat capacities is given by Eq. (1), 


namely, 
vt d dH ry 
(ur — ) 
tr dT dT 


At T=Tp> this reduces to Rutger’s equation, 


vl o dHr 2 
(Ac) r=7.= — (—) ’ (6) 
4n N dT J rat. 


which may be used to compute (dH7/dT)r=7 . For 
the sample of niobium used in this experiment (Ac) 7 =79 
equals 0.0368 cal/M deg and 79 equals 8.70°K, whence 
(dHr/dT)r =79 equals 453 gauss/deg. 

Integrating Eq. (1) between 0°K and 7, we get 


ALND BOORSE 
In order to evaluate the left-hand member, c,/7 and 
c,/T were plotted against 7. The plot for c,/T was ex- 
trapolated to zero at absolute zero by means of a smooth 
curve. The uncertainty introduced by this extrapola- 
tion was found to be negligible because the area under 
this extrapolated portion is such a small fraction of 
the area under the c,/7 curve in this temperature 
range. It can be seen from Eq. (7) that when T is equal 
to To, Hr is zero, thus the lef‘-hand member vanishes. 
A plot of the left-hand member (which is the entropy 
difference) against T rises from zero at absolute zero 
to a maximum, and then descends sharply, cutting the 
temperature axis at 7». This provides a sensitive means 
for determining the zero-field transition temperature 7°. 
The value of 7» obtained in this way was found to be 
8.70°K (in exact agreement with the value found in the 
preceding section by analyzing the zero-field experi- 
mental points in the neighborhood of 7). There is very 
little leeway in determining 7» in this manner since the 
sharp intersection point is determined by the shapes 
of the c,/T and c,/T curves throughout their entire 
range. Changes in the shapes of these curves within the 
limits of experimental error would produce a change 
in 7» of only a few hundredths of a degree. 

A second integration of Eq. (7) from T to To yields 


To T On—Cs v (Hr)? 
f f ar|ar- imeem, «il 
T 0 im 4nr 2 


from which it is possible to compute //r for all values of 
T from 0°K up to 7». This integration was performed 
graphically by planimeter using a plot of 


» 
f [ (¢a—c,)/T ]dT 


vs T. The data computed in this manner were used to 
construct a plot of Hr vs T*, which is shown in Fig. 6. 
The critical magnetic field H/o necessary to destroy 
superconductivity at absolute zero was found to be 
2000 gauss. The points plotted in Fig. 6 are very close 
to the straight line, so that the 77—T curve is approxi- 


Fic. 5. Ratio of the 
superconducting to the 
normal electronic heat 
capacity of niobium 
vs reduced temperature. 
Circles represent experi 
mental points; — solid 
curve, Koppe’s theory; 
dashed curves, a model. 
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mately parabolic. A rigorously parabolic curve would 
have been obtained if c, had been strictly proportional 
to 7°. The departure from 7* dependance exhibited 
by the experimental c, results is clearly beyond the 
limit of experimental error, as shown in a previous 
publication.” This departure is still not large enough 
to give rise to an H7—T curve that differs appreciably 
from a parabola. 


B. Tests of Theories of Superconductivity 


On the basis of Heisenberg’s theory® of supercon- 
ductivity, Koppe’ calculated the ratio of the super- 
conducting electronic heat capacity c,*! to the normal 
electronic heat capacity yT to be a universal function 
of the reduced temperature 7/7 o, thus 


ce! f(T/To) 


yT T/T» 


The right-hand member was recalculated for various 
reduced temperatures by R. D. Worley of this labora- 
tory, and the results are listed in the last column of 
Table III. The value c,*!/yT as determined from 
Kopp’s theory is plotted against 7/7» as the solid curve 
in Fig. 5. It is seen that the experimental points do not 
agree with Koppe’s theory. Similar graphs of the ex- 
perimental results on tin and indium, and of tentative 
data on vanadium and tantalum? also indicate a rough 
agreement with the shape of Koppe’s curve, but no 
real agreement in detail. It may be concluded that ex- 
perimental measurements of c,*! do not support the 
contention that c,°!/yT is a universal function of T/T». 
In other words, it may be suspected that Koppe’s 
theory, although qualitatively correct, is too inflexible 


TABLE ITI. Smoothed data giving the ratio of the superconducting 
to the normal electronic heat capacity of niobium. 


Cc. C (lattice) 
cal cal cal 
T/T (Koppe's 

M deg M deg M deg (70 =8.70°K theory) 

0 0 0 0 0 0 
[0.00001 ]* 0.000004 0.000006 0.058 0.0059 0 
[0.00005 } 0.00003 0.00002 O.11S 0.0098 0.0012 
[0.00017] 0.00010 0.00007 O172 0.0229 0.016 
[0.00044] 0.00023 0.00021 0.230 0.0512 0.078 
0.00103 0.00046 0.00057 0.288 O.1118 0.184 
0.00216 0.00079 = 0.00137 0.345 0.2239 = 0.330 
0.00403 0.00125 0.00278 0.402 0.389 0.500 
0.00668 0.00187 0.00481 0.400 0.589 0.700 
0.01004 0.00266 0.00738 0.517 0.804 0.905 
0.01410 0.00305 0.01045 0.575 1.024 1.12 
0.0190 0.00486 0.0141 0.632 1.257 1,32 
0.0247 0.00631 0.0184 0.690 1.496 1.54 
0.0313 0.00802 0.0233 0.747 1.753 1.76 
0.0389 0.01001 0.0288 0.805 2.02 1.99 
0.0475 0.01232 0.0352 0.862 2.29 2.21 
0.0576 0.01495 0.0427 0.919 2.61 2.42 
0.0690 0.01793 0.0511 0.977 2.95 2.63 


(To) 0.0738 0.01923 0.0546 1.000 3.07 2.71 





® Brackets indicate extrapolated values 


13 W. Heisenberg, Z. Naturforsch. 2a, 185 (1947); Ann. Physik 
3, 289 (1948). 
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Fic. 6. Hr vs T? curve for niobium calculated 
from calorimetric data. 
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and might be made to agree more closely with experi- 
ment by introducing an adjustable parameter, different 
for each superconductor. 

In an attempt to explain the slight departure from the 
parabolic relation between the critical magnetic field 
and temperature displayed by the precise experimental 
measurements of Maxwell on tin, thallium, and indium, 
Marcus and Maxwell" have recently extended the two- 
fluid theory of Gorter and Casimir.'® According to this 
theory, the electrons in a superconducting metal are 
assumed to undergo a sort of condensation below the 
transition temperature 7». The fraction w of the elec- 
trons that are in the superconducting state is assumed 
to be a function of 7/7». The number of normal elec- 
trons K(w) was assumed by Gorter and Casimir to 
depend on w according to 


K (w)= (1—w)!. 


On this assumption it was possible to derive the para- 
bolic law for the threshold field curve and with it a T* 
dependence of c,*'. Marcus and Maxwell made the 


assumption that 


K (w)= (1 


w)*, 


where a is a constant less than 4 and different for 
different elements. It was found that the resulting form 
of the threshold field curves agreed well with Maxwell’s 
experiments when values of a were chosen between 0.50 


and (0.38. On the basis of this ‘“‘a’’ model, it was found 


P.M. Marcus and E. Maxwell, National Bureau of Standards 
Report 2496 (unpublished). 
16. J. Gorter and H. Casimir, Physik. Z. 35, 963 (1934 
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The dashed curves in Fig. 5 are plots of this equation 
for two different values of a. It may be seen that the 
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niobium data do not fit any of the @ curves, so that 
it may be concluded that there is as yet no theory of the 
heat capacity of superconductors which is in satis- 
factory agreement with these experiments. 

The authors gratefully acknowledge the assistance of 
Mr. L. Lesensky, Mr. B. Smith, and Mr. R. Worley 
in carrying out the measurements. 
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The Vibrational Spectrum and Specific Heat of Sodium 


E. BAvER* 
Division of Physics, National Research Council, Ottawa, Canada 
(Received April 20, 1953) 


The frequency spectrum of the normal vibrations of a body-centered cubic crystal lattice is derived by a 
method suggested by Houston, in which the secular equation is solved along three lines in the reciprocal 
lattice and the result is interpolated by means of suitably chosen spherical harmonics. Some corrections are 
applied to the high-frequency part of the spectrum, and the lattice part of the specific heat of metallic sodium 


is calculated as a function of temperature. 


I. THE PROBLEM 


N the theory of ideal metals one considers effectively 

free conduction electrons moving in the field of a 
lattice of positive ions. These conduction electrons 
move very fast compared with the ions of the lattice, 
and are relatively weakly coupled to them, so that an 
“adiabatic” separation is always made as follows. In 
considering properties of the conduction electrons one 
regards the ions as at rest or at most vibrating as a 
perturbation (to give the thermal part of the resis- 
tivity); conversely, in the study of lattice properties 
such as the specific heat at intermediate temperatures 
and a large part of the elastic constants, the lattice is 
smeared-out”’ field 


“ 


regarded as held together by the 
of the electrons. 

Here we are interested in calculating the specific heat 
of metallic sodium at moderately low temperatures, 
i.e., between about 10°K and 100°K, and in this region 
the only effective contribution comes from the lattice 
of ions. At extremely low temperatures, the electronic 
contribution to the specific heat becomes important, 
while at high temperatures the specific heat has ap- 
proximately the value predicted by classical equipar- 
tition, but with some disturbing effects believed to be 
due to the large amplitude of the lattice vibrations and 
consequent anharmonicity and also due to the electrons. 
There is an additional disturbing effect in the case of 
sodium giving a peak in the specific heat at about 
7°K.' Such effects are known to occur in a number of 


* National Research Laboratories Postdoctorate Fellow. Present 
address: Mathematics Research Group, New York University, 
New York, New York. 

1G. L. Pickard and F. E. Simon, Proc. Phys. Soc. (London) 61, 
1 (1948). The specific heat of sodium up to 300°K has been 
measured by F. E. Simon and W. Zeidler, Z. physik. Chem 
B123, 383 (1926). 


the crystal. Then, to get physical results, we apply 
substances: they may arise because of changes in 
crystal structure, but in any case they cannot be 
accounted for in terms of lattice vibrations. 

To calculate the specific heat we just have a statis- 
tical knowledge of the degrees of freedom of the ions. 
For this purpose it is convenient to regard the ions as 
making up a lattice and to study the frequency spectrum 
of the lattice vibrations, which are the normal modes of 
the system. The reason for doing this statistically is 
that in a macroscopic crystal there are ~10* ions, i.e. 
~3X 10% degrees of freedom. 

The best method that has been developed so far for 
obtaining the frequency spectrum is that of Born and 
v. Karman,’ who set up the classical equations of motion 
of an ion interacting with its close neighbors, with given 
force constants as parameters. These parameters are to 
be determined from the elastic constants of the lattice. 
With the use of Born’s cyclic boundary conditions, the 
condition that the equations of motion have a non- 
vanishing solution corresponding to small harmonic 
vibrations of the ions about their equilibrium positions 
gives the secular equations. Thus, if there are V atoms 
in a three-dimensional lattice, there are .V distinct 
3X3 secular determinants in the simplest case; these 
have 3.V roots, the frequencies of the normal modes of 
vibration. We are interested in finding the frequency 
spectrum of these 3.V vibrations, i.e., finding how many 
of them lie in any given frequency range. This frequency 
distribution is obtained by solving a suitable number 
of the V(~10*) secular equations. 

Thus we obtain a frequency spectrum by setting up 
classical equations of motion in terms of certain force 
constants which are related to the elastic properties of 


2M. Born and T. v. Karman, Physik. Z. 13, 297 (1912); 14, 15 
(1913). 
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Bose-Einstein statistics to the frequency spectrum 
obtained in this way, and thus get the specific heat. 


II. METHODS OF SOLUTION 


The central technical problem is solving a sufficient 
number of the .V secular determinants to get a fre- 
quency spectrum, without too much labor. Several 
methods have been given: there are methods which 
depend on solving a suitably chosen random sample of 
the N secular equations;* also, there is an elegant 
method developed by Montroll,* which depends on ob- 
taining the frequency spectrum in terms of moments of 
various powers of the vibration frequencies. This 
method unfortunately suffers from the severe practical 
limitation that in the lower approximations the spec- 
trum is given more accurately at high than at low fre- 
quencies, and at low temperatures, where the specific 
heat deviates markedly from the classical value, it is 
just the low-frequency part of the spectrum which is of 
importance. Leighton’ has derived the frequency 
spectrum of some face-centered cubic lattices by a 
mechanical-analog method. 

Houston® has described a method of deriving the 
frequency spectrum of any lattice by solving the secular 
equation analytically along a certain number of direc- 
tions in the reciprocal lattice, and interpolating by 
means of suitably chosen spherical harmonics. This 
method is extremely simple in computation, and is 
satisfactory at low frequencies. However, Nakamura’ 
has examined the method closely for the case of a square 
two-dimensional lattice, which has been solved exactly 
by Montroll,’ and comes to the conclusion that the 
method of Houston fails at large frequencies. Also 
Van Hove’ has examined the nature of the singularities 
of the frequency spectrum of general lattices, and finds 
that the infinite peaks characteristic of Houston’s 
method are not given by the exact theory. It ought to 
be mentioned that Houston in his original article 
realized (or at least implied) these drawbacks of his 
method. 

In this work the Houston’s method is used, together 
with some modifications suggested by Nakamura’s 
criticism. The reason for this is that for actual thermal 
properties one is interested not so much in the detailed 
shape of the frequency spectrum, but in various in- 
tegrals including the spectrum as a weighting function, 
so that perhaps the errors in the shape of the high- 

3M. Blackman, Repts. Progr. Phys. 8, 11 (1941) (Blackman 
has done much work on different aspects of the problem); P. C 
Fine, Phys. Rev. 56, 355 (1939): body-centered cubic lattice, 
applied to tungsten. 

4E. W. Montroll, J. Chem. Phys. 10, 218 (1942); 11, 481 (1943); 
E. W. Montroll and D. C. Peaslee, J. Chem. Phys. 12, 98 (1944): 
body-centered cubic lattice. See also H. Thirring, Phys. Z. 14, 
867 (1913); 15, 127, 180 (1914). 

5R. B. Leighton, Revs. Modern Phys. 20, 165 (1948): applica 
tion to silver. 

6 W. V. Houston, Revs. Modern Phys. 20, 161 (1948) . 

7T. Nakamura, Progr. Theoret. Phys. 5, 213 (1950). 

8 E. W. Montroll, J. Chem. Phys. 15, 575 (1948). 

®L.. Van Hove, Phys. Rev. 89, 1189 (1953). I am indebted to 
Dr. Van Hove for sending me a copy of this article prior to pub- 
lication. 
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frequency part of the spectrum may not be too serious 
in this connection. 


III. SEPARATION OF THE ELASTIC CONSTANTS 


We are considering the case of sodium, a monatomic 
metal with a body-centered cubic lattice, in which the 
conduction electrons are effectively free’ so that the 
adiabatic separation into an ionic lattice and free elec- 
trons should be relatively satisfactory. However, 
sodium is extremely anisotropic as far as its crystal 
properties are concerned. In principal axes, its three 
independent elastic constants, ¢11, C12, C44, in Voigt’s 
notation are given in Table I, where the measurements 
of Bender" and of Quimby and Siegel’? at 90°K are 
given, as well as the calculations of Fuchs" for absolute 
zero. The measurements are very difficult, and this 
accounts for the relatively large spread of the experi- 
mental results. 

It is usual, in applications of the theory of Born and 
v. Karman,’ to consider all the interactions in the lattice 
to be central, and to take into account the interaction 


TABLE I. The elastic constants of metallic sodium (in units 
of 10" dynes/cm?).* 


cu ci “4 cum ei 


Experimental data (90°K): Bender’ 0.945 
Quimby and Siegel* 0.603 
Calculation (O°K): Fuchs? 0.972 


0.779 
0.459 
0.831 


0.618 
0.586 
0.580 


0.166 
0.144 
0.141 


® The data actually used are those of Fuchs; for the separation of Eq 


(1) the data on cas, an 2 are the significant ones 
» See reference Il 
¢ See reference 12 
4 See reference 13 


of each ion with its nearest and second-nearest neigh- 
bors; the force constants for these interactions are 
denoted respectively by @ and y, and are measured in 
units of dynes/cm. The simplest over-all picture of a 
cubic crystal like sodium is obtained by assuming, as 
do Fuchs" and Leighton,® that the conduction electrons 
form a fluid in that their energy depends only on the 
volume and is therefore not affected by a pure shear 
deformation of the crystal; thus the electrons contribute 
one independent elastic constant. The lattice of ions 
has cubic symmetry and is regarded as defined by two 
independent elastic constants because one supposes that 
the ions interact with central forces.'* Thus, if the 


10 The effective mass of the conduction electrons in sodium is 
0.94 m (in the Bloch approximation) ; see F. Seitz, Modern Theory 
of Solids (McGraw-Hill Book Company, Inc., New York, 1940), 
p. 354; also N. F. Mott and H. Jones, Theory of Metals and Alloys 
(Oxford University Press, London, 1936). 

"Q. Bender, Ann. Physik 34, 359 (1939) 

2S. L. Quimby and S. Siegel, Phys. Rev. 54, 293 (1938 

9K. Fuchs, Proc. Roy. Soc. (London) A153, 622 
A157, 444 (1936). 

4 For a cubic crystal with only central forces between the 
atoms we have the Cauchy conditions, ¢;,.=¢44, so that there are 
only two independent elastic constants. An isotropic medium has 
only two independent elastic 2 


(1935) ; 


constants, because ¢€);=¢j2+ 24 
For an isotropic solid with central forces between the atoms there 
is only one independent elastic constant, because ¢)2.= ¢44= 4¢11 
See L. Brillouin, Les Tenseurs (Dover Publications, New York, 
1946), Chap. X. 
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Fic. 1. The frequency spectrum of a body-centered cubic lattice 
for various models. (For convenience in the calculation, all infinite 
peaks have been replaced by finite ones of equal area.) The 
separability condition (1) is used everywhere except in Fig. 1(d), 
so that g=} except in Fig. 1(d), where g=4. (a) The spectrum 
Gu(q) given by Houston’s original method; (b) The spectrum 
Gr(g) given by the R approximation to Houston’s method; 
(c) The spectrum G7(g) given by the T approximation; (d) The 
spectrum Gr(qg) for.g=4; (e) The spectra given by Debye’s 
theory, Gp(q), and by Brillouin’s modification, Gg(q), both for 
the case g=} 
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electron contribution to c;; is c;;* and the lattice con- 
tributes c,;“, then the total elastic constants are 
supposed, in this approximation, to be just the sum of 
electron and lattice terms. Hence we have 


ee - E£ 
CuCl +e ’ 


cu®=0, 


(1) 


This separation of electron and lattice contributions 
to the elastic constants is very attractive, but one may 
perhaps question whether it is legitimate. To test the 
hypothesis some calculations have also been made 
without assuming the separation. In this case, if we 
still regard our lattice as defined by two elastic con 
stants, it is reasonable to say that 


L 


¢y= Can C12” = Cag” Sere. (1 


=C11; 


Calculations with the lower limit for cq,” coincide ap- 
proximately with those made with the separation (1); 
some calculations with the upper limit, ca”“=cy2, are 
also reported. The results with the separation (1) show 
much better agreement with experiment than those 
a 


=C}2. 


with 44 
IV. BRILLOUIN’S MODEL FOR THE SPECIFIC HEAT 


It is of interest to see how the present calculations 
compare with those of simpler theories. The two obvious 
theories available are Debye’s well-known theory which 
treats a lattice as a homogeneous continuum with a 
maximum frequency cutoff, and a modification due to 
Brillouin’ which has a cutoff in wavelength. The reason 
for Brillouin’s modification is that for an isotropic 
medium it gives the correct number of longitudinal and 
transverse modes, unlike Debye’s theory, which merely 
gives the correct total number of modes. 

The calculation for the present anisotropic case is 
discussed in Appendix A; the results for the specific 
heat using the separability condition (1) are given in 
Fig. 2, which shows the effective Debye temperature © 
as a function of the absolute temperature 7 for a 
number of models. According to Debye’s theory, the 
specific heat at constant volume C, is a function of 
©/T, where © is independent of the temperature; it is 
then usual to express the experimental C, data at any 


1—cosx cosy cosz+ g sin’x— q’ 
sinx siny cosz 1 
sinx sinz cosy 


where (x, y, z) are coordinates in the reciprocal lattice, 
i.e., in the space of wave numbers, and 


g= (M/8a)u. (3) 


81. Brillouin, Wave Propagation in Periodic Structures 
(McGraw-Hill Book Company, Inc., New York, 1946), article 39 


g=7/2a, 


AND 


sin x siny cosz 
COSX COSY COSZ+ g siIn*y— q° 


siny sing cosx I 
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Fic. 2. The effective Debye temperature © for sodium, as a 
function of the absolute temperature 7. The @’s calculated from 
the spectra of Fig. 1 are compared with the experimental data 
(See references 1 and 17.) 


given 7 by a value of © which is unique, but does in 
general depend on 7." 

All these calculations of the Debye and Brillouin 
models are based on the lattice elastic constants ob- 
tained with the separability condition (1). Using the 
experimental elastic constants and defining a Debye 
temperature in terms of them, one gets results which 
differ very little from the present ones. The reason for 
this comes from the averaging over velocities used in 
calculating the Debye temperature. 

V. THE SECULAR EQUATION AND ITS ROOTS 


A derivation of the secular equation for a body- 
centered cubic lattice has been given by Fine’ and by 
Montroll and Peaslee.‘ It is rather special, and ac- 
cordingly a method of derivation which may be applied 
also to noncubic lattices is outlined in Appendix B. 
The secular equation is the following: 


sinx sing cosy 
siny sinz cosx 
cosx cosy cosz+ g sin*z 
M is the mass of an ion, w the angular frequency of a 


normal mode, and @ and y are force constants for 
nearest and second-nearest neighbor interactions. The 


16 F. M. Kelly and D. K. C. MacDonald, Can. J. Phys. 31, 147 
(1953) 
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force constants are connected with the elastic constants 
of the lattice by the relations 


{ 


C1" atry)/a; C19" =Cyy"=a/a, (4) 


where 2a is the length of the side of the unit cube; 
2a= 4.2410 * cm. The separation of Eq. (1) together 
with the experimental data for sodium (see ‘Table I) 


corresponds lo g }; the condition (1) gives the limits 
fs <¢ <4. The calculation has been done with g=} 
throughout unless stated otherwise. 

Houston’s method of calculation® is to the 
secular equation (2) along three lines in the reciprocal 


lattice, denoted by L.1, 1.2, 1.3: 


solve 


r= (0, 0, 7), 
r= (0, s,s), (5) 
r= (t,t). 


Along each line there are three roots: we denote those 
along 1.1 by a,6,c; those along L.2 by d,e,f; and 
those along L.3 by g,h, k. The detailed form of these 
roots is discussed in Appendix C. The solution as a 
whole has three branches (I, II, III) corresponding to 
the one longitudinal and two transverse branches in an 
isotropic medium, and the branches link up the roots 
as follows: 


L3 
and g 
and h (6) 
and k 


L.3 LZ 

Branch I: a and f 
II: 6 and d 

III: c and e 


The detail of the linking is discussed in Appendix C. 
VI. THE FREQUENCY SPECTRUM 


Along a given line in the reciprocal lattice, the 
number of modes of vibration in a frequency range, q¢ 
to g+dq, is proportional to the corresponding volume 


of phase space, that is, to 
r*(dr/dq)dq, 


where r=r(q) is the wave number along the line corre- 
sponding to the frequency g. For the total lattice there 
are G(q)dq modes of vibration in this frequency range, 


and, apart from a normalization factor, G(q) is given 


by the expression” 
G(q) 2aG*(q), 
0.3599? (dr/dq)| .+1.624s?(ds/dq)| 4 
+ 1.6797 (dt dq) a! aD 


G4(q) 


I, I, II, and 


where A 


r*(dr/dq)|1=9r(dr/dq) for root a, 


r(dr/dq)|\ =r (dr/dq) for root 6, and so on; 


(dt dq) Wui= P(dt dq) for root k. 
7 Equation (7) is essentially Houston’s Eq. (11) (reference 6). I 


am indebted to Dr. Houston for sending me a list of corrections 
to his article 


The G4(q) are the contributions of the three branches 
I, II, III to the distribution function G(q). The reason 
for considering the branches separately is to make the 
corrections suggested by Nakamura. The detailed ex- 
pressions for r’(dr/dq), etc., are given in Appendix C. 

Now we can immediately derive the frequency 
spectrum Gy(qg) according to Houston’s original pro- 
cedure. In general each Gy*(qg) will have three singu- 
larities corresponding to the maximum frequencies 
along the three lines 1.1-L.3. Two or more of these 
critical frequencies may coincide, and root g is anoma- 
lous. The result for Gy(q) is given in Fig. 1(a). 

Nakamura’ has given a detailed examination of 
Houston’s method for the case of a square two-dimen- 
sional lattice which has been solved exactly by Montroll. 
He finds that in this case Houston’s method gives the 
low-frequency behavior correctly for each branch, 
deviates somewhat in the shape of G(q) at the first peak 
(i.e., the peak of lowest frequency) on each branch, and 
is completely wrong above the first peak on each 
branch, in fact, the frequency spectrum falls off con- 
tinuously above the first peak to zero at the maximum 
frequency predicted by Houston’s method. 

These features are probably fairly characteristic of 
the method. If one is interested only in properties like 
the specific heat the method seems usable, because here 
one is most concerned with the detailed behavior of 
G(q) at low frequencies, and apart from this one may 
be satisfied with a knowledge of the location of the dis- 
continuities in G(q) and in the total number of modes 
between the discontinuities. This area is given cor- 
rectly by Houston’s method, being just composed of 
terms of the form 


dq=}(r2—r;3). 


The method used here is the following. We study 
each branch A (I, IT, III) separately. Consider a branch 
A with the roots a, 6,y (e.g., the roots b,d,h along 
branch IT). Let root a have a singularity in r°(dr/dq) 
at g=Qa, and similarly, let 8, y have singularities at qa, 
gy Where ga<g3<q, (the generalization to any other 
case, such as root g of branch I, is immediate). Then 
Houston’s method gives the following properties at 
least approximately correctly: 


(1) G4(q) for O< gq <qa; 
(2) the positions of qs, g,; and 
(3) the areas 


93 ay 
tiem f Gs*(q)dq; Aye= f G,*(q)dq, 


Ya la 


where G34(q) is the contribution to G4(q) due to root 8, 


etc.; thus 


G4(q) =G,'(q)+Gs*(q)+G,'(q), 


i.e., Gal (qg) = 0.3599? (dr/dq) for root a (of branch I). 
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By analogy with Montroll’s and Nakamura’s results, 
we represent G4(q) for g>q.a by functions without 
singularities at qs, g, but having the properties (2), 
(3) given by Houston’s solution. In particular, we 
use two simple forms which appear fairly plausible by 
analogy with Nakamura’s work. 
Approximation R (rectangle): 
rectangle of area Aga lying between ga and qs, and 
similarly for G,4(q). 
Approximation 7 (triangle): 
triangle of area Agq lying between gq and qs, such that 
its peak is at ga, ie., its height is 24g4/(Gs—qa) at ga 
and zero at gg; and a similar expression for g,*(q). 
The results for Ge(q) and for Gr(q) are given in Figs. 
1(b) and 1(c). They may be compared with Gy(q) 
given by the original calculation by Houston’s method. 


replace G3‘(q) by a 


replace Gs3*(q) by a 


For convenience in calculation the infinite peaks in 
G(q) have been replaced by finite ones having the same 
area. The curves in Figs. 1(a)-1(c) refer to g=}, cor 
responding to the assumption of separability of electron 
and lattice contributions to the elastic constants, as 


implied in Eq. (1). 
VII. THE SPECIFIC HEAT 


In giving the specific heat at constant volume C, as 
a function of the absolute temperature 7’, it is usual to 
plot an effective Debye temperature ©, which depends 
on T, as a function of T, because this Debye tempera- 
ture is a sensitive criterion, and one of some physical 
significance, at least for O27. The results, based on 
the separability condition (1), are given in Fig. 2 for a 
number of models. We give first the Debye temperature 
obtained from measurements of the specific heat.' Then 
the effective © of Debye’s and Brillouin’s models, as 
predicted from the elastic constants, are given (see 
Sec. IV and Appendix A). Also there are three ©’s 
coming from the three approximations used_ here, 
namely ©y, Op, Or, resulting from Gy(q) [ie., 


Houston’s original picture—see Fig. 1(a) |, from Ge(q) 
[Fig. 1(b)] and from Gr(q) [Fig. 1(c)], respectively. 
From the shapes of the G(q) it is clear that we must 
have Oy 20Op 207, and by comparison with Naka- 
mura’s discussion one would expect the exact G(q) to 
lie somewhere between Gr(qg) and Gr(q), and hence 
one would also expect the exact © to lie somewhere 
between ©, and Or. 

All the calculations discussed above refer to the case 
where the separation of elastic constants into ionic 
(lattice) and electronic terms is made as suggested by 
Fuchs® and Leighton ;* thus, g=}. To test the validity 
of this separation, we proceed as suggested in Sec. ITI. 
If we still wish to describe the lattice by two elastic 
constants, ¢);" and ¢y."=c44", but without assuming the 
separability condition of Eq. (1), then we have to take 
the limits of Eq. (1), which give 5 <g <4. The fre- 
quency spectrum calculated on the R approximation 
with g=} is given in Fig. 1(d), and the corresponding 
specific heat, or rather Op, is given in Fig. 2. We see 
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there, by comparison with the experimental ©, that 
g=1} gives a much more satisfactory result than g=}, 
so that there is certainly no evidence against the sepa- 
ration of Eq. (1). 

One feature of the theory which is mentioned by 
Nakamura’ is that if one puts g=0, i.e., considers only 
interactions of an ion with its nearest neighbors, then 
Houston’s method does not give a very good frequency 
spectrum because there are too many modes of zero 
frequency ; in fact, the frequency of the first peak in G(q) 
is proportional to g!. There is no reason to suppose that 
this feature is peculiar to Houston’s method of evalu- 
ation; in fact, if one considers only nearest-neighbor 
interactions there are many modes of zero frequency, 
as can be seen by examining the secular equation. From 
physical reasoning it would seem that the case g=0 
might be taken to correspond to a liquid, as representing 
only extreme short-range order; and it might perhaps 
be possible to use this kind of treatment in discussing 
some properties of liquids. In this picture the physical 
meaning of the modes of zero frequency is that they 
correspond to flow rather than to vibrational motion. 

lhe precise meaning of the results given in Fig. 2 has 
to be discussed in some detail. As was pointed out in 
Sec. I, only the range 10°K <7 <100°K is strictly 
relevant for comparison with experiment. C, has a 
peak at 7°K, and also it exceeds the classical value 3 Vk 
above 206°K, and the fall in © above 100°K is due to 
this. Besides, for T=120°K, C, is already 5.5 cal/M 
degree, so that a very small error in C, introduces a 
large but not particularly significant error in ©. From 
the admissible region between 10° and 100°K it is clear 
that g=} gives better reults than g=}, and that the 
experimental © value lies between Op and Gr as one 
might expect, in particular, O, (which comes from 
Gr(q), which is actually the simplest function to use) 
gives the best approximation. 

In general, one is particularly interested in the 
character of the lattice specific heat corresponding to 
temperatures of less than 10°K in the present case, 
because this is where the specific form of the frequency 


spectrum is most important. The general features of the 


frequency spectrum shown in all the models used here 
are the same, and are of the character usually found in 
calculations of this type. Generally these give G(q) 
proportional to g® at low frequencies as in the simple 
Debye theory, but with a number of peaks at higher 
frequen ies. In consequence of this the present curves 
of © vs T are similar to other such calculations,*:°® with 
a relatively high value near 7 =0, then a minimum, and 
finally a rise to a constant value. For g={ there are 
slight falls in Op, Or above 30°K, but these are prob- 
ably not particularly significant. 

It is clear?’ that Houston’s 
modifications like those used here, does not 
particularly accurate expression for the frequency 


method, even with 


vive a 


*S. Huzinaga, Busseiron Kenkyu (Japanese report of 
No. 20, 117 (1949 


hysics in Japanese 
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spectrum. However, the R approximation to G(g) in 
particular gives a fairly satisfactory approximation to 
the Born-v. Karman frequency spectrum, with con- 
siderably less computational work than any other com- 
parable method suggested so far, and this feature may 
make it suitable for various other applications. For 
instance, in the present case the elastic constants of 
sodium are not known very accurately, and also it 
seemed desirable to check the validity of the separa- 
bility condition (1). Again, in many applications like 
the present, the deviations of the frequency spectrum 
from the simple Debye form give only a small correction 
to most observable effects, so that a fairly simple cor- 
rection like the present one might be quite useful. 
Further, an approximation like the present one can be 
improved with relatively little work if the secular 
equation is solved along more than three lines in the 
re ipro¢ al lattice. 

I should like to thank Dr. D. K. C. MacDonald, who 
suggested this problem to me, Dr. W. Kohn, Dr. E. W. 
Montroll, and Dr. T. Y. Wu for helpful discussions. 


APPENDIX A. BRILLOUIN’S MODEL FOR THE 
SPECIFIC HEAT 


Given a mode A with sound velocity v4, we may obtain 
the corresponding characteristic temperature ©, by 


(A.1) 


h s3N\3 
tine: ( 
k \4nrV 
if there are V atoms in a volume V. By Debye’s theory 


there is a single characteristic temperature @p deter- 
mined by a mean velocity 7 detined by 


1 1 1 2 f abet dQ 
( } ): or . > f , (A.2) 
SA dtens” Dean’ 3 4a A=! va? 
Thus, if the Debye function for the specific heat of .\ 
atoms is C,(@p/7), then Brillouin’s formula for the 
specific heat of an isotropic medium is 
C,(Op/T) = $C, (Orong/T)+ $C. (Otrans/7), (A.3) 
where @jong, Mtrans are defined in terms of the velocities 
of the longitudinal and transverse vibrations. In general, 
Op as detined by Eq. (A.3) will change with tempera 
ture 
The procedure used here is the following. From the 
secular equation we can calculate the velocities 0(A; 17) 
for all three I, If, 111, along the lines 
LA-L.3 of Eq. (5). Then we define mean velocities 7, 
by the relations 


branches A 


1 0.286 0.457 


va? [v(A; 1.1) } 


[o(A; 1.2) 


The coefficients are derived from Houston’s analysis; 
they are the same as those for the corresponding r'dr dq 


[see Eq. (7)—the difference in the numerical factors 
arises because r=V2s=v31|. From the va we get the 
corresponding ©, by using Eq. (A.1), and then 

I 


C,(@3/T)=} C,(@Os/T (A.5) 


heal 

With the lattice elastic constants determined by the 
separability condition (1), one finds that @;=304°K, 
@),=181°K, Oy, =93.5°K. Defining Op by means of 


Up, where 


we find that ©p=128°K. The frequency spectrum 
corresponding to the Debye and Brillouin models is 
given in Fig. 1(e), with the same normalization as for 
the other G(q); the corresponding values of Op, Ox are 
given in Fig. 2. 


APPENDIX B. DERIVATION OF THE SECULAR 
EQUATION 


For a substance containing only one kind of atom it is 
frequently possible to find a lattice with a unit cell 
containing only one atom on the average. Such a lattice 
is called a Bravais lattice. Physically this means that 
we have a lattice made up of unit cells each having just 
three degrees of freedom. Ina crystal these three degrees 
of freedom are the so-called acoustic vibration: they 
correspond to the translational motion of the individual 
atoms in the gas phase. If there are two atoms in a 
unit cell, then of the six degrees of freedom, three are 
acoustic, corresponding to motion of the unit cell as a 
whole, while the remaining three specify the motion of 
one of the two atoms in the cell with respect to the 
other. This corresponds to the internal molecular rota- 
tion and vibration of the molecule in the gas phase. It 
contributes the “optic’’ branch of the lattice vibrations. 
(The extension to more than two atoms per unit cell is 
trivial.) In general, simple monatomic lattices have 
only an acoustic vibration, just as simple monatomic 
gases have only translational degrees of freedom. 

It seems desirable to keep the above basic fact in 
mind. In a simple cubic lattice the unit cube is just the 
unit cell of the Bravais lattice, but in a body-centered 
cubic lattice, if one takes the elementary cube as basis 
one again, the unit cell contains two atoms. If the cyclic 
boundary conditions are applied to this cube, one 
obtains a 6X6 secular equation which may be factored 
into two (essentially equivalent) 33 determinants. 
This is basically the procedure adopted by Fine® and 
by Montroll and Peaslee* in their derivation of the 
secular equation of a body-centered cubic lattice."® The 
derivation is correct, but it is not clear how it should 

‘9 They made use of the fact that a body-centered cubic lattice 
may be made up of two interpenetrating simple cubic lattices. By 


applving the cyclic boundary conditions independently to each ot 
these simple cubic lattices, they got a 6X6 secular determinant 
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be generalized to a noncubic crystal structure. This 
generalization is immediate if one imposes the cyclic 
conditions on a minimal (i.e., Bravais) unit cell. 

Consider a body-centered cubic lattice with cube 
length 2a, and take an ion at the point a(/, m,n) as 
central, where /, m, are integers. The nearest neighbors 
of the ventral ion are at a(l+1, m+1,n+1) (for any 
choice of the + signs), and its second-nearest neighbors 
are at a(l+2 m,n); a(l,m+2,n); a(l,m,n+2). This 
description in terms of the conventional unit cube may 
be called the C system; the unit cell contains two 
atoms. The Bravais or minimal unit cell (in the 
B system) is defined by the central ion and any three 
of its eight nearest neighbors. Let 


e'=a(—1,1,1), e?=a(1,-—1,1), c=a(1,1, —1), 


be the unit vectors defining the B system. Then, in the 
B system the position of a point is defined by the 
relation 

a(n, w, v) =e! +yr?+ ve’, 

The detailed correspondence between the naming in 
the C and the B system is given in Table II. With the 
uniform notation given there, if we use a shorthand 
notation of the type 


u(a—2)=u(a)+u(d)—2u(0),  ete., 
the equations of motion are 
F(0)=au,(a+b+c+d—8)+yu,(e—2) 

+xu,(—a—b+c+d)+xu,(—a+b—c+d), 

F, (0) =au,(a+b+c+d—8)+-yu,(f—2) 

+x«u,(a—b—c+d)+xu,(—a—b+c+d), 
F,(0)=au,(a+b+c+d—8)+~yu,(g—2) 

+xu,(—at+b —c+d)+x«u,(a—b -c+d). 
These are just Eq. (4) of Montroll and Peaslee,‘ apart 
from the notation; the Cauchy condition will give x=a. 

The classical macroscopic equations of motion are 


Pu, ae 8 
pullz= C4) Cul —t+ Ur 
ax” i 
Ou, OU, 
+ (C124 Cas) + ; 
Ox, Ox, 
etc., and if we identify these u’s, which are small but 


macroscopic displacements, with the previous «(Q), 


u(a), ---, which are displacements of individual lattice 


points, and use results of the kind 
du/dx=(1/a)[ u(i+1, m, n)—u(l, m,n) ], 


then we get the identification 


Cy "=(at+y)/a; C19" =Cy"=a ad=k/d, (4) 


AND 
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Paste IT, Correspondence between the labeling of lattice points 
in C (cube) and B (Bravais) systems 


( tem 


Central lattice point 
l m,n 
Nearest neizhbors 
(1, m+1,n+1 a, \+1, pw, 
(l+1, m1, n+1) \, wt 1, v) 
(+1, m+1, n¥1 ; A, aw, v1) 
/+1,m+1,n+1 ; A+1, wt1, v1) 
Second-nearest neighbors 
(l42, m,n 
(1, m4+2,n 
(1, m,n+2 


, Mtl, v1) 
t1, wu, v1 
t1,utl,v 


Now we apply the cyclic boundary conditions as 


follows: 


u(A, uw, v)=u(0, 0, 0) exp[ i(Ax'+ux?+ vx’) |, 


(A.7) 


x’=ad’/L'; integers: — Li Cd CL; 7=1, 2, 3; 


considering a macroscopic tetrahedron with ZL’ ions in 
the 2 direction. The (x’) are vectors in a space recipro- 
cal to the B system. In terms of them, 


u(a)= (0) exp(ix!), 


u(a—2)= —2u(0)(1—cosx'), ete. 


One now transforms the (x’) into (x, y,z), which 
form. a vector in a space reciprocal to the C system. 
Using the relation 


and the condition 
t= —w* 


for harmonic vibrations, one obtains the secular Eq. (2), 
which is just Montroll and Peaslee’s Kq. (11a). 

The derivation sketched here can readily be adapted 
to other lattices; in particular, Leighton’s expression 
for a face-centered cubic lattice® can be derived quite 
similarly, whereas the method of Montroll and Peaslee*.' 
would entail setting up a 12X12 secular determinant, 
then be factored into four 3X3  deter- 


which can 


minants. 


APPENDIX C. THE ROOTS OF THE SECULAR EQ. (2) 


(C.1) We wish to solve the secular equation along 
the three lines L.1-L.3 of Eq. (5). Along Z.1, the 
secular Eq. (2) is 


1—cosr—q’ 0 0 
0 1—cosr—q’ 0 
0 0 1—cosr+g sin’r -g° 


because x= y=0, z=r, along L.1. 
The third factor along the diagonal gives the single 


root (a), 


cosr = (O—1)/2g: P= (1+2g)? 49°, 
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Along 1.3 we have to solve a cubic equation. By 


two factors give a double root, denoted 
putt ing 


and the other 
A=sin* cos/, 


by (b and (c), 
(+g sin* 


V2=sin(r/2). 


q*; 


Along L.2 we find, similarly, three roots (d), (e), (f), ; . . 
/ the secular equation reduces to the form 
d): q=sins. 


root 
root ( 


q/ \g=sins. 


rool sins. 















































d), actually any root of type (1) 


d); (c) frequency g asa 


ecular equation. (a) Frequency g as a function of wave number r for root 
similar behavior; (b) the density function r’dr/dg as a function of g for root 


and (d) the density function fdt/dg as a function of g for root 


Fic. 3. The roots of the 
or (2) of Appendix C shows 
function of wave number / tor root 
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which has the single root (g), x= —2A 


(k) given by x=A. Explicitly, 


, and the double 
root (/7 


g’=1+¢+2 cost—g cos*t—3 cos*/ 


for root (g); this is rather a curious function. For roots 
(kh) and (k), 


cost {) 1) 2g 


[ see root 

(C.2) Now we must link up the nine roots (a): ++ (R) 
into three branches I, I, III. To link up the solutions 
along 1.1 with those along 1.2, we solve the secular 


equation in the plane 


(O,ak,k): OSa<l; 


(a), above |. 


k small. 


In this plane, cosx=1; sinvx=0; cosy=1— }ak’; 


sinv=ak; etc., so the secular Eq. (2) becomes 
}(1+a*) 0 0 
g’/k? 
0 ¥(1+a)+ ga’ 
—¢ R? 
0 a 3(1+a*)+¢ 
—¢ k? 


Consider the single root of Eq. (A.8) 
g=hL3(1+a") J}. 


qg=r v2 root (6) or (c). 


Along 1.1, 
Along L.2, 


a=0; 


a=1; g=s —root (da). 


One proceeds similarly for the other two roots of (A.8), 
and also for the planes defined by L.2 and L.3, and L.3 
and L.1. This method of linking up roots is justified 
because all three branches of the solution are regular 
near the origin. The final result is displayed in Eq. (6); 
the labeling of the branches I, II, III is of course 
arbitrary. 

(C.3) The character of most of the roots is very 
simple, namely, (See Table I) 


Type (1): ¢/A=sin(Br), 


rdr [sin '(g/A) P 


dq BA{1—(q/A)?]}8 


AND 
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) 


Pas_e III. The roots of the secular Eq. (2), for the case g 


Root 
Branch 
Type 
q(max 


* Root non 
1.095 


1.314 


for roots (5), (ec), (d), (e), 
Lype (2): cosr (O i) 


reds 2g {cos '(O 


dq QC1-L@ 
for roots (a), (h), (Rk). 

For roots of type (1) or (2), g increases monotonically 
with r up to a maximum value which corresponds to 
r=1/2B for type (1), and to r= for type (2); beyond 
this maximum the whole curve of g 
repeated with a suitable inversion. The general form of 
g(r) and of r°dr/dq for this case is shown in Figs. 3(a) 


q(r) is just 


and (b); the area under the curve of r°dr/dq is, of course, 
just }7mex*. 

The behavior of root (g) is peculiar: g(¢) is shown in 
Fig. 3(c), and fdt/dq is shown in Fig. 3(d). Explicitly, 
Pdt dq is given by the following expression : 


( fdt/dq! 4 [ read: fdt/dq in the region a of Fig. 
| 3(d) | forO< qq; O<t<t.”. 
Cdl dq = 4 dl dq at fd dq\ + dt dq for dea sq Sq; 
| bf<t<iy. 
dt dq 7 for 1 < q < Ymax; fy ‘ 
\long L.1, the turning point of g(r) is r=; along 


L.2, it is s=n/2, and along L.3, (=m. The turning 
point must of course be the same for all roots along a 
given line; it may be identified with the boundary of 
the first Brillouin zone along the line in question. The 
curves of g as a function of r are just the usual ones of 


frequency as a function of wave number. 





VOLUME 92, NUMBER 1 OCTOBER 1 


Optical Absorption and Photoconduction in the Visible and Near Infrared 
in Single Crystals of BaO* 


Witiram C. Dasut 
Cornell University, Ithaca, New York 
(Received May 28, 1953) 


Optical absorption studies of single crystals of BaO indicate the presence of absorption bands at 0.8 and 
1.4 ev, induced by ultraviolet or x-ray irradiation at about — 160°C. These bands are enhanced about five 
fold upon heating a crystal in air to about 1600°C and quenching. 

Crystals heated in barium vapor have a blue color and have an absorption maximum at 2.0 ev. Crystals 
heated in aluminum, magnesium, and calcium vapors have similar absorption curves, suggesting that either 
interstitial barium or oxygen vacancies are responsible for the 2.0-ev absorption. These results, taken 
together with the results of Redington on diffusion of radioactive barium and of Sproull, Bever, and Libowitz 
the diffusion of color centers in BaO crystals, favor the latter imperfections as the cause of the coloration. 
Photoconduction studies, used mainly as a sensitive measurement of optical absorption, show the presence 
of energy levels at 2.0 and 2.6 ev in addition to those at 0.8 and 1.4 ev. Extensive x-ray irradiation greatly 
the 2.0-ev level photoconduction relative to that of the other bands 


INCTCASE 


I. INTRODUCTION terpret. Studies’ ‘ of the properties of a simpler system, 


ARIUM oxide in powdered form has long been a 
subject of investigation in attempts to understand 
phenomena associated with thermionic emission from 
oxide-coated cathodes.' An oxide-coated cathode under 
operating conditions is a very complicated system and 
measurements made on a cathode are difficult to in- 
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Fic. 1. Quartz-windowed copper cell for mounting BaO crystals. 


* This work S. Office of Naval Re 
search 

t Now at General Electric 
Schenectady, New York 

! See review articles by J. P. Blewett, J. Appl. Phys. 10, 668, 
831 (1939); 17, 643 (1946); A. S. Eisenstein, Advances in Elec 
tronics (Academic Press, Inc., New York, 1948), Vol. 1, pp. 1-64; 
G. Hermann and S. Wagener, Die Ovvdkathode (J. A. Barth, 


Leipzig, 1943 


was supported by the U. 


Research Laboratory, The Knolls, 


namely, a single crystal of BaO, have been in progress 
at Cornell for several years in attempts to contribute 
to the solution of thermionic emission problems as well 
as to increase the understanding of electronic processes 
in divalent ionic crystals. 


II. DESCRIPTION OF TECHNIQUES AND APPARATUS 


The method of growing and techniques for handling 
the very hygroscopic BaO crystals have been described 
elsewhere.” The crystals usually have some flaws visible 
under 12-power magnification, but these have not been 
found to have an important bearing on the properties 
investigated. Spectroscopic analysis has shown the 
major impurities to be about 0.05 percent calcium and 
about 0.002 percent each of magnesium and strontium. 

Specimens approximately 1 mmX4 mm X4 mm are 
prepared for optical measurements in a drybox by 
grinding on a series of emery papers and final polishing 
on an emery powder-loaded chamois skin stretched 
tightly on a small block. The surfaces prepared in this 
manner cause appreciable scattering of light, but never- 
theless a fairly undistorted image of an object 15 or 
20 cm away can be seen through them. 

For studies of either optical absorption or photo- 
conduction, a crystal is mounted while in the drybox in 
a small copper cell with quartz windows (Fig. 1). It is 
held flat against one window by two metal springs which 
enter the cell through Kovar eyelets. The springs also 
serve as electrodes in measurements of photoconduction. 
The cell permits transfer of the crystal to a vacuum 
system without exposure to moisture. The cell is bolted 
to a copper tank which is suspended from the cover of a 
brass vacuum chamber by Kovar tubes. Liquid nitrogen 

2Sproull, Dash, Tyler, and Moore, Rev. Sci. Instr. 22, 410 
(1951) 

3W.W. Tyler and R. L. Sproull, Phys. Rev. 83, 548 (1951). 

4R.S. Bever and R. L. Sproull, Phys. Rev. 83, 801 (1951 

5 EF. M. Pell, Phys. Rev. $7, 457 (1952) 

" ). Kane, J. Appl. Phys. 22, 1214 (1951 
W. Redington, Phvs. Rev. 87, 1066 (1952 
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OPTICAL ABSORPTION AND 
can be pumped into the tank through these tubes to 
cool the crystal in its cell, The approximate temperature 
of the crystal is measured by a copper-constantan 
thermocouple mounted in a small copper block held 
flat against the quartz window of the cell near the 
crystal. Heat shielding is provided by a copper housing 
around the cell and aluminum foi! lining the inside of 
the vacuum system. Quartz windows in the brass walls 
of the vacuum system permit a light beam to pass 
through the crystal for optical studies. 

A Bausch and Lomb quartz monochromator is used 
to disperse ultraviolet light. A General Electric A-H-6 
high-pressure mercury arc or a Hanovia S-100 low- 
pressure mercury arc is used as a source according to 
the requirements of a given experiment. Aluminum- 
surfaced mirrors concentrate the light onto the crystal. 
A Kipp thermopile with sensitivity 5.9X 10~yvolts 
uwatt cm? as calibrated with a standard lamp is used 
for absolute and some relative intensity measurements. 

For wavelengths in the infrared and visible regions, 
a Perkin-Elmer model 12-B monochromator with LiF 
prism is used. A ribbon filament tungsten lamp and a 
Globar serve as Aluminum-surface mirrors 
used to concentrate the light on the crystal are inde 
pendent of those used with the ultraviolet mono- 
chromator to permit simultaneous illumination of the 
crystal with both short and long wavelengths. 

For most measurements of relative intensity in the 
range from 0.54 to 2.54, an Eastman-Kodak “Ektron” 
PbS photoconductive cell is used. This cell is convenient 
because it has a time constant of about 200usec and 
hence can be used with chopped light and an ac am- 
plifier. Troublesome drifting obtained with the thermo- 
pile is thus avoided. The amplifier used with the PbS 
cell is a narrow band parallel-balanced type. In ‘the last 
stage, a phase-sensitive detector rectifies and detects 
amplified signals in synchronism with a signal from a 
phototube on the periphery of the chopper wheel.’ 

Absolute optical absorption measurements are made 
by comparing the intensity of a beam of light while 
passing through the crystal to its intensity while 
passing through nearly the same path but not through 
the crystal. The beam is moved reproducibly by rotating 
a plane mirror between fixed stops. This method makes 
it relatively easy to measure absorption in a crystal 
isolated inside a vacuum system. It is possible with this 
system to measure variations of transmission of about 
one or two percent. 

To detect differences of about 0.2 percent in meas 
urements of relative optical absorption, a double beam 
method is used. This method involves the use of only 


sources. 


a single beam of light from a monochromator. A chopper 
disk with two sets of holes 180° out of phase [Fig. 2(a) ] 
breaks up the beam into one-half which passes through 
the crystal and one-half which passes just below the 


8 For a more detailed description of the amplifier and phase 
sensitive detector, see reference 3. 
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Fic. 2. (a) Sketch of light chopper disk with two sets of holes 
used for “double beam” absorption measurements. (b) Idealized 
plot of signal arriving at detector in ‘double beam” method. The 
actual signal is not a series of square pulses because of finite 
width of the beam 


crystal. The beams coming through the exit window of 
the vacuum system are both focused on the sensitive 
area of the detector. The signal arriving at the amplifier 
is as shown idealized in [Fig. 2(b) ]. Only the 33-cycle 
component of the difference between the pulses is 
amplified. A movable light baffle makes it possible to 
vary the height of one pulse, so that the signal can be 
made nearly zero. A high sensitivity results from the 
fact 
relatively large variation in the amplified signal when 


that a small variation in transmission causes a 


the bafile is properly adjusted. 
The circuit and method of measuring photoconduc- 
tion is the same as that described by Tyler and Sproull.* 


III. MEASUREMENTS OF OPTICAL ABSORPTION 


3.1 Crystals “As Grown’’® 


Tyler and Sproull* measured the optical absorption 
in single crystals of BaO in the visible and ultraviolet 
regions. Figure 3 shows an extension of these measure 


® Following the period of growth of the BaO crystals at about 
1400°C, they are cooled slowly to room temperature over a period 
of about 10 hours 





70 WILLIAM 
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Fig 
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ments to the near 


the transmittance in $ toward higher photon 


energie caused surface scattering and 
absorption in the long wavelength tail of the 
absorption, which at about 3.8 


grown exhibited no absorption peaks 


parti by 
characteristi occurs 
ey (Crystals a 
with an absorption constant greater than 0.7 em! in 
8 ey 


the range from 0.5 ¢ to 


3.2 Crystals Irradiated with X-Rays or Ultraviolet 


that absorption bands can be built 
X-rays or 


It is well known 
up in 
ultraviolet light. Studies of absorption produced in this 
manner in the alkali halides have been very valuable in 
understanding of electron processes in 
Some and ultraviolet 


many crystals upon irradiation with 


advancing the 


these crystal studies of x ray 
in BaO were conducted as follows: 


X-rays 


Irradiation effect 

The irradiated 
mounted in a cell with a 0.007-in. glass window and 
were placed in front of the thin glass window of a 
100-kv tungsten target x-ray tube. Crystals of KCI 
placed nearby could be colored visibly in a few minutes. 
However, no visible coloration of BaO could be pro 
duced after eight hours of irradiation, the total dosage 
being about 10°R as measured with a Victoreen r-meter. 

In order to increase the probability of detection of 


crystals to be with were 
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Fic. 3. Optical transmittance of a single crystal of BaO about 
0.7 mm thick. The gradual decrease in transmittance toward 
higher quantum energies is caused by increasing surface scattering 
combined with increasing absorption as the fundamental absorp 
(3.8 ev 


tion energy is approached 


Strong absorption bands at 2.84 and 3.04 were found to 
occur in crystals which were accidentally exposed to moist air. 
These absorption bands were found to disappear when a crystal 
was heated in vacuum to about 400°C and to reappear upon ex 
posure to moist air. The bands are apparently caused by a surface 
layer of hydrated BaO. It should be mentioned here that no evi- 
dence was found for absorption of shorter wavelengths by surface 
layers of this sort. In Tyler’s studies of absorption in thin films 
of BaO [Phys. Rev. 76, 1887 (1949) ], he found that when water 
came in contact with a BaO film, the film became transparent 
throughout the visible and ultraviolet regions to 2000A, the 
limit of his measurements 

"uF. A. Taft and J. EF. Dickey, Phys. Rev. 78, 625 (1950). 

2 EF, Seitz, Revs. Modern Phys. 18, 384 (1946). 
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color centers which may have been produced by irradi- 
ation, the wavelength range studied was extended from 
O.4u to 2.54 by using the PbS detector with the ‘‘double- 
beam” method for high sensitivity. The crystals were 
maintained at about 160°C during irradiation and 
measurements. It was found possible to produce ab- 


sorption in the crystals by x-ray irradiation and also 
by irradiation with ultraviolet light from an A-H6 
mercury arc dispersed by the Bausch and Lomb 
quartz monochromator. The absorption constant was 
found to be approximately the same for x-ray dosages 
of about 300R and 1200R as well as for several minutes 
of ultraviolet irradiation, indicating that in all three 
cases the available trapping centers were filled to the 
same extent. 

The dotted curve in Fig. 
transmission induced by ultraviolet irradiation. The 
main features of the curve, the plateau on the long-wave- 


$t shows the change of 
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Fic. 4. Dotted curve: infrared absorption induced at — 160°C 
in an “as grown” BaO crystal by ultraviolet irradiation. The 
main features, the plateau near 0.8 ev and the peak at 1.4 ev 
were typical of all crystals studied; the small in 
flections were not repeatable. Solid curve: infrared absorption in 
duced at — 160°C by ultraviolet irradiation of a BaO crystal heated 
in Pt+10 percent Rh capsule in air at about 1600°C for five 
minutes and rapidly cooled 


“as grown” 


length side, and the peak at 1.4 ev were repeatable, but 
the details were not repeatable. The absorption pro- 
duced by irradiation with ultraviolet or x-rays was 
readily bleached by infrared wavelengths in the ab- 
sorption bands. 

It was found that heat treatment of a crystal in air 
increased the absorption which could be produced by 
ultraviolet radiation at low temperature. A sample was 
wrapped in a 0.002-in. thick Pt+10 percent Rh alloy 
sheet; all seams were spot welded. The capsule was 
heated in air for five minutes in opposing gas-oxygen 
flames at about 1600°C; it was then removed from the 
flames and cooled in air to about 25°C in less than a 
minute. All crystals thus quenched had a cloudy appear- 
ance internally and had transmission curves showing 
high scattering of short wavelengths. The solid curve in 
Fig. 4 shows the absorption induced by ultraviolet 


irradiation of a quenched crystal at — 160°C. Subse- 
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quent annealing of such a crystal in a Pt+10 percent 
Kh capsule in vacuum removed the cloudiness and the 
absorption. The absorption inducible by radiation was 
found to be about the same as it had been before 
quenching, with a maximum absorption constant at 
1.4 ev of about 0.7 cm™'. This reversibility with heat 
treatment suggests that lattice imperfections are re- 
sponsible for the observed absorption. However, it is 
also possible that the absorption is caused by one of 
the components of the air which surrounded the crystal 
during the heat treatment. 

Using Smakula’s" formula for the density of ab- 
sorbing centers in terms of the parameters of the 
absorption curve, we can compute the number of 


centers for the crystals for which Fig. 4 and Fig. 5 
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Fic. 5. Infrared absorption in a BaO crystal grown 
from solution in molten barium. 


were obtained, 


n° Leo t+W 
Vf=6.5X 10" an W 


[n?+ 2 | 2Eot+W 


number of absorbing centers per cm’, f= oscil 
lator strength for the absorption band, ”= index of re 
fraction, a,=absorption constant in cm™ at peak of 
absorption, = photon energy in electron volts at peak 
of absorption, and W’= width of band in electron volts 


where .\ 


at half-maximum. 

Assuming an oscillator strength of 5 and using an 
index of refraction of 2,4 we obtain a density of centers 
of approximately 8X 10!/cm* for the “as grown” crystal 
in Fig. 4; the density of centers for the “quenched”’ 
crystal in Fig. 4 is approximately 4.4 10'* ‘cm’, 


13 See, e.g., F. Seitz, The Modern Theory of Solids (McGraw 
Hill Book Company, New York, 1940), first edition, pp 662-665 
4M. Haase, Z. Kryst. 65, 534 (1927). 
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lic. 6. Infrared and visible absorption in a crystal heated in 
barium vapor for about one hour at 1000°C, The bottom curve 
has been corrected for surface scattering and absorption near the 
fundamental absorption edge (3.8 ev) by subtracting from the 
room temperature curve the absorption constants computed from 
Fig. 3. Both crystals were about 0.7 mm thick. The high photon 
energy region of the corrected curve is not very reliable because 


differences in surface scattering are most pronounced at high 


photon energies 


3.3 Additively Colored Crystals 


Kane’ reported measurements of optical absorption 
in the visible spectral region on red BaO crystals 
grown from solution in molten barium. A maximum 
absorption occurred at a quantum energy of about 
2.4 ev at room temperature; the peak narrowed and 
the maximum absorption shifted to about 2.3 ev at a 
temperature of roughly —170°C. Kane found about 
10'° absorbing centers per cubic centimeter in these 
crystals. 

Absorption measurements on red BaO crystals grown 
from solution in barium were extended to the near 
infrared in the present investigation. The results are 
shown in Fig. 5. It is notable that there are no promi 
nent absorption peaks in the neighborhood of 0.8 and 
1.4 ev. 

Attempts by Redington and several attempts by the 
writer to color clear BaO crystals by heating them in 
barium vapor at temperature of about 700°C to 800°C 
resulted in reddening of the crystals. In these experi 
ments, there was always evidence that metallic barium 
had come in contact with the crystals. The coloration 
behaved not like a diffusion phenomenon with a gradual 
diminishing of density toward the center of the crystal, 


‘6 E. O. Kane, J. Appl. Phys. 22, 1214 (1951 
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but instead the density seemed uniform to a certain 
depth beyond which it ceased abruptly. In some cases, 
red coloration could be seen only in flaws and along 
the surfaces of cracks. The nature of the centers which 
produce red coloration is not known, but contact of a 
crystal with bulk metallic barium is apparently .«eces- 
sary for their formation. 

Clear crystals were then heated in barium vapor in 
an arrangement which prevented direct contact with 
The crystals were put on a MgO slab 
a compressed cylinder of BaO used in 
grams of 


metallic barium. 
in the cavity of 
the process for growing crystals.? About 2 
barium metal were compressed into the powdered BaO. 


The cylinder was heated to about 1000°C for several 
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Fic. 7. Infrared and visible absorption in crystals heated in 
aluminum, magnesium, and calcium vapors, respectively, for about 
one hour at 1000°C. These curves have not been corrected for 
surface scattering 


hours in a vacuum and allowed to cool. The crystals 
had a blue coloration which seemed to diminish in their 
interior regions in the manner of a diffusion phe- 
nomenon. 

Figure 6 shows an absorption curve of a blue crystal 
at room temperature and at about — 160°C. There is a 
change of shape of the absorption curve upon cooling 
to low temperature. The blue crystal curves bear some 
resemblance in the infrared region to the red crystal 
curve in Fig. 5. It is possible that the optical absorption 
peaks in the blue crystals exist in the red crystals but 
are greatly overshadowed in the latter by an additional 
absorption mechanism 

In order to get an approximation of the absorption 
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attributable to the excess barium without such back- 
ground effects as give rise to absorption and surface 
scattering in untreatedclear BaO crystals, the absorption 
constant computed from Fig. 3 was subtracted from 
the room temperature curve of Fig. 6. Both crystals 
were about 0.7 mm thick. The result is the bottom 
curve in Fig. 6. The high-energy part of the curve is less 
reliable than the low-energy part since surface scattering 
differences are most pronounced at high quantum 
energies. A maximum in the absorption is seen to occur 
at 2.0 ev. 

Ultraviolet irradiation at about — 160°C of the blue 
crystal from which Fig. 6 was obtained induced an 
infrared absorption similar to that discussed in Sec. 3.2. 
The maximum absorption constant was about 0.8 cm7! 
for a quantum energy of 1.4 ev. However, no conclusions 
about the independence of the centers responsible for 
the blue coloration and those responsible for the ultra- 
violet induced absorption can be drawn from this, since 
the center of the crystal was relatively unchanged by 
the coloring process. 

Preliminary attempts to bleach out one spectral 
region and enhance the absorption in another spectral 
region in the blue crystals were unsuccessful. In par- 
ticular, the increased absorption in the neighborhood 
of 1.5 ev upon cooling to low temperatures could not be 
removed by strong irradiation with 1.5 ev quanta. 

The presence of about 1 percent of impurities con- 
sisting of alkaline earth metals in the barium used for 
coloring prompted a series of coloring experiments with 
other materials. The elements used (in separate experi- 
ments) were 99.8 percent pure magnesium, 99.99 per- 
cent pure aluminum, and Baker’s purified calcium turn- 
ings (no analysis on label). In a typical experiment 
about 10 mm® of one of these metals was put in the 
bottom of an iron or a nickel capsule along with a 
BaO crystal mounted so that the bulk metal would not 
touch it. The capsule was then heated at about 1000°C 
in an evacuated quartz tube. 

In all cases, the crystals appeared blue. Spectral ab- 
sorption measurements, plotted in Fig. 7, have a close 
resemblance to the curve in Fig. 6 obtained from addi- 
tive coloration with barium. These results suggest that 
the major effect of all these materials is to produce an 
excess of barium within the crystal. 


IV. PHOTOCONDUCTIVITY 


At low concentrations of absorption centers, photo- 
conduction measurements may be much more sensitive 
than optical absorption measurements. Doubling the 
number of absorption centers capable of giving rise to 
photoconduction at a given wavelength will double the 
photoconduction current at that wavelength, but it 
may change the optical transmission by only a small 
percentage because of relatively large surface effects. 
The spectral distribution curves for photoconduction 
and optical absorption in the crystals studied in this 
investigation indicate a direct correspondence between 





OPTICAL ABSORPTION AND 
the two phenomena as is shown in the results presented 
below. Hence, photoconduction measurements could be 
used to measure very small changes in concentrations of 
absorption centers under conditions in which optical 
absorption measurements were not sufficiently sensitive. 
In the studies of photoconduction for wavelengths in 
the visible and infrared in the present investigation, 
a chopped light method was used similar to that used 
by Tyler and Sproull.* A thermopile was used to monitor 
the intensity of the light beam. The quantum efficiency 
based on absorbed light was everywhere found to be 
less than unity. Photoconduction current vs voltage 
curves were similar to those obtained by Tyler and 
Sproull, indicating that saturation currents were not 
drawn. For low incident intensities, photoconduction 
current was found to be directly proportional to in- 
tensity. In the data presented here, light intensities 
were sufficiently low so that linearity always existed 
between photoconduction current and intensity. 


4.1 Crystals ‘‘As Grown”’ 


The lower curve in Fig. 8 shows a plot of the steady- 
state photoconduction current per unit incident in 
tensity of a crystal of BaO as grown, at room tempera- 
ture for light of quantum energy from 0.5 ev to 3.0 
ev.'© The measurements were made in the direction of 
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Photoconduction in an ‘fas grown” BaO crystal before 
and during simultaneous ultraviolet irradiation. 

16 The possibility was considered that some of the current 
measured was really a surface photoelectric effect. As one check 
on this, dry air at atmospheric pressure was admitted into the 
vacuum chamber. The noise level of the signal was found to in 
crease slightly, but the magnitude and spectral behavior of the 
unchanged within the error of measurement. As 


signal was 
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Fic. 9. Increase of photoconduction produced by simultaneous 
ultraviolet irradiation. The bell-shaped curves represent an 
attempt to analyze the measured curve into energ) 
described in the text. The sum of the bell-shaped curves is also 


indicated, 


bands as 


increasing photon energy to minimize possible changes 
in the low-energy region caused by illumination in the 
higher-energy region. A tungsten lamp was used as a 
light source. A spread of four orders of magnitude in 
photocurrent per unit incident intensity was found in 
the energy range studied. The curve shows breaks at 
about 2.5 ev and 2.7 ev. The structure in the curve 
suggests peaks at about 2.0+0.2 ev and at about 2.6 ev 
superimposed on a monotonically increasing photocon 
duction from the characteristic absorption band. 

It was found that irradiation of a crystal with ultra- 
violet light increased the photoconductivity in the near 
infrared and visible regions. For this measurement, un- 
chopped ultraviolet light dispersed by the Bausch and 
Lomb monochromator and chopped infrared and visible 
light dispersed by the Perkin-Elmer monochromator 
strike the crystal simultaneously. Since only the ac 
signal is amplified, infrared and visible photoconduction 
alone are detected. The upper curve of Fig. 8, obtained 
using the same crystal used for the lower curve, shows 
steady-state photoconduction obtained in this manner. 
A definite peak occurs at about 0.8 ev and at 2.6 ev, 
and a break occurs at about 1.65 ev. The difference 
between the two curves in units of photoconduction 
current per incident photon vs photon energy is plotted 


in Fig. 9.7 


another check, only the negative electrode was placed on the 
crystal in vacuum, the copper cell in which the crystal was 
mounted acting as the positive electrode. When a voltage was 
applied, no photocurrent could be measured above the noise level 

7 The solid-line curves that appear in Fig. 9, beneath the 
experimentally determined curve, represent an attempt to 
analyze the latter. They were constructed as follows: A peak 
was put at 2.6 ev because of the appearance of a peak at that 
place in the upper curve in Fig. 8; a peak was put at 2.0 ev be 
cause the lower curve in Fig. 8 suggests its existence. Both are 
Gaussians of 0.65 ev width at half-maximum, with maxima 
chosen to give the best fit to the observed data. The sums of the 
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ion in an “as grown” BaO crystal which 
irradiation of 10° roentgens using a 100 
The upper curve was obtained during 
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It was readily possible to build up and remove the 
photoconduction caused by the peaks!” at 0.8 ev and 
1.4 ev. Irradiating with sufficient intensity at a wave 
length in one of the peaks soon caused photoconduction 
for that peak to disappear. On the other hand, passage 
of photocurrent upon irradiation at a wavelength in the 
tail of the characteristic absorption band made a 
recently-bleached peak at 0.8 ev or 1.4 ev capable of 
producing photoconduction again. The two infrared 
peaks were apparently independent, since the photo 
conduction from the peak at 0.8 ev could be bleached 
out without any great change in that from the 1.4 ev 
peak ; it was difficult to bleach the 1.4 ev peak and then 
check 0.8 ev because of the unfavorable 
difference in size of the peaks. 

A study was made of the relative effectiveness of 
ultraviolet wavelengths from 3150A to 3500A in en- 
hancing the infrared photoconduction. It was found 
that a wavelength of about 3200A has a maximum 
effect in enhancing the photoconduction. Some ultra- 
violet wavelength is expected to have a maximum 
effect of this sort because of the increasing number of 
excited electrons toward higher-absorption constants 


the one at 


2.0 and 2.6 ev peaks were subtracted from the observed points, 
resulting in peaks at about 1.4 ev and 0.8 ev. The sum of the 
solid-line curves is seen to approximate the measured curves 
rather closely. The peaks at 0.8 and 1.4 ev resemble in general 
position and shape the curves in Fig. 4. The appearance of these 
peaks in optical absorption and in the above analysis of the photo 
conductivity data in clear crystals strongly suggests that they are 


significant energy levels 
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accompanied by a decreasing volume in which the 


excited electrons are formed 


4.2 X-Rayed Crystals 


Photoconduction in a crystal which had been exposed 
to long irradiation of 100-kilovolt x-rays as described 
in Sec. 3.2 behaved differently from that in other 
crystals. Measurements of 33~ photoconduction were 
made before and during simultaneous dc _ irradiation 
with 3650A light from the Hanovia mercury are and 
Bausch & Lomb (The ultraviolet 
irradiation was necessary to excite the crystal because 
its photoconductivity studied for several! 
months after the x-ray treatment.) The photoconduc- 
tion per unit incident intensity is shown in Fig. 10. 
The difference between the two curves is shown in 
Fig. 11 in terms of relative quantum efficiency of photo- 


monochromator. 


was not 


conduction vs photon energy. 

The main feature of Fig. 11 in the sharp peak at 
2.0 ev. It is interesting in several (a) It 
greatly increases confidence in the peak at 2.0 ev in 
Fig. 9, which was arrived at independently of the data 
in Fig. 11. (b) It has a strong qualitative resemblance 


respects: 


to the bottom absorption curve in Fig. 6, representing 
the approximate change in absorption caused by the 
addition of barium. (c) The fact that centers capable of 
trapping electrons excited by ultraviolet irradiation 
arise from extensive x-ray irradiation and the fact that 
the peak resembles the absorption curve found for 
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Fic. 11. Increase of photoconduction produced by ultraviolet 
irradiation of x-rayed crystal in Fig. 10. A comparison of this 
curve with Fig. 9 shows that the 2.0-ev peak is greatly enhanced 
in the present case 
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excess barium in a crystal reminds one of similar results 
obtained in KCI] by Estermann, Leivo, and Stern.' 


Seitz suggested a process to explain the latter’s find 


8 


ings, namely, that pairs of ions diffuse to the surface 
of the KCI upon x-ray irradiation, and electrons are 
excited into the negative ion vacancies. Another possible 
explanation, suggested by Markham,’ is that x-ray 
irradiation produces a single ion vacancy as a result of 
local distortion of the lattice. 

Other features of Fig. 11 are the shoulder on the high- 
energy side of the main peak and the peak at 0.8 ev. 
The high-energy shoulder might be caused by a peak in 
the neighborhood of 2.6 ev superimposed upon the peak 
at 2.0 ev. If the lower curve in Fig. 10 is made to match 
the upper curve at 2.0 ev and then subtracted from it, 
a peak in the neighborhood of 1.4 ev is obtained. Thus, 
a qualitative resemblance between Fig. 9 and Fig. 11 is 
seen to exist, although the relative magnitudes of the 
various peaks are not the same. 


4.3 Additively Colored Crystals 


Photoconduction was measured in several additively 
colored crystals. However, in these crystals noise, in- 
creasing rapidly with applied field, was a major problem. 
Consequently, only a relatively small electric field 
(about 1500 volts/em) could be used. This small field 
made the possibility of obtaining saturation currents 
much more remote than in clear crystals. 

Figure 12 shows (on a relative scale) the results of 
photoconduction measurements on two colored crystals, 
one blue and one red, along with a curve obtained for a 
clear crystal for comparison. It can be seen that all 
three curves have similar shapes in the region from 
0.7 ev to 1.6 ev. 

No photoconductivity was measurable in a crystal 
colored additively (see Fig. 6 for absorption data) in 
the region of 0.5-ev photon energy. The absorption con 
stant at this photon energy was roughly double that 
at 1.3 ev, but the photoconduction for 0.5-ev photons 
was within the noise and the quantum efficiency was at 
most one-fourth the value for 1.3 ev photons. 


V. DISCUSSION 


Arguments are given below to indicate which of the 
types of lattice defects found to be important in other 
crystals are likely to be responsible for the optical 
absorption and photoconduction observed in BaO, 


5.1 Lattice Defects Suggested by 
Coloration Studies 


The studies of the absorption in the crystals addi 
tively colored with barium, calcium, magnesium and 
aluminum (see Sec. III and Figs. 6 and 7), suggested 
experiments to decide the nature of the defects causing 
the blue coloration. The coloration must be caused by 


18 Estermann, Leivo, and Stern, Phys. Rev. 75, 627 (1949), 


9]. J. Markham, Phys. Rev. 88, 500 (1952 
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one of the following three mechanisms: (1) diffusion of 
metal atoms or ions from the vapor to interstitial posi- 
tions deep in the crystal; (2) an interchange of foreign 
metal atoms from the vapor with lattice barium and 
subsequent diffusion of the barium into the crystal 
interstitially; (3) diifusion of oxygen from the interior 
of the crystal to the surface to combine with the excess 
metal atoms from the vapor, leaving oxygen vacancies 
in the interior. The similarity of the absorption curves 
found upon addition of each of the four elements rules 
out the first mechanism. Studies of the diffusion con 
stants for barium and for the blue coloration itself were 
the other two 


necessary in order to decide between 


possibilities. Redington’ has measured self-ditfusion of 
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Fic. 12. Photoconduction in a “blue” and a “red” crystal 
i.e., a crystal colored in barium vapor and one grown from 


solution in molten barium, respectively) compared with an “as 


grown” crystal. All three curves agree qualitatively in the low- 
energy region but diverge in the high-energy region 


radioactive barium in single crystals of BaO. Measure- 
ments of the diffusion of the blue coloration by Sproull, 
Bever, and Libowitz are described in the next article,” 
where the conclusion is reached that electrons in oxygen 
vacancies are responsible for the blue coloration. 


5.2 Remarks about the Independence of the Peaks 
at 0.8 and 1.4 ev from That at 2.0 ev 


The following observations seem to be evidence that 
the peaks at 0.8 ev and 1.4 ev are independent of the 
one at 2.0 ev: 


*” Sproull Bever, and Libowitz, following paper Phys. Rev. 92, 


77 (1953) ] 
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(a) In all clear crystals which were not given special 
heat treatment or irradiation with x-rays, the change 
in infrared photoconduction produced by simultaneous 
as similar to that shown in 
made on a 


ultraviolet irradiation w 
Fig. 9. A similar type of 
crystal which had been strongly irradiated with x-rays 
gave a change in infrared photoconduction shown in 
Fig. 11. The shape of the curve in the latter case indi 
cates strong enhancement of the 2.0-ev peak with 


measurement 


respect to the other peaks 

(b) Optical absorption in the lower-energy levels, 
excited by ultraviolet irradiation in the same way as 
photoconduction, was observable at about 160°C in 
all crystals studied, whereas no optical absorption was 
found in the higher-energy peaks either before or after 
ultraviolet irradiation. (Since ultraviolet irradiation was 
found to increase photoconduction for all peaks, it is 
assumed that it could similarly populate all traps in 
optical absorption studied.) The negative result on 
optical absorption in the higher-energy peaks indicates 
that the upper limit of the concentration of centers 
responsible for these peaks was about one-tenth that of 


the lower-energy peaks, making the density of the 


Cc. DASH 
former at most 8X 10*'* cm~*, assuming an oscillator 
strength of 4, in “as-grown” clear crystals. 

(c) If it is true that the 2.0-ev peak found in photo- 
studies of clear crystals arises from the 


conduction 
same process as the 2.0-ev absorption peak in additivels 


colored crystals, the absence of a recognizable set of 
absorption peaks at 0.8 ev and 1.4 ev in the latter case 
suggests that the 2.0-ev peak is independent of the 
lower-energy peaks. 

It is not possible to decide, on the basis of the experi 
ments performed in this investigation, what types of 
defects are responsible for the existence of the absorp 
tion peaks at 0.8 ev and 1.4 ev. 
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It has been shown by Dash thét an optical absorption band at 2.0 ev occurs in BaO crystals when these 
are treated in barium or other metal vapors, giving the crystals a blue color. In order to determine the way 
the stoichiometric excess of metal is present in the lattice, the diffusion of the blue coloration into BaO has 
been measured over the range 800°C to 1300°C. The diffusion constant has been found to obey the empirical 
relation, D= 2500 exp(—32 500/T). Comparison of this with Redington’s results for the diffusion of Ba'' 
into BaO indicates that the diffusion process giving the coloration does not transport barium. It is concluded 
that the principal lattice defects in BaO with excess metal are oxygen vacancies, and the absorption band 


is like the F’ 


determinations 


I. INTRODUCTION 


HIS work was undertaken as part of a study of 

semiconduction phenomena in BaO. Clear BaO 
crystals have been grown by a vapor deposition tech 
nique’ and red crystals of BaO have been grown by 
solution in barium.’ Pell* has measured the Hall effect 
in both kinds of crystals and found that semiconduction 
is always m type. Redington has measured the diffusion 
of Ba'” in the clear crystals. 

Since conductivity is ” type, one should expect that 
the electron donors in a chemically pure BaO crystal 
would be either interstitial barium, oxygen vacancies, 
or some aggregations of such defects. If, in addition, 
the crystal contains appreciable chemical impurities, 
substitutional defects might constitute the donors. In 
order to decide which among these possibilities is the 
principal type of donor, we have first studied the defects 
responsible for a stoichiometric excess of barium. The 
results presented below seem to indicate that the prin 
cipal effect of tempering BaO crystals in an atmosphere 
of barium (or other reducing agents) is the creation of 
oxygen vacancies. 

Suggestions have occasionally been made in the oxide 
coated cathode literature that a stoichiometric excess of 
barium in BaO was probably in the lattice primarily 
through the presence of oxygen vacancies.*® These sug 
gestions have been based on an analogy with the alkali 
the existence of considerable lattice 


halides and on 


strain around an interstitial Ba atom because of its 


large size. 

Dash* has heated BaO crystals in atmospheres of 
* This work has received support from the U. S. Office of Naval 
Research 

! Sproull, 
(1951). 

2G. Libowitz, J. Am. Chem. Soc. 75, 1501 (1953 

3 FE. M. Pell, Phys. Rev. 87, 457 (1952). 

4R. W. Redington, Phys. Rev. 87, 1066 (1952 

5 See, for example, G. Herrmann and S. Wagener, Die Oxyd 
kathode (J. A. Barth, Leipzig, 1948), second edition, Vol. I, pp 
96-97; A. S. Eisenstein, in Advances in Electronics (Academi 
Press, Inc., New York, 1948), Vol. I, pp. 8-9. 

®W.C. Dash, thesis, Cornell, 1952 (unpublished), 
Rev. 91, 68 (1953). 


Dash, Tyler, and Moore, Rev. Sci. Instr. 22, 410 


and Phys. 


band in alkali halides. Chemical determinations of the barium excess are compared with optical 


Ba, Ca, Mg, and Al.’ He measured the optical absorp 
tion and found that in each case the absorption band 
was the same (the absorption gives a blue color to the 
crystals). Hence the type of lattice defect responsible 
for the optical absorption is the same in each case, and 
must be either interstitial barium, oxygen vacancies or 
aggregates of such defects. 

In order to determine which of these defects pre- 
dominates in additively colored BaO crystals, the 
diffusion of the blue coloration was studied. The results 
are presented in Part II and show that this diffusion is 
quite different from the diffusion of Ba'’ measured by 
Redington.4 Hence the coloration is not produced by 
diffusing barium and can only be caused by oxygen 
vacancies or aggregates thereof. Part III gives a rough 
comparison of optical and chemical determinations of 
the stoichiometric deficiency of oxygen, from which it 
is concluded that the barium excess is probably dis- 
persed in the lattice in atomic units rather than in 
colloidal aggregates. 

II. DIFFUSION OF COLORATION 

Single crystals' of BaO were cleaved to provide 
samples about 3X33 mm. A crystal was placed on an 
MgO crystal in one (closed) end of a cylindrical en- 
closure machined from ‘“Puron” (high purity iron). A 
few cubic millimeters of King Laboratories’ barium metal 
(99+ percent pure) was placed near the other (open) 
end of the Puron tube and the tube was closed with a 
well-fitting Puron plug. The inside dimensions of the 
enclosure were 15/64 in. diameter 5 in. long. Thermo 
couples were attached to the tube at the position of 
the crystal and near the other end. This assembly was 
placed in a nichrome tube which was sealed at one end 
and which was connected to a water-cooled brass 
vacuum system at the other end. The system was 
evacuated with a forepump and liquid nitrogen trap. 
The nichrome tube was inserted through a hole in the 
door of a “Globar” furnace, with the water-cooled brass 
parts remaining outside the furnace. 

7 Crystals were also heated in contact with finely divided 


the same kind of effect was thereby produced as in the 


carbon; 
vas considerably smaller in magnitude 


metal treatments, but it 


7 
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The arrangement described provided an inert en 
closure with a temperature gradient along the axis of 
the tube 


at the cool end 


The crystal was at the hot end and the plug 
\fter an initial outgassing period the 
temperature of the enclosure was raised to the desired 
value. Condensation of barium then sealed the plugged 
end of the tube. No liquid barium could come in contact 
with the crystal,* which was about 1 cm or more from 
the source of barium vapor 

After heating the crystal at a constant temperature 
for a measured time, the crystal was cooled quickly, 
removed, and cleaved to provide a slab approximately 
3&3 mm and from 0.35 to 0.65 mm thick. This slab 
was taken from the center of the original cube. It was 
encased in “Bioplastic” in the drybox.’ 
Figure 1 consists of photographs of sections of such 
crystals. The crystal of Fig. 1(a) was colored uniformly 
by heating for 3 hours at 1120°C in an atmosphere of 
barium. It was then heated to 1090°C for 7 minutes in 
a vacuum, and bleaching started at the surface (bottom 
in the figure) and moved inward. However, the dis 
tribution of coloration density did not at all obey a 


diffusion equation; the crystal is completely clear 


hic. 1. Photographs by transmitted light of BaO crystals with 
excess barium. (a) shows the bleaching of an originally uniformly 
colored erystal; (b show the diffusion of coloration into 
clear crystals 


and (« 


(except for scattered light at the edge) up to a certain 
distance and abruptly changes to a coloration un 
changed by the second heating. This situation is similar 
to that found by Stasiw" in KCI at low temperatures 
(<500°C) and thought by him to be caused by the 
formation of colloidal K. Since this phenomenon occurs 
near the upper end of the accessible temperature range 
in BaO, bleaching experiments could not be used to 
obtain diffusion constants. Another bleaching run was 
made at 840°C and this gave results like Fig. 1(a); 
from these two runs one can estimate the temperature 


dependence of the bleac hing proc ess to correspond to 


* This precaution was taken since observations by Redington, 
Dash, and the that whenever BaO crystals 
were heated in contact with liquid barium, the crystals exhibited 
the red coloration characteristic of crystals grown from solution 
in barium (reference 2), The coloration density in such cases was 
always constant to a definite depth (a function of temperature 
and time) and zero beyond that depth. The cause of this coloration 
known, but the which it arises 
suggest colloidal barium or aggregations of oxygen vacancies 

® This protects the crystal from the atmosphere; after a few 
days the crystal so encased begins to show decomposition, but 
the densitometer data was taken within a dav after cleaving the 
crystal. 
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ic. 2. Microdensitometer record of optical transmission vs 
distance into a BaO crystal. The crystal was treated for 260 
hours at 815°C in an atmosphere of barium. The densitometer 
slit width was 0.02 mm. The crystal was 0.4 mm thick. 


an activation energy of ~1.2 ev (assuming it is an 
exponential function of temperature). 

Because bleaching did not appear to be a simple 
diffusion the chief experiments consisted of 


measuring the rate of ditfusion of coloration into clear 


proc css, 


Figures 1(b) and 1(c) show sections of such 


In Fig. 1(b) diffusion has proceeded rapidly 


cry stals 
crystals 
along a flaw (which had not been apparent before 
heating the crystal in barium), and therefore such a 
section is of no value for quantitative measurements. 
The section shown in 1(c) is typical of those measured. 

The optical density as a function of the distance from 
the surface which had been exposed to barium vapor 
was measured with a projection microdensitometer.'! 
\ vlass filter (Corning No. 3484) and CuCl. filter 
(1 percent solution, 1 em thick) was used to transmit a 
narrow band of wavelengths near 2.0 electron volts, 
which is the peak of the absorption band. 

Figure 2 shows a densitometer record of optical 
transmission vs distance into the crystal. These data are 
plotted again (solid line) in Fig. 3 on a logarithmic 
scale, so the ordinate is proportional to the absorption 
constant .1. Since the same spectral dependence of 
optical absorption was found under a variety of tem- 
perature and time conditions, it is apparent that the 
absorption in Fig. 3 is produced by a single type of 
that the concentration of this 
center decreases toward the center of the crystal. 


absorbing center and 


Furthermore, the concentration should be” a constant 


times 4 
he diffusion constant for the motion of the colora 


tion was obtained from curves such as Fig. 3 by com- 


paring them with the one-dimensional diffusion equa 


tion, 


Dt), (1) 


erf(° 
"The authors indebted to Dr. C. W. Gartlein for help in 
using this instrument, which he developed 
24. Smakula, Z. Physik 59, 603 (1930) ; F 
Phys. 18, 384 (1946 
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Fic. 3. The solid line is a replot on a logarithmic scale of the 
data of Fig. 2. The crosses are a fit of Eq. (1) to the data, giving 
D= 2.30 10° cm?/sec 


where x is distance into the crystal in cm, D is the 
diffusion constant in cm?/sec, Ag and A; are constants 
and ¢ is the time (in sec) of tempering in barium vapor. 
This equation is valid for a semi-infinite crystal with 
either of the following boundary conditions: 

1. A constant stoichiometric excess of barium at the 
surface, and initially a constant (or zero) excess of 
barium throughout the crystal. 2. Zero oxygen con 
centration at the surface, and initially a constant (or 
A) excess of barium through- 
“Semi 


zero, in which case Ao 
out the crystal. The crystals used were not 
infinite,” but the distribution for the solid bounded by 
two parallel planes" is nearly identical with (1) when 
the width of the crystal (in the direction of x) is of the 
order of 10 diffusion lengths [ (Dt)! ] or more. In prac- 
tice, crystal widths satisfied this condition. Since the 
crystals were also finite in the y and z directions, there 
is diffusion in these directions as well. The experimental! 
conditions were that y and z were constants, and there- 
fore’® the only effect of y and z diffusion was to increase 
Ao in Eq. (1). The densitometer record of the edge of a 
transparent (uncolored) crystal showed strong absorp- 
tion for a distance of 0.05 mm either side of the edge, 
caused by scattering and an imperfect edge. Therefore 
the part of the curve of Fig. 3 that was within 0.05 mm 
of x=0 was ignored in fitting Eq. (1) to it. 

A typical fit of (1) to data is indicated by the crosses 
of Fig. 3. Although 3 parameters were used in fitting, 
two of these (49 and A 1) do not affect the shape of the 
curve. The agreement is therefore satisfactory and D 
can be computed with precision of +30 percent or 
better. 

9H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Oxford, University Press, London, 1947). 

4 Reference 13, pp. 82-83. 

16 Reference 13, p. 162. 
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Figure 4 is a plot of logio/) versus 1000/T on which 
the estimates of possible errors in D are shown. The 
points follow a straight line, which probably indicates 
that there is a single activation energy of 2.8 electron 
volts for diffusion of the coloration in this temperature 
range. The Do value is 2500 cm?/sec.'® 

Figure 4 bears no resemblance to Redington’s‘ results 
for the diffusion of barium into barium oxide crystals. 
The most important difference is that he found activa- 
tion energies of about 11 ev and about 0.4 ev, but no 
intermediate values. We therefore conclude that the 
coloration process does not transport barium; if it does, 
it should have been the dominant process in Redington’s 


experiments and would have been easily observed. 





1075+ 





SLOPE 286 EV 





cm’ SEC 


| 
| 
ia! ee pe oe 4 
‘ 1000/T 





Fic. 4. Diffusion constant D as a function of absolute tempera 
ture 7’. The vertical lines are estimates of errors in D values based 
on the extent to which Eq. (1) fits the data. For all points except 
the top point the errors in temperature and time were negligible 
compared to the possible error in fitting the curves. The tempera- 
ture uncertainty in the top point was about +25° and the time 
uncertainty +10 percent 


It might be thought that the rate-limiting process in 
the diffusion of the coloration would be the excitation 
of the electrons bound to the defects, the defect moving 
more readily when it has lost its electron. This would 
require that the binding energy of an electron to a 
defect be 2.8 ev. It is unlikely that this can be the case 
).8 ev is much higher than the probable 


a. 


in BaO since 


'6 The vapor pressure of barium is, of course, different at the 
different temperatures at which the crystals were tempered. This 
can change the total amount of excess barium in the crystal, but 
it seems impossible that the distribution (relative concentration 
as a function of distance) of barium could be seriously affected by 
this change. The vapor pressure of barium rises with an ac tivation 
energy of 1.9 ev. [See J. P. Blewett, J. Appl. Phys. 10, 670 


(1939 
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electronic activation energies.'? Furthermore it seems 
unlikely that the coloration is caused by electrons 
diffusing into the crystal and being trapped at the im- 
purities, interstitials, or vacancies already existing in 
the crystal, since: 1. The attainable absorption con- 
stants reach 200 cm~'; and 2. to preserve electrical 
neutrality barium would have to move into the crystal. 

We conclude from these considerations that the only 
possibility consistent with these experiments is that the 
coloration is caused by the diffusion of neutral oxygen 
to the surface to combine there with barium (or other 
reducing agent®). The optical absorption band is then 
caused by the electrons trapped at the oxygen vacancies. 
In order to preserve electrical neutrality and in the 
absence of any other diffusion process, two electrons 
must be trapped at each oxygen vacancy. This situation 
is analogous to the F’ centers in the alkali halides. 
Since this absorption band is produced with a variety 
of reducing-agent treatments, we conclude that the 
principal lattice defects in BaO with a stoichiometric 
excess of metal are oxygen vacancies. 


Ill. CHEMICAL AND OPTICAL DETERMINATIONS 
OF EXCESS BARIUM 


Crystals of BaO can be colored uniformly to depths 
of the order of 1 mm by heating at about 1100°C for 
several hours in an atmosphere of barium and then 
quenching to room temperature. Two such crystals 
were studied to compare the amount of excess barium 
in the lattice determined chemically with that deter- 
mined by the optical absorption, using the Smakula 
formula.” (Kleinschrod'* performed such experiments 
on KCI and Mott and Gurney” have computed the 
oscillator strength f for absorption by F-center elec- 
trons from this data.) 

The chemical determination of the stoichiometric 
excess of barium was made by the hydrogen liberation 
method.?” The crystal was permitted to react with 
water vapor in a vacuum system and then the excess 
water was removed by a liquid nitrogen trap. The gas 
remaining in the vacuum system was hydrogen from 
the reaction Ba+2H.O= Ba(OH).+ H2(gas). By meas- 
uring the hydrogen pressure with a thermocouple gauge 


TABLE I. Comparison of amounts of excess metal in two crystal 
samples, The optical measurements are probably correct to within 
a factor of 2. The chemical measurements are +20 per cent. 


Excess 
barium 
(optical) 


(%) 


0.03 
0.02 


kK xcess 
barium 
(chemical) 
(%) 


0.04 
0.03 


Barium vapor 
treatment 


1120°C for 5 hours 
1050°C for 3 hours 


'7 Hannay, McNair, and White, J. Appl. Phys. 20, 669 (1949) ; 
W. W. Tyler and R. L. Sproull, Phys. Rev. 83, 548 (1951) 

18 FG. Kleinschrod, Ann. Physik 27, 97 (1936). 

 N. F. Mott and R. W. Gurney, Electronic Processes in onic 
Crystals (Oxford University Press, London, 1940), p. 115 

*” T, P. Berdennikowa, Physik. Z. Sowjetunion 2, 77 (1932). 
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the amount of excess Ba in the BaO was measured.”! 
The results of these determinations on two crystals are 
shown in Table I. The volume of each crystal was about 
5 cubic mm. 

The optical absorption constant of a section of crystal 
No. 2 as a function of photon energy was measured and 
gave results similar to those found by Dash.® The shape 
of the absorption curve permits only a very rough 
estimate of the number .V» of absorbing centers per cc. 
The peak height of this absorption band is about 160 
cm™'!, and the full width at half-maximum is estimated 
to be about 2 ev. One can estimate .Vo from the Smakula 


formula!” 
No=1.29X 10" 


Here W is the full width at half-maximum in electron 
volts, a is the maximum absorption constant (at the 
center of the band) in cm™', is the index of refraction 
(2.0 for BaO), f is the oscillator strength, and Fp is the 
photon energy at the band center in electron volts. 
An oscillator strength f=} will be assumed, but all 
that one knows about f until better measurements are 
available is that it is probably less than unity. .Vo for 
crystal No. 2 is thus about 4X 10'* cm~*. If each such 
center is an oxygen vacancy, there would be about 0.02 
percent excess barium (by weight). A similar figure was 
also computed for crystal No. 1, and these appear as 
the last column in Table I. 

The principal difficulty with applying this approach 
to the above data is that the spectral dependence’ of 
the optical absorption does not indicate a simple band, 
particularly in crystals colored densely enough to make 
good chemical determinations possible. It is therefore 
not yet possible to compute an oscillator strength with 
an interesting precision. The comparison of Table I 
does enable us to conclude, however, that the excess 
barium is probably atomically dispersed in the lattice, 
rather than as colloidal metal; if much of the barium 
were present in aggregations of many atoms, the 
chemical determination would show far more barium 
than that computed from the Smakula formula.” 


21 1f the crystal were stoichiometric BaO, hydration would of 
course occur but no hydrogen would be liberated 


2 R. Hilsch and R. W. Pohl, Z. Physik 68, 721 (1931), Eq. (1), 


p. 733. This formula has been widely quoted and misquoted, 
since there is a typographical error in Smakula’s final equation 
[reference 12, Eq. (4), p. 607]: the “no” in the denominator 
should be “‘ny?.”” (no is the index of refraction). This error makes a 
difference of only a factor of 1.6 in KCI but causes more trouble 
in materials like BaO with larger indices of refraction. This situa 
tion is alleviated, but complicated, by the fact that the Hilsch 
and Pohl article contains correct simplifications that are valid in 
most cases. Many authors appear to have quoted the incorrect 
equation (from Smakula’s paper or from review articles or books) 
but used the correct expression from Hilsch and Pohl. 

If the absorbing center were a combination of two oxygen 
vacancies and one barium vacancy, there would be one excess 
barium atom per center and hence we could not distinguish this 
combination from a single oxygen vacancy by measurements like 
those described. See Seitz’s model (reference 12, p. 405) for the 
“M center.” 
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The Zeeman effect in the molecular spectrum of hydrogen was observed for all six isotopic species for a 
field strength of nearly 35000 gauss. Several thousand lines show modification in the field with many 
completely resolved patterns. When there is no LZ decoupling, the splittings are represented by the simple 
theory. When there is L decoupling, the splittings may be helpful for the evaluation of the degree of L 
decoupling and other interactions. Abnormal effects occur for some lines which are related to the Pascher 


Back effect in atomic spectra. 


In a molecular spectrum of this type the observed Zeeman effects are a valuable aid for the classifica 
tion and interpretation of the lines fully as much as in atomic spectra 


I. INTRODUCTION 


ELATIVELY little is known experimentally about 

the behavior of molecular spectra when the light 
source is placed in a magnetic field. Because the mo- 
lecular spectrum of hydrogen has a great variety of 
different types of energy levels it appears particularly 
well-suited for a study of the molecular Zeeman effect. 
Such a study was undertaken in this laboratory on the 
spectra of all six isotopic species, H,, DH, D2, TH, 
TD, and T2, primarily to obtain evidence which might 
help in the interpretation of as yet unclassified lines. 
The present paper presents the experimental details 
and data on some known bands which are of interest as 
they show a greater variety of effects and more com- 
plete resolution than have been observed in any other 
molecular spectrum. 

In the past the Zeeman effect of the Hy spectrum 
was studied by Dufour! and Croze.? These investigators 
worked with relatively weak magnetic fields and 
spectrographs of only moderate resolving power. 
Furthermore the technique of exciting the spectrum 
with great intensity was unknown to them. They 
reported that most of the He lines were unaffected by 
the magnetic field but found together about 68 lines 
which appeared as doublets of up to normal separation. 
Lack of knowledge of the structure of the spectrum 
made an interpretation impossible at the time. It now 
turns out that these old observations gave an entirely 
inadequate picture of the Zeeman effect of Hz. 


2. EXPERIMENTAL PROCEDURE 


The magnet used for this work, a Bitter magnet 
manufactured by A. D. Little,* was able to give a field 
strength of about 35 000 gauss with pole pieces of one- 
inch diameter and an air gap of about 23.8 mm width, 
with a power input of 25 kilowatts. For some exposures 
5-inch pole pieces were used in order to get uniformity 
over a larger area, or wider gaps were used when it 


*This work was carried out with the support of the U.S 
\tomic Energy Commission. 
' A. Dufour, J. de phys. 8, 237 (1909). 
2 F. Croze, Ann. phys. 1, 35 (1914). 
F. Bitter and F. E. Reed, Rev. Sci. Instr. 22, 171 (1951). 


was necessary to accommodate wider discharge tubes. 
The field strength under those conditions was not 
much above 30000 gauss. In the beginning a few 
exposures were made with narrower gaps and _ field 
strengths up to 40 000 gauss. In all cases measurement 
of the field strength was possible with the help of 
atomic lines with known Zeeman effects. In particular, 
the singlet lines of helium were found convenient. 

In the past the greatest drawback for getting satis- 
factory Zeeman effects from gas discharges has been 
the difficulty of maintaining the discharge in a strong 
magnetic field, particularly when the discharge is 
perpendicular to the lines of force. For direct current 
or low-frequency alternating current discharges the 
ions are forced against the walls and the tube will be 
destroyed in a very short time. Much better results are 
obtained with high-frequency discharges, particularly 
at fairly high gas pressures. There is a tendency even 
under those conditions for the discharge to go out when 
the field is turned on. Moreover, it is considerably more 
difficult to maintain a discharge in hydrogen than in 
most other gases. Attempts to use neon or helium as a 
carrier gas did not give any noticeable improvements, 
for at hydrogen pressures sufficient to bring out the 
molecular spectrum strongly the discharge would be 
inhibited in a magnetic field. 

Successful spectra were obtained with a 200-mega- 
cycle triode generator and external electrodes and with 
a 2500-megacycle magnetron generator with a tuned 
cavity. In the latter case the fields were limited because 
of the necessity of wider gap spacings in order that the 
cavity could be accommodated between the pole pieces. 
With the 200-megacycle discharge observations were 
made first by observing perpendicularly to the axis of 
the tube. The discharge was forced through perpendic- 
ularly to the field by placing external electrodes a 
suitable distance apart. Although we obtained a number 
of satisfactory exposures with this arrangement, it had 
several disadvantages. The gas pressure had to be 
fairly high, which resulted in broader lines. The light 
silver coating of the inside walls of the tube, necessary 
to bring out the molecular spectrum with satisfactory 
intensity, attenuated the light. Moreover the discharge 
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in the magnetic field heated the gas and the tube walls 
considerably. This reduced the life of the tube. 

After experimenting with several tubes of special 
construction which seemed to give no particular ad- 
vantages the bulk of the exposures were made with the 
following procedure which, although it probably does 
not present the optimum condition, had the advantage 
of allowing us to use the discharge tubes already avail- 
able for the general photography of the spectrum. 
These tubes‘ are simple and cheap and can easily be 
replaced when damaged. 

The axis of the tube was placed horizontally, directed 
toward the slit of the spectrograph. It was normal to 
the direction of the magnetic field but the discharge 
was parallel to the field between external electrodes 
placed between the tube and the pole pieces (Fig. 1). 
The latter were protected by thin mica sheets. The 
size of the electrodes guaranteed that the discharge 
would take place only where the field was constant. 
The observations were made end on. With maximum 
power, when the discharge was quite bright, frequent 
breakdowns (after one to 20 hours of operation) 
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Placement of the discharge tube between the 
pole pieces ol the magnet. 
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occurred even with this arrangement. We believe that 
this was due to dielectric heating of flaws in the quartz 
or Pyrex walls. This resulted in weakening of these 
spots, which were then punctured by the discharge. 
With Pyrex, a local softening of the glass could be 
observed although there was no excessive general 
heating of the tube walls in the discharge region. An 
air jet directed at the tube provided enough cooling. 

In order to avoid the chances of breakdown, particu- 
larly for the tubes containing tritium, the discharge 
was run at reduced power. Exposure times for the 
visible were then of the order of ten hours without a 
polarizer. 

In the visible satisfactory exposures of even the 
faintest lines could be obtained up to about 6300A. The 
limitations on weak lines were imposed by the com- 
plexity of the spectrum in the magnetic field, which 
was liable to make weak lines disappear in the patterns 
of the stronger ones. Also the continuous background 
was more unfavorable as it retained its full strength 

4G. H. Dieke and S. P. Cunningham, J. Opt. Soc. Am. 42, 187 
(1952) 
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while the intensity of the lines was distributed over 
numerous components. In the infrared up to about 
QOOOA satisfactory exposures were obtained showing 
all the stronger lines. Work is being continued to extend 
the observations to longer wavelengths. The number of 
lines that are noticeably affected by the magnetic field 
probably runs into thousands. The present paper gives 
only the observations on a few of the most fundamental 
band systems. 

All exposures were made in the first or second order 
of a 21-foot grating in a Paschen mounting with a 
dispersion of about 1.2 and 0.6A per mm, respectively. 
The polarizations were separated with a calcite rhomb 
except for the fainter discharges or except for instances 
when the weak lines in unfavorable regions were 
desired. In such cases the polarizations were not sepa- 
rated. Exposure times lasted up to 12 hours. The con- 
stancy of the field was adequate without any special 
precautions since the voltage fluctuations in the power 
supply usually did not exceed one percent. The resolu- 
tion of the patterns was limited in most cases by line 
widths due to pressure broadening. The field strength 
for all the measured plates was 34 500 gauss. 


3. THEORETICAL BACKGROUND 


The molecular spectrum of hydrogen consists of 
singlet and triplets. The triplet separation in the most 
favorable cases is only about 0.20 cm™'. It cannot be 
resolved under the discharge conditions prevailing in a 
magnetic field. Complete Paschen-Back effect would 
result anyway even at moderate fields. For our purpose 
the behavior of all lines is that of singlet lines, and the 
electron spin can be left completely out of the discus- 
sion. The general structure of the H» spectrum is 
discussed in Richardson’s monograph,°* that of the other 
isotopic species in previous publications from this 
laboratory.® 

Unless interactions between close levels complicate 
the picture, the energy change due to the magnetic 
field is given by 

E=gMall, (1) 
where // is the strength of the magnetic field, 
ay = e/4armr=4.67 X10 cm™'/gauss the normal split- 
ting, M the magnetic quantum number (—M <A <M), 
and g the ratio between the average magnetic moment 
(averaged over the rotation) of the molecule (in Bohr 
magnetons) to the total angular momentum A’ (in 


5O. W. Richardson, Molecular Hydrogen and Its Spectrum 
(Yale University Press, New Haven, 1934). 

6G. H. Dieke and R. W. Blue, Phys. Rev. 47, 261 (1935), 
3p I-25 8, De and DH; G. H. Dieke, Phys. Rev. 48, 606 
(1935), 3p §%¥—2s 8E of Dz and DH; G. H. Dieke, Phys. Rev. 50 
797 (1936), 2s'E—2p' of He, DH and D2; G. H. Dieke and 
M. N. Lewis, Phys. Rev. 52, 100 (1937), 3d', I—+2 '¥ of DH 
and D2; G. H. Dieke, Phys. Rev. 54, 440 (1938), 3d '2, 11, A>2p 'T 
of Hz; G. H. Dieke and F. T. Tomkins, Phys. Rev. 76, 283 (1949), 
3p I—2s 8E of TH and T.; G. H. Dieke and F. T. Tomkins, 
Phys. Rev. 82, 796 (1951), 3p °X->2s *E of TH and Ty. Classifi 
cations of a number of other band systems are completed but 
not yet published. 
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units #). As in the case of atomic levels, g measures the 
separation between the 2A+1 magnetic levels. 
If / is coupled to the internuclear axis (case 6), we 
have? 
g=A’/[K(K+1) ], (2) 
while in the other extreme, when L is coupled to the 
axis of rotation (case d) and has a component r along 


this axis, 


g=[L(L+1)+r(2K+1)—P)/[2K (K+1)]. 


(3) 
The relative intensities are also given by Millis.’ The 
first three lines in each branch are shown in Fig. 2. 
For the molecular hydrogen spectrum, the p levels are 
the only levels with L#0 which have good case 6 
coupling and can be expected to satisfy formula (2). 
The other levels show strong though not complete 
L decoupling. The expected separations will then lie 
much closer to (3) though the actual values can be 
obtained only by rather tedious perturbation calcu- 


lations. 
4. RESULTS 


In the magnetic field the molecular hydrogen spec- 
trum is greatly modified. Although some lines remain 
single and show no appreciable broadening, many others 
have well-resolved Zeeman patterns. Between these 
two extremes there are intermediate cases, such as broad 
unresolved patterns or broadened or diffuse lines. 
Naturally the resolved patterns are of greatest interest. 
We have been able to resolve lines with as many as 17 
components. In general the patterns are symmetric and 
in many cases consist of equidistant lines. The latter 
situation occurs when one of the two states, usually the 
final state, is not split. The pattern then represents the 
splitting of the initial state. We shall deal with this 
case in greater detail below. In general the relative 
intensities and the polarization of the lines are in 
agreement with the simple theory. 

Occasionally asymmetrical patterns are observed. 
These are due to interactions related to the Paschen- 
Back effect in atomic spectra. Perturbations in the 
original spectrum may also give rise to anomalous 
effects. 

When the spectra with and without field are com- 
pared, often a number of intensity changes are observed. 
These are particularly noticeable when the discharge is 
perpendicular to the magnetic field. Although genuine 
changes in intensity, because of an influence of the 
magnetic field on the transition probability, are entirely 
possible, it turns out that the most obvious changes 
observed here are only indirectly connected with the 
magnetic field. With the field on the gas is very much 
more heated by the discharge than without the field. 
That the intensity distribution in the spectrum is quite 
sensitive to temperature accounts for most of the 
observed changes. Only a detailed study will show 


7J.S. Millis, Phys. Rev. 38, 1148 (1931 
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Fic, 2. Calculated Zeeman patterns of the first three lines in 
the QY, P, and R branches of a Il transition. The spacings 
are given for a completely uncoupled dIl state. The intensities 
and polarization are independent of the coupling. 


whether there is a direct influence of the magnetic field 
on the intensities. 


5. LEVELS WITHOUT L DECOUPLING 


The 3p *Il->2s* bands are the best example of a 
case where no L-decoupling is involved. The situation 
is similar to that of the '2—'II bands of CO investigated 
by Crawford, Kemble, and Mulliken.* The first lines in 
all three branches are completely resolved triplets with 
the characteristic polarizations (see Fig. 3). The second 
lines are just barely resolved, whereas the higher lines 
are only partially resolved. In the Q branches the lines 
appear as narrow doublets in the parallel polarization, 
and the total width can be measured with fair accuracy. 
The g factors for the 3p *II levels of Hy and De found 
from such measurements are listed in Table I. 

In judging the accuracy of these values and those of 
Table II the following remarks may be useful. For good 
lines free from interference the g values should be 
accurate to a few units in the third decimal. Measure- 
ments of the same line on different plates confirm this. 
The accuracy of the measurements is, however, greatly 
affected by even slight interferences from other lines. 
In a spectrum of this complexity such interferences are 
not rare. The accuracy is, of course, also lowered in 
measurements of only partly resolved patterns and is 


lic. 3, Observed Zeeman patterns of the first line in each branch 
of the Fulcher bands (2-+2 band of Dz) 
* I. H. Crawford, Phys. Rev. 33, 341 (1929); Kemble, Mulliken, 
and Crawford, Phys. Rev. 30, 438 (1927 
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TABLE I. g factors of the 3p ‘II state 
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much less when only the edges of unresolved patterns 
can be measured. g values derived from such measure- 
ments are given in parentheses (see Table II). 

It is seen that the observed g values in Table I are in 
excellent: agreement the theoretical The 
mean of 10 observed g values for the Q, lines is 0.504, 
well within the limits of experimental errors of the 
theoretical value 0.500. The agreement for the higher 
K values is equally good even though most of these 
values were obtained from only partly resolved lines. 
One may say therefore that the p levels split exactly as 
the simple theory prescribes. 

There are bigger fluctuations in the values for the 
3p *Il* state derived from the P and R branches. Most 
values that depart considerably from the theoretical 
ones are smaller than expected, the average being 0.494. 
We know that the 3° II* state interacts with the 3p * 
Q. Such interaction would lower the 

\ complete analysis of this case, 


with ones. 


state which has ¢ 

g values for 3p II* 

however, requires further data. 
PaB.e Il of the 


value 


The bands from the higher np *II levels and the 
analogous singlet bands show exactly the same behavior 
in the magnetic field, but the data are less complete. 

When both upper and lower levels are 2 states and 
when no L decoupling is involved, there should be no 
noticeable splitting of the resulting lines. In such cases 
the lines are observed to remain single and sharp. 
This is the case for the extensive 3p *2—2s*Z and 
2s'X—>2p'Z systems as well for others where only s 
and p electrons are involved. Because of the predomi- 
nance of these systems in the near infrared, beyond 
8300A the spectrum appears unaffected by the magnetic 
field. 


6. LEVELS WITH PARTIAL L DECOUPLING 


All levels with a d electron show strong L decoupling. 
This phenomenon, which is very pronounced in Ha, 
occurs also, but to a smaller extent, in other light 
molecules, notably He,. The Zeeman effect in the He, 
spectrum was investigated by Millis,’ who found general 
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Fic. 4. The first few lines of the R branch of the 3d 'Z-+2p 'S(0-0 


qualitative agreement with the theoretical expectations. 
The conditions in He, are, however, considerably less 
favorable than for any of the hydrogen molecules, 
partly because the 1 decoupling is less, partly because 
the strong bands are transitions to a II state, and 
therefore the observed Zeeman effects have more 
complicated patterns as both initial and final state are 
split. 

For hydrogen, even a casual inspection of the plates 
shows that there are many lines with splittings much 
larger than possible for normal (nondecoupled) levels. 
igure 4 shows part of the R branch of the 3d 'Xo— 
2p'Xo transition in D»,. The lines show all clearly 
resolved patterns while a normal 2 state should show 
no splitting. It is also apparent that the number of 
components is 2K’+1, where K’ is the rotational 
quantum number of the initial level. Figure 5 shows 
microphotometer traces of typical lines. Table II 
presents the measured g values for d= and dII levels of 
all six species. For He also higher-vibrational states are 
listed in order to show how the vibration affects 
decoupling. 

A complete quantitative analysis of the data in 
Table Il would necessitate the calculation of the g 
values by the very tedious perturbation method. This 
has not been done so far since the data are not complete 
enough to justify it. The following qualitative conclu- 
sions can be drawn from the data: 

1. The A=1 state of the dII- level should not show 
any L decoupling since it cannot interact with any 
other state of identical symmetry with the same K. 
We see that the observed values are very close to the 
normal values g= 0.500. 

2. All other values show the influence of 1 decoupling 
smallest A values. This influence is 


even for the 
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varticularly large for the d= states, in accord with the 
| y 


expectations [ see formula (3) ]. 

3. A comparison of the observed g values with theo- 
retical ones which are valid for a complete / decoupling 
shows that the ratio gous/£theor Approaches one with 
increasing rotation, 

4. In general the amount of /-decoupling as ex- 
pressed by the approach of the observed g values to the 
theoretical ones is largest in H» and decreases with 
increasing reduced mass yu. This is as to be expected 
since the rotational angular velocity, which determines 
the amount of 1 decoupling, is roughly proportional 


tok ML. 


Fic. 5 Observed Zeeman patterns in the 3d ‘Zand 3p'Il-+2p'Z 
transition, All are polarized except Ry and Rs. There is noticeable 
interference with extraneous lines in P», Ry, and Rs. Identity of 
the lines as follows: Q;—Q,: 1-0 band of 3d'Il-+2p 'E of He, Ro 
to R;, Pg: 3d'X—2p 'Z(0-0) of De; Ry, Rs same of TH; Po, Py 


/ 
3d 'Y—2p'E of He 
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5. The degree of 1 decoupling is larger for 4d2 and 
4/11 than for 3d~ and 3dIl. This agrees with the fact 
that the larger orbit (n=4) is less closely coupled to 
the internuclear axis. On the other hand, the degree of 
/, decoupling decreases with increasing vibrational 
quantum number V. This is also expected since for the 
greater vibrational amplitudes the influence of the 
internuclear axis is larger, which means a stronger 
coupling of Z to it. 

6. There are pronounced deviations from the rules 
expressed under (4) and (5). These must be explained 
by particular interactions. For instance, the g values 
for v=3 in H are larger than those for v= 2, contrary 
to what should be expected. The v=3 level of 3d lies 
very close to the much more strongly decoupled 4dZ 
and presumably is influenced by it, which would result 
in larger apparent decoupling. The g values of 3d for 
DH are smaller than one should expect from its reduced 
mass. There appears no obvious reason for this. On the 
other hand, there exist many interactions for this type 
of level, some of them only imperfectly known. A more 
detailed study of these interactions will undoubtedly 
clear up the reasons for the anomalous g values. 


7. PERTURBATIONS 


Whenever interacting energy levels lie close together 
irregular shifts in the levels may occur, which usually 
are called perturbations. Such perturbations may occur 
in a molecular spectrum without a magnetic field or 
new ones may be introduced by the field. There are 
examples of both types in the molecular hydrogen 
spectrum. 

Ordinary perturbations may show anomalous Zeeman 
effects because the wave function of the perturbed state 
has intermixed with it the wave function of the per- 
turbing state. This may result in anomalous Zeeman 
splittings which are not necessarily between those of 
the two interacting states since the amplitudes of the 
wave functions are added with the proper phase factors. 
An example of this type of perturbation occurs evi- 
dently in the 3dXo state of He. The Rg line is displaced 
and instead of one line at the expected place there are 
two, one at longer, the other at shorter, wavelengths. 
Both show a partly resolved Zeeman splitting, but 
smaller than that extrapolated from the preceding lines. 

An example of an interaction caused by the magnetic 
field occurs in the 3d'Il->2p'S bands. This type of 
effect does not seem to have been observed previously. 
It is closely analogous to the Paschen-Back effect in 
atomic spectra. 

In the Paschen-Back effect the coupling between the 
orbital angular momentum and the electron spin is 
small compared to the coupling of these two vectors 
with the magnetic field. This means that they orient 
themselves in the magnetic field independently of each 
other. This results in the well known Paschen-Back 
effect, the chief feature of which is a great reduction 
in the number of observed Zeeman components. 
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The effect observed here is similar to the Paschen- 
Back effect except that the two angular-momentum 
vectors involved are the angular momentum R of the 
rotation of the nuclei and the orbital angular momentum 
L of the electrons. Ordinarily R and L are coupled 
together and the resultant A orients itself in the 
magnetic field. The degree of coupling manifests itself 
by the closeness of certain levels. If the separation of 
the magnetic levels becomes of the same order of 
magnitude as the natural separation, we begin to have 
an incipient Paschen-Back effect, which usually presents 
a very complicated picture of spacings and intensities. 
If the natural spacing is negligible compared to the 
magnetic splitting, the extreme simplification of the 
pattern occurs. 

For complete Z decoupling, when the rotational 
energy is proportional to R(R+-1) and essentially inde- 
pendent of the orientation of 1, we would expect this 
effect since the coupling to the rotational or internuclear 
axis would be negligible to the interaction with the 
magnetic field even for moderate field strength. We 
have seen that the / decoupling is not complete even 
for Hy. We expect, however, a partial effect whenever 
two levels which differ only by the orientation of L 
nearly coincide. This happens in the 3d complex for 
3d11~-(K) and 3dII*(K —1) which satisfy the condition. 
For low values of A the II* level which gives rise to 
the P and R branches is lower than the I~ level which 
produces the Q branch. For high values of A the 
situation is reversed. For an intermediate value of A 
the levels cross over. The cross-over point, of course, 
does not necessarily occur at an integer value of K, but 
the possibility for a very close approach is present. 
The cross-over point is different for the different isotopic 
species. It takes place between A=2 and K=3 in H 
and near A=8 in T.. There is a very close approach 
for K=4 in TH and K=8 in Ty, which show well the 
simplified pattern, whereas in the other species the 
incomplete transformation can only be observed. 

Figure 6 shows part of the observational 
Figure 6(a) shows Qs and Ps of the 3d 'IMy—2p 'Xo band 
of Do. The IT*+(4) level! is 3.01 cm below II-(5). In 
the parallel polarization the Qs line shows the typical 
pseudo-doublet structure but with greatly distorted 
intensities. Also the asymmetry in the pattern for P; 
(5) level is 5.96 cm™ 


data. 


can be seen. In Fig. 6(b), the TI 
above II~ (6). The asymmetries are again visible and it 
is evident that in both cases the inner components are 
weakened. In Fig. 6(c), I~ (8) of T2 is only 0.68 em 
below II*+(7). In the magnetic field, the transformation 
is nearly complete. The inner components have nearly 
all disappeared and only two somewhat asymmetrical 
lines separated by 3.03 cm“! remain. The case is even 
more extreme in Fig. 6(d), where II~(4) of TH is only 
0.31 cm below II*(3). In the magnetic field, two 
sharp lines separated by 1.70 times the normal Zeeman 
splitting remain with only very slight traces of asym- 
metry. If the levels had coincided exactly and if the 





ZEEMAN 


L decoupling had been complete, the separation should 
have been two times the normal separation. 

Quantitative details of this kind of transformation 
can only be understood with a complete perturbation 
treatment of the problem. Experimental studies at 
different field strengths will be helpful as well. We hope 
to come back to this in a subsequent paper. 


8. ISOTOPE EFFECT 


For normal (case 6) states the magnetic splitting 
should be independent of the mass and Table I shows 
that this is borne out by the observations. On the other 
hand, the degree of Z decoupling depends directly on 
the angular rotational velocity and this is roughly 
inversely proportional to the reduced mass for a given 
K. Since the g factors depend strongly on the L 
decoupling, they must differ for different masses. This 
is exactly what was found (see Table II). 

Finally, perturbations which depend on the accidental 
closeness of two sensitive levels are quite different 
for the different isotopes. Moreover, the interaction 
matrices depend on the angular velocity of rotation or 
the amplitudes of vibration, which are different for the 
isotopic species. Therefore any perturbation or inter- 
action effects must be quite different for the different 
isotopic species, and this also agrees with the obser- 
vations. 


9. LINE CLASSIFICATION AND ZEEMAN EFFECT 


In a spectrum of the complexity of the molecular 
hydrogen spectrum, there are two major problems of 
classification and interpretation. The first is to find the 
often widely scattered lines that form a particular band. 
This may not be easy, as the regularities are often not 
obvious and many lines of different origin intervene. 
The second problem concerns the interpretation of a 
given band, that is, the identification of the electronic 
levels which are responsible for the transition. Both 
problems are made very considerably easier when the 
Zeeman effects of the lines are known. If the splitting 
can be resolved, the classification of the line can be 
ascertained without ambiguity. The information is less 
complete when the pattern is only partly resolved, but 
may be decisive for clearing up uncertainties. From the 
size of the splitting, conclusions may be drawn as to 
the nature of the electronic state. It is, for instance, 
immediately obvious, even if the pattern is only very 
imperfectly resolved, whether a line is a Q or an R line, 
for the former forms a close doublet in the parallel but 
not in the perpendicular component, whereas the 
situation is just the reverse for an R line. (Compare for 
instance QO, and Ry; in Fig. 5.) A distinction between a 
P and an R line can be made easily through observa- 
tions parallel to the lines of force. It can easily be seen 
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from the intensity relations that for positive g, the 
unresolved doublet of an R line must show circular 
polarization in the same sense as a normal triplet, a 
P line, however, in the opposite sense. The situation 
would be just the reverse for negative g values. The 
presence of both “regular” and “irregular” doublets 
when observations are made parallel to the lines of force 
was discovered in the early observations of Dufour.' 
Much of the classification of the molecular hydrogen 
spectra is well established. The Zeeman effect gives a 
complete and detailed confirmation. There are a number 
of bands which are either dubious in their structure or 
where the interpretation is uncertain. In particular, 
there are many bands found by Richardson and his 
co-workers which do not seem to fit into the general 
energy-level scheme of the molecule and have therefore 
been attributed to initial levels with both electrons 


Fic. 6. Magnetic Interaction between the 3dII~(K) and 
3d/11*(K—1) levels. Q(A) and P(K) lines polarized for De, 
unpolarized for TH and T>2. 


excited. The status of most of these is still very uncer- 
tain. 

At the present stage we can say the following about 
these levels which are all ' levels: 

3'K shows a small but distinct Zeeman splitting for 
the lower A values, and at least one of the electrons 
must have /#0. 

The following levels, on the other hand, show no 
appreciable splitting and therefore cannot show any 
L decoupling, the 4142.8 progression, 'L, 'M, 'N, 3'O. 

It is not surprising that we have found a few cases 
where the Zeeman effects do not confirm the accepted 
classification. In a number of cases the behavior in the 
magnetic field has made it possible to identify some as 
yet unclassified lines. 

Most of the wavelength measurements on which this 
paper is based were very ably made by Miss Dorothy 
Taylor. 
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Electronic Excitation of the L,,, State of 5d Elements 
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Experiments by Nilsson on the electronic excitation of the K state of 3d transition elements have revealed 
a structure in the excitation curves. Similar structure close to the excitation potential has been observed for 


the excitation of the Liz, state of some 5d elements 


HE precision determination of h/e from the high 
frequency limit of the continuous x-ray spectrum 

has been the object of much painstaking work in several 
laboratories during the past decade.'~* It is also possible 
to determine h/e from a precise measurement of the 
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Fic. 1. Ly excitation curve of Ta. 
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Fic. 2. Li excitation curve of W. 
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electronic excitation potential of one of the x-ray levels 
and using the corresponding frequency as determined 
from absorption edge analysis.4 Results obtained with 
this method have been reported by Bearden and 
Schwarz,! and recently a detailed and comprehensive 
report has been published by Nilsson.’ This latter re- 
search was originally undertaken to determine //e and 
to clarify the work function correction, but it has also 
revealed a structure in the A excitation curve of 3d 
elements. This structure, which in some ways is similar 
to the structure in the corresponding absorption edge, 
can be related to the density of states in the conduction 
band. The purpose of this note is to point out that such 
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Fic. 3. Ly excitation curve of Pt 





structure also exists in the excitation curves of 5d 
elements for which we have made some measurements. * 
The electronic excitation of the Z1;; state was meas- 
ured as a function of the energy of the bombarding 
monoenergetic electrons coming from a unipotential 
oxide-coated cathode.* A double-crystal x-ray spectrom- 
eter was used as a monochromator, set to pass the peak 
of the La, line. The highly stabilized x-ray tube voltage 
7 Ake Nilsson, Arkiv Fysik 6, No. 49 (1953). 
8G. L. Rogosa and G. Schwarz, Phys. Rev. 78, 343 (1950). As 
pointed out in that abstract, electronic excitation curve structure 
was first found by one of us (G. S.) in 1941 in the laboratory of 
Professor J. A. Bearden at The Johns Hopkins University. The 
work was interrupted by the war and additional data were later 
obtained also at The Johns Hopkins University during 1948-1949. 
® For details of the experimental equipment see reference 4. 
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was changed in steps of a few volts and the La, x-ray 
intensity, recorded by a Geiger counter, was measured 
as a function of the voltage. This intensity is a measure 
of the electronic excitation of the Ly; state. Figures 
1-3 show the Ly; excitation curves of the 5d elements 
Ta, W, and Pt, revealing a structure very similar to 
that recorded by Nilsson for the 3d elements. : 
One of the major difficulties in obtaining the excita- 
tion curve is the contamination of the target. This 
factor limited the number of runs which could be aver- 
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5d ELEMENTS &9 
aged. Figure 1 is the average of four runs with 4096 
counts per point. Figure 2 is the average of five runs 
with 5120 counts per point, and Fig. 3 is the average of 
five runs with 10 240 counts per point. The structure 
shown in the excitation curves is reproducible under 
“clean” target conditions. We have chosen to draw the 
curves with straight line segments in that future careful 
work will probably reveal more detailed structure for 
the 5d elements similar to that found by Nilsson in 
some of the 3d elements. 
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Energy Levels in F'* from Alpha-Particle Reactions in Nitrogen* 
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We have examined both the elastic scattering of alpha particles in nitrogen as a function of the energy 
between 1.5 and 3.5 Mev at 90°, 125°16’, 137°43’ and 156°20’ (center of mass), and the cross section for the 


N'(a,p)O" reaction at 90 


(lab) in the same energy region. Two new resonances at Eq 


= 2.935 Mev and F, 


= 3.140 Mev correspond to levels in F'* at excitation energies of 6.69 Mev and 6.85 Mev, respectively. These 
same levels were found to emit protons as well, leading to the ground state of O'". The (a,p) reaction has a 
relative probability of about 5 percent for the upper level and 0.3 percent for the lower level, compared to 


the elastic scattering 


1. INTRODUCTION 


HE availability of high currents of singly charged 

helium ions from our pressurized Van de Graaff 
generator using a radio-frequency ion source makes it 
possible to re-examine most of the alpha-particle re- 
actions which were carried out with natural alpha 
emitters in the past. Since we had a gas scattering 
system available from our alpha-helium scattering ex- 
periments,' we decided to investigate the historically im- 
portant nitrogen nucleus, first disintegrated by Ruther 
ford in 1919.2 The elastic scattering of alpha particles 
on nitrogen had previously been studied at higher 
energies by Devons’ and Brubaker,‘ yielding broad 
resonances in F'* at 8.0-Mev and 8.5-Mev excita- 
tion (E,=4.6 Mev and 5.2 Mev, respectively). Champ- 
ion and Roy,® using cloud-chamber technique, and 
Roy,® employing nuclear emulsions, have studied the 
N'(a,p)O" reaction. They reported resonances dis- 


tinct from those giving rise to elastic scattering 


* A preliminary account of this work was given at the 1953 
Washington Meeting of the American Physical Society [Bull. Am 
Phys. Soc., 28, No. 3, 15 (1953) ]. 

1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 90, 340 
(1953). 

2 E. Rutherford, Phil. Mag. 37, 581 (1919). 

3S. Devons, Proc. Roy. Soc. (London) A172, 127 (1939 

4G. Brubaker, Phys. Rev. 56, 1181 (1939) 

5 F.C. Champion and R. R. Roy, Proc 
A191, 269 (1947). 

®R. R. Roy, Phys. Rev. 82, 227 (1951 
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anomalies at about 5.6-, 7.1-, and 7.6-Mev excitation in 
F'* corresponding to alpha energies of 1.7, 3.5, and 4.2 
Mev, respectively. Angular distributions of the proton 
groups leading to the ground state and the 0.875-Mev 
excited state of O'" were obtained by Roy® for the two 
highest levels 


2. EXPERIMENTAL 
(a) N'*(a,a)N" 


A beam of singly charged helium ions collimated to a 
circular area of 1 mm diameter entered our scattering 
chamber through a differential pumping system. The 
scattering gas pressure was kept around 3 mm Hg. A 
movable proportional counter filled with nitrogen to 7 
cm Hg subtended an angle of about two degrees at the 
scattering volume and could be set accurately at 
angles up to 147.5° in the laboratory. A very thin 
window of Formvar some 6-8 ug/cm*® thick allowed 
us to efficiently detect alpha particles down to about 
40 kev. 

A Faraday cup separated from the scattering chamber 
by a 0.00002-inch nickel foil was used to integrate the 
beam current. The normalization of the entire system 
was achieved by scattering from argon gas, for which 
pure Rutherford scattering behavior in both angular 
and energy dependence was ascertained over the ranges 
of interest. 
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Our elastic scattering data consist of two types of 
measurements: scattering yields as a function of energy 
at four fixed angles, and angular distributions at three 
different energies. Figures 1, 2, and 3 summarize the 
former, while Fig. 4 shows the angular distributions. 
The ordinate plotted in all cases is the ratio of observed 
to Rutherford scattering. For orientation purposes we 
have plotted the absolute differential scattering cross 
section at 156°20’ in Fig. 5. The arrows along the 
energy axis locate the actual positions of the two new 
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Elastic alpha nitrogen scattering at 0. m 90° (squares) 
125°16' Ratio of observed to Rutherford 
vs alpha energy. Arrows indicate positions of two new 
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Fic. 2. Elastic alpha-nitrogen scattering at @.m.=137°43' 
Ratio of observed to Rutherford scattering vs alpha energy. 
Arrows indicate positions of two new resonances. 


resonances as determined from the location of the 
peaks in the (a,p) reaction (see below). Only a com- 
plete theoretical analysis of the elastic scattering reso- 
nances would allow us to find the exact locations from 
the scattering data alone. 

The effective target thickness in this experiment was 
of the order of 400 ev and is therefore completely neg- 
ligible. The statistical accuracy of most points is of 
the order of two percent. The energy of our generator 
was calibrated against the known neutron thresholds 
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of the reactions Be*(p,2) B® (2.059 Mev) and B"(p,n)C" 
(3.015 Mev).’ Some of the smaller irregularities in our 
scattering yield curves may be due to the small amount 
of N'® present in ordinary nitrogen (0.38 percent). 

It should be remarked that inelastic scattering to the 
first excited state at 2.31 Mev in N"™ becomes ener- 
getically possible at an alpha energy of 3.23 Mev but 
could not have been observed because of the low energy 
of the inelastically scattered particles. Furthermore, 
this group does not seem to appear® because of the 
self-conjugate nature of the nuclei involved and the 
consequent applicability of charge parity conserva- 
tion. 

(b) N'*(a,p)O" 

Recause of the low relative yield of protons it turned 
out to be necessary to interpose an appropriate thick- 
ness of nickel absorber foil in front of the proportional 
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Fic. 3. Elastic alpha-nitrogen scattering at 6. m =156°20’. 
Ratio of observed to Rutherford scattering vs alpha energy. 
Arrows indicate position of two new resonances. 


counter in order to stop all alpha particles and permit 
protons to be detected. Also, the solid angle subtended 
by the counter was increased by a factor of 20. A 
thickness of 0.00015 in. Ni foil allowed us to observe 
protons at angles greater than 90° (lab). The yield of 
ground state protons as a function of alpha energy is 
shown in Fig. 6. The energy of the protons leading to 
the ground state of O' is about 1 Mev at an alpha 
energy of 3 Mev. We have checked the pulse height in 
our counter corresponding to these protons by scatter- 
ing 1-Mev protons elastically from nitrogen. Protons 
leading to the 0.875-Mev excited state in O!” would not 
have been detected. 

The proton emission cross section is seen to be very 


7 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950) 


’ Carmichael, Sampson, and Johnson, Bull. Am. Phys. Soc 
28, No. 3, 49 (1953). 


9N. M. Kroll and L. L. Foldy, Phys. Rev. 88, 1177 (1952) 
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small compared to the elastic scattering cross section 
at these energies, being about 5 percent of Rutherford 
for the larger peak and 0.3 percent for the small peak. 
Evidence of a third, very broad proton-emitting reso- 
nance around 3.5 Mev can be seen at the higher energies 
when a single level resonance expression for the 3.14- 
Mev resonance is subtracted from the observed results. 
The locations and widths of the three proton-emitting 
resonances and the corresponding excitation energies 
in F'§ are summarized in Table I. 


3. INTERPRETATION 


Because of the rather close spacing of the observed 
resonances compared to their widths it is not possible 
to interpret our results on the basis of a single level ex- 
pression. Table II shows a summary of the possible 
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Fic. 4. Angular distributions of elastic alpha-nitrogen scattering 
at 2.85 Mev (triangles), 2.95 Mev (squares) and 3.15 Mev 
(circles). Ratio of observed to Rutherford scattering vs center-of- 
mass angle 


contributing alpha-particle orbital angular momenta 
for a number of assumed spins and parities of the com- 
pound nucleus F'*, along with possible angular mo- 
menta of emitted protons leading to either the ground 
state or first excited state of the residual nucleus O". 
It should be noted that because of the fact that the 
incident channel spin is unity (spin of N'=1) it is 
possible to have up to fwo orbital momenta contribute 
to a given fluorine resonance of specified spin and 
parity. Hence, if more than one resonance has to be 
considered at once, spin and parity assignments be- 
come rather complex. The most complete treatment 
of general nuclear reactions involving spins has re- 
cently been given by Blatt and Biedenham.” Figure 7 
shows a collection of theoretical angular distributions 
for elastic scattering of alpha particles by nitrogen 


Biedenharn, Revs. Modern Phys. 24, 


J. M. Blatt and L. C 
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Fic. 5. Elastic alpha-nitrogen scattering at @ m.=156°20 
Absolute differential cross section in millibarns/steradian vs alpha 
energy. Dashed curve shows pure Rutherford scattering cross 
section 


calculated from their expression for various assumed 
states in F'® and incident angular momenta. Phase 
shifts of #/2 were used throughout. Effects of finite 
nuclear size have been justifiably neglected (see 
below). In addition, the evidently unrealistic assump- 
tion of only one contributing compound level was made 
here. Our hope was that some conclusions might be 
drawn from our angular distribution at 3.15 Mev 
where contributions might be expected to come pre- 
dominantly from only one resonance level. The experi- 
mental points for our angular distribution have been 
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Fic. 6. Differential cross section for the N'*(a@,pjO" reaction @s 
alpha energy at 414,,=90°. Solid curve goes through experimental 
points. Dashed curve shows single level expression fitted to large 
resonance. Dotted curves represent difference between observed 
and dashed curve values. E,=3.140 Mev has a lab width P),, 
= 120 kev, E,’=2.935 Mev has a lab width I'\,,’=35 kev 
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inserted in Fig. 7 mainly to show that two and possibly 
three levels must undoubtedly be taken into account 
even at 3.15 Mev. No spin or parity assignments have 
been made to date. Some rough results on the angular 
distribution of protons from the 3.14-Mev resonance 
are compatible with isotropy in the center-of-mass 
system. The only assignment for the 6.85-Mev level in 
F'* which can definitely be ruled out on the basis of line 
shape is J=1*, /,=2. The rise in the angular dis- 
tribution at 3.15 Mev at the backward angles seems to 


favor /,=0 for this level. 


4. CONCLUSIONS 


In contrast to previous work on nitrogen we have 
found two levels in F'*® giving rise to both anomalous 


TABLE I. New energy levels in F'*. 


Mev)* Pian (kev) 


E(Mev) EF. I (kev) 

27+4 
9348 

~460 


3545 
120+10 
~600 


2.935 
3.140 
~3.5 


6.694 
6.854 


~7.1 


* Excitation energy of the compound nucleus F'* 


TaBLe II. Possible angular momenta for N'*(a,a) N"4 and 
N'*(a,p)O" for various assumed spins and parities of F"*. 


J of F'* Parity la lp Ipi* 


0 + 
0 : 


* Orbital angular momentum of proton group to ground state of O 


(I =$/2 +) 
bOrbital angular momentum of proton group of 0.875-Mev state of 
(1 =1/2 +) 


wt 
elastic scattering and proton emission. Figure 8 shows 
the location of the new levels and their characteristics 
on an energy level diagram. The reported proton- 
emitting level at 1.7 Mev was not observed in the 
elastic scattering and seems somewhat doubtful in 
view of the nearby threshold of the reaction (Fu, 
=1.54 Mev). Another level reported at 3.5 Mev® 
might actually be a conglomeration of the two new 
levels plus the broad one near 3.5 Mev. 

It is noteworthy that the elastic scattering does not 
depart appreciably from Rutherford scattering even 
at the largest angle up to 2.5 Mev and the deviations 
are attributable to the onset of the resonances. This 
fact justifies our neglect of phase shifts due to nuclear 
size in the theoretical curves of Fig. 7. 
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Fic. 7. Theoretical angular distributions for N'(a,a)N™ at 
Fq=3.15 Mev, after Blatt and Biedenharn (see reference 10). 
J =assumed spin of level in F'*, /=alpha-particle orbital angular 
momentum. Nuclear size effects and other resonances neglected 
Triangles indicate experimental points obtained at 3.15 Mev. 


Spin and parity assignments of two levels in F'* 
seem possible in principle from existing results but 
have to await the outcome of a very complete theo 
retical analysis of our elastic scattering data and proton 
angular distributions. 


2m,c? 
-1,671_/ 9°0.64 
o* 


Fic. 8. Energy levels in F'*. Levels in bracket are new. 


The one of us from a neighboring institution would 
like to express his appreciation for the kind hospitality 
extended to him by the Department of Terrestrial 
Magnetism and its director, Merle A. Tuve. 
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An approximate wave function describing the deuteron stripping process is set up in a fashion similar 
to that introduced by S. T. Butler. This wave function is made to fit boundary conditions at the surface 
of the nucleus for the stripped-off particle. Thus the parameters characterizing the nucleus that enter this 
description are similar to those familiar from the theory of single-particle nuclear reactions. The cross section 
for the stripping process is calculated from the wave function by a method that gives the cross section for 
stripping by virtual levels as well as that for stripping by bound levels. Some discussion is devoted to the 


Coulomb effect. 


I. INTRODUCTION 

EUTERON stripping refers to an interaction 

between a deuteron and a target nucleus involving 
the breaking up of the deuteron in which only one of the 
two particles making up the deuteron interacts directly 
with the target nucleus. The early work on this subject 
was concerned with estimating the total cross section 
for the process as a function of the energy of the incident 
deuterons.' * The methods used were Born approxima- 
tions employing crude approximate wave functions, and 
semiclassical models. Recent work, using more refined 
Born approximations®® and approximate wave-mechan- 
ical methods,’ has shown that there is a striking de- 
pendence of the angular distribution of the liberated 
particle on the orbital angular momentum of the 
stripped-off particle. The normalization of the cross 
section given by these methods does not lend itself to 
a direct interpretation in terms of the parameters 
usually used to characterize nuclei. Also, most of these 
methods are limited to the case in which the stripped-off 
particle is captured into a bound state, and all these 
methods neglect the Coulomb interaction between the 
proton and target nucleus. 

In what follows, an approximate wave function 
describing the deuteron stripping process is set up in a 
fashion similar to that introduced by Butler.’ This 
wave function is made to fit boundary conditions at the 
surface of the nucleus for the stripped-off particle. Thus 
the parameters characterizing the nucleus that enter 
this description are similar to those familiar from the 
theory of single-particle nuclear reactions. The cross 
section for the stripping process is calculated from the 
wave function in such a manner as not to limit the 
result to only stripping due to capture of the stripped-off 

* This work was supported in part by the joint program of the 
U.S. Office of Naval Research and the U. S. Atomic Energy 
Commission 

ft This work done while a Fellow of the National Science 
Now at Cornell University, Ithaca, New York. 

18, 500 (1935) 
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particle into bound states. Some discussion is devoted 
to the Coulomb effect. 


Il. THE GENERAL THEORY 


To start with, we make the following assumptions 
about the d-p stripping process: 


1. The Coulomb interaction can be ignored. 

2. The protons have no interaction with the target 
nucleus. 
There is no interaction among the products of 
deuteron disintegrations or between these products 
and deuterons, so that deuteron fragments can be 


treated as free particles. 


The neglect of the Coulomb interaction makes the 
theory symmetrical with respect to the possible roles of 
neutrons and protons. 

The physical situation is represented by a six-dimen- 
sional wave function—-three proton coordinates and 
three neutron coordinates. 
nucleus, the wave function must consist of a term 
representing incident and elastically scattered deuterons 
Vp plus a term representing liberated proton-neutron 


(ry, fn’) =VotWr. (1) 


For neutrons outside the 


pairs Vp. 


Ihe primed coordinates refer to the center of mass of 
the deuteron and the target nucleus. Because we wish to 
consider the interaction of the neutron with the target 
nucleus and to find the angular distribution of the 
liberated protons, it will be more convenient if we write 
r,’ and fr,’ in terms of r,, the separation of the neutron 
and the target nucleus, and r,”, the separation of the 
proton from the center of mass of the target nucleus and 
the neutron. This is accomplished by the substitution 


(M,+ M,) 
tf, = fF, 
(M,+M,+M,) 
M; M, 
Wa = 
M,+M, M,+M.4+M, 


(2) 


” (3) 
’ 


where M,=the mass of the neutron, M,=the mass of 
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the proton, and M,;=the mass of the target nucleus. 
When M,—~, of course, the distinctions between 1, r’, 
and r”’ disappear. So we write 


(ry, fn) =WV (rp, fn) =Votr. (4) 


Now let us write these wave functions as Fourier 
integrals over the proton wave number, and let us also 
express the angular dependence of the neutron coor- 


dinate in terms of spherical harmonics: 


~ | dko,,,,,(K, k, 7.) V1" (6,, onder”, 


lim 


Vp 


WV p ~ F dkA_,.(K, kh (kyr,,) 


l,m 


«x V."(62, on)e™*?', r,2>R. (6) 


Y,” is the normalized spherical harmonic and /," is the 
spherical Hankel function of the first kind. h;“ is used 
to represent the free neutrons for r,>R since these 
particles are all created at the nuclear surface and con- 
sequently must be all outgoing in this region. K is the 
wave number of the plane wave of incident deuterons 
relative to the center of mass of the deuteron and the 
target nucleus, k is the proton wave number relative to 
the center of mass of the deuteron and the target nucleus, 
and k, is the neutron wave number relative to the 
center of mass of the neutron and the target nucleus. 
The three are related by the conservation of energy for 
the deuteron fragments: 


h’k,? Ve hk? 


| = = €, (7) 
2Mn1 2Myr 2Mor 
where Mar = Ma Mp (Ma+M B), Mr= M,+M ny and 
«= magnitude of the deuteron binding energy. Equation 
(7) thus provides a definition of k, for Eq. (6). Real 
values of &, correspond to outgoing waves of neutrons 
while imaginary values of k, cause 4," to become a 
decreasing exponential representing the situation in 
which a neutron is captured into a bound state. 

The coefficients Aym appearing in Wp can be ex- 
pressed in terms of the boundary conditions for the 
neutron on the nuclear surface, r,=R. Writing our 
wave function in the form 


Vv : J cen m + Ay mit, Jet rp’ ym 


l,m 


Mi Fi, 


m 
we require that 


0 
(rnVim)| =e m JR. (9) 


Or», k 


The quantities f, are the parameters which characterize 
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the nucleus in its neutron interactions. Because of the 
orthogonality of the plane waves e™*’'?’’, this can be 
written 


(0/Orn) (Pi mt At mh) fi-1 


17 Ay , R 


DP) mt 


Solving for A, 


Rida Orn )Pi m— (i— 1), m 
. (11) 


R(d/dr,) hy = (fi —- Ih |r 


To get an expression for the stripping cross section 
we will need the wave function describing the neutrons 
associated with protons having wave number k. Our 
wave function W(r,, r,’’) describes the neutrons asso- 
ciated with protons having the position r,’’. We propose 
to change from a representation in r,, rp’ space to a 
representation in r,, k space. The wave function in rp, k 
space, i.e., the wave function for neutrons associated 
with protons of wave number k, is gotten from V(r, t,”) 
in the following manner: 


1 
fasrver 
(27)! 


Performing this integration gives 


o(k, r,)= 


a(k, r,)= (29) x: ?, a + (2r)} z A, mR Dy > 
i,m lm 


(13) 
=GotGr=$r, mn2R. 


Using ¢, we calculate the radial neutron current 
density associated with protons of wave number k: 


h 0 
° Pa ° o Pa 
2M 11 Or, 


where a=D, F, T. Integrating —J7 over the surface of 
a sphere concentric with the target nucleus and having 
a radius greater than or equal to R gives the net flux F, 
into the nucleus of neutrons associated with protons 
having wave number k. Choosing this sphere at the 
surface of the nucleus gives 


(14) 


th(2r)*R 
» Bi D, mt Ag, whi“ 


War t,m 


»se es 
wink) 


OP,» Pym AA? 


th(2r)*R® Or, h® or, |r 


(f:—f,*), (15) 
a 


2M, l,m li pu 


where 
R Ohi (Ravn) 


pi = AO +15, = 1+ i : 
hy (Rarn) Or», R 


Integrating Jr over a sphere concentric with the target 
nucleus gives the net flux Fo of the scattered free 
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neutrons associated with protons of wave number k: 


ih(2m)®R 
fo= - = Aj mhy{ p?(— 2ts)" 


IM al lim 
IP), m 


?, m Oh," 


th(2r)* R$ Pim, Or, hky™ Orn 


2M ar i,m | R fi py" R 


« (— 2is,") (16) 
Thus the total tlux of neutrons either absorbed or scat 
tered associated with protons of wave number k in the 
interval dk is 


Fdk= (F + F )dk. (17) 


But there is a one-to-one correspondence between the 
liberated protons and neutrons. Hence Fdk is the total 
flux of liberated protons coming out with wave number 
k in dk. Letting § represent the current density of the 
incident deuterons, the d-p cross section can now be 
written 

(Fi+Fo) dk (Fi+ Fo) 
da(k) = = R'dk 
g dQ J 


(27)*hR®k*dk 
gM 1 
f OP, mm Pim Ohy \* 


hi Ora |r 


| os 
4 (fi*—fr) | Orn 
OE [ea on 


Lm | 24 


lfi-— pi |? 


On, m ?, m Ohy' l 


Orn hi? Or, BR = (18) 


+5, = site 


tir" R 


If we were dealing with the interaction of free 
neutrons with a target nucleus, we would have a wave 
function of the form 


V=D CimV "(i (Rar) — nti (Rar). (19) 


Using this wave function, one finds 


a) 


hyp, — mpi hy 

=[ (2/+1)2/k,? ](1—nm*) 

= total reaction cross section for / neutrons, 

=[ (2/+1)x/kn? || 1—m|? (22) 
= total scattering cross section for / neutrons. 

Now if we define an 9; by means of Eqs. (9) and (20), 

and then use Eq. (20) to eliminate f; from (18), we will 


get 
2whR°k,?| kn | 2k 


g Mar 


51) | Ph | a? 


(2/+ 1) 


do(k)= 


X (ME, O+MMG,O}, 
where 
| OD) m 
MO= — 


| Or, 


>, m Ohy' 12 


hy Orn \r 


(21+ I)m| (1-— nm”), k,*>0, 


k,” ly (ni: - ni*) k,Rs,"' (h,@ )? k,?< 


k.? 
n 


OP, m ‘Orn = ?, moh," ; ‘Ory 


DOD, »/Orn— Py Ah, /OrnAdr 


When #,,,, and 0%, ,,/0r, are both pure real or pure 
imaginary, as will be the case in the approximation 
introduced in Part IV, then 


M%=M® > and ¥=exp(ia) for k,?>0. 


In this case we can interpret Eq. (23) by saying each 
term of the stripping cross section consists of two 
factors: one factor represents the probability that a 
neutron with quantum numbers / and m arrives at the 
nuclear surface, and the other factor is the cross section 
for interaction of such neutrons. The appearance of the 
phase shift a in 6,” no doubt reflects the fact that the 
outgoing free neutrons do not interfere with free 
incident neutrons but with incident neutrons bound to 
protons. 

The m appearing in Eq. (23) is not necessarily the 
same as the 9; appearing in Eq. (19). The m of Eq. (19) 
represents the interaction of free neutrons with a target 
nucleus. The 7; of Eq. (23) must describe the interaction 
of neutrons with a target nucleus in the presence of the 
accompanying proton. Nevertheless, it may not be 
unreasonable to assume that the two n;’s are similar. 
Such an assumption, while not necessary, is consistent 
with the previous neglect of proton interaction. It can 
be tested in the range of single-particle interactions if 
the reaction cross section is predominant. The scat- 
tering cross section should not be expected to be the 
same for single particle and deuteron reactions because 
of the phase shift a. 

Up to this point, we have ignored the fact that the 
particles we have been discussing have intrinsic spins. 
To be exact, we have assumed that the interaction 
between the stripped-off particle (the neutron) and the 
target nucleus is independent of spin. It is our purpose 
now to generalize our result to allow for the possibility 
that the neutron and target nucleus interaction might 
deperd on the total angular momentum J of the neutron 
and target nucleus system and on the difference in 
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parity w between the final target nucleus and neutron 
system and the initial target nucleus. This generaliza- 
tion depends on the interpretation of our expression for 
the stripping cross section, say Eq. (18), as a sum of 
partial cross sections arising from the interaction with 
the target nucleus of neutrons of different / and m: 


da= > 4 mda"™ (f)). (24) 


We effect our proposed generalization by representing 
each partial cross section do“-™ as a sum of cross 
sections corresponding to all the different values of / 
and m attainable by neutrons of orbital angular mo- 
mentum /h, each of these terms being multiplied by the 
appropriate statistical weight: 

tlt} (2J+1) 


I 
. da’™(f,(J, m)). 
7-ti-b) 2(20+1) (+1) (25) 


da=>, 


J = 
Lmar,J=| 


In Eq. (25), 7 is the spin of the target nucleus. Con- 
sequently Eq. (18) becomes 


(2J+1) 
i 2(27+-1)(2/+1) 


(2r)*hR®*k'dk 


Jml+l+4 


da (k) 


mn, J I-l 


JM n; 


OP, m Pim Oy? |’ 


«4 (fi*¥—f) | Orn ka® Orn lk 


: 1¢ 2 
21 lfr-— pr? | 
OP, m Pim Ohy" 


Orn hy Or, 


?, m| 
fi—pr R |r 
where f; is now regarded as a function of J and @ as 


well as /. 


III. INTEGRATION OF THE CROSS SECTION 
OVER A RESONANCE 


Next let us assume that there is a resonance in the 
neutron-nucleus interaction and integrate the cross 
section over this resonance. Such a resonance corre- 
sponds to a level in the neutron+nucleus system. Our 
result will be the cross section for stripping by this level. 

In the vicinity (on the neutron energy scale) of a 
level characterized by 


resonance due to a 


] = J, T= Ti, 
reduced width= y,;= y.(J, mw) = 65,455 "19 
radiation width=I,=T, (J), m1), 


energy = £,'=E,—7A,,"’, 
f, has the form® 
t, = (1 YI(E -E,+4i7,). (27) 


‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIIT. 
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Substituting Eq. (27) into Eq. (26) gives 
(2J+ 1 a 


(29)? R°M prkdE 
tm,r,J 2(27+1)(2/+1) 


da(k) =- 


hgM a1 


OP, m Pi, m dh, 


475. | aes hi Ornalr 
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| 


+ 
2iyR E-E’+hT |e! 


+ 


where '4=2s;"y,, T=lat+I,, and Eq. (7) has been 
used to give 


kdk= —(M yr/h*)dE. 


We will assume that the total level width I’ is small 
compared to the energy interval required to produce 
an appreciable change in the functions appearing in 
Eq. (28) (excluding, of course, the resonance denomi- 
nators). Then we can carry out the integration over the 
resonance by means of the following relations: 


x2 dy 1 x 4/nr T 
f =— tan ( )- ( _ t+), 
x2"? Tr i PX2 x 


(29) 


dy=AA*yx 


xi B ; 
[oj 
x/2 yt har 
4 x 
+[ BB*+ 3i0 (A B*— A*B) }- tan ( ) (30) 
r r 


Taking I'/xy-0, we get 
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a(ky, Wi, Ji) = 
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5px 
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+ P, » 
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a 
lie ene )| ; 
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where x is the range of integration and the sum over / 
in the primed sum must be limited to the range 


[|—J|-31 <1 14544, 


all the /’s in the primed sum being even or odd depend- 
ing on the value of 7}. 

The unprimed sum in 31 represents the contribution 
of potential scattering, the first term after the primed 
summation sign results from resonance scattering and 


Or, hy Or, 


®, m 
-2(s5," )? 
R 


(31) 
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absorption, and the second and third terms following 
the primed summation sign arise from interference 
between potential scattering and resonance scattering. 
Clearly, the difference between the kn,?><0 (s;“)=0) 
case and the kn,’>O case is all due to the appearance of 
potential scattering when kn,?>0. 

We see that the only nuclear parameters entering 
our final expression are the radius R and the reduced 
width y. For virtual states, &n,?>0, we can interpret 7 
in terms of the partial width for neutron emission, I',: 


¥=T./2s,"). (32) 
For bound states, knj?<0, we may use a suggestion of 
Feshbach ef al.9 They suggest that the quantity 


D*=nrKoRy, Ko~1.0XK10"% cm", (33) 


may correspond to the approximate average energy 
level separation at the excitation energy Ey’. 

Since the reduced width y of a level enters the ex- 
pression for the cross section essentially as a normalizing 
factor, the use of stripping experiments to determine y 
will not be so sensitive to errors introduced by poor 
resolution as are the usual methods for measuring level 
widths. 


IV. AN APPROXIMATION FOR THE DEUTERON 
WAVE FUNCTION 


To apply our results, we must know the deuteron 
wave function Wp. If the cross sections are sufficiently 
small, the deuteron wave function can be well approx- 
imated by the incident plane wave. Suppose the internal 
wave function of the deuteron is 


N(e-*"—e*) 
= (34) 


[~ | (e~ 4" —@ 8) 


2x (a—B)? r r 


where r=r,—r, (r,=separation of proton from target 
nucleus). This is equivalent to the assumption that the 
proton-neutron interaction is given by the Hulthén 
potential. Then, on the basis of the above assumptions, 


W p=e'E BN (e- 2" — 4") /r, (35) 


where 


R= (Mar.+M,r,)/(M.+M,). 


This approximation for Wp is also used by Butler.’ 
The deuteron current density becomes 


j= Kh/M p, (36) 


and 


1 
?, n= 
(27) 


facets tp" Y -"(6,, G2) Vd 
3 


2N 1 1 
- | (37) 
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* Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947) 
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where 


M, 
Met- Bic 
Mis 


k,=k———K. 
M, 


t= 


}',"(0,, ¢) is detined relative to the same axis as the 
¥,"(8,, @n) Which appears in Eqs. (5) and (6). We can 
choose this axis parallel to any function of K and k 
we like. We choose the axis to be parallel to K—k. Then 


1 


NV 
?, m= 21418. jaar). (38) 
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atk? B+k? 


Substitution into Eq. (31) gives 


o(ky, m, Ji)= 
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Or, Or p - 
is just the angular distribution derived by Butler. 
Thus our theory is identical to Butler’s in so far as the 
relationship between the orbital angular momentum of 
the captured particle and the angular distribution of the 
liberated particle for stripping by bound levels is con- 
cerned, The agreement of this relationship with experi- 
ment is surprisingly good in view of the fact that the 
Coulomb effect has been neglected. 


V. THE COULOMB EFFECT 


To include the effect of the electrostatic interaction 
between the proton and the target nucleus in our theory 
we must replace the free space proton functions used in 
our analysis by their Coulomb analogs, and Wp must 
be replaced by a wave function Wp‘, which describes the 
motion of the incident and scattered deuterons without 
neglecting the Coulomb field. These functions" will be 


Tables of Coulomb Wave Functions, Volume 1, National 


Bureau of Standards: Applied Mathematics, Series 17 
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defined in terms of the two solutions, F,(p) and G,(p), 
of the equation 


j @ 2H =l(l+1) 
al 
| dp? p 


I, is the regular solution, G,; is the irregular solution, 
and they are normalized so that they have the asymp 
totic forms 


(40) 


F'i(p) — sin| p— 4 In2p— $lr+a,], 
p78 


>cos| p 9 In2p Slr+o, 1, 


y 


b 


where 
o.=arg{gamma function (/+ 1+7%)}. (42) 
Now we list the free space functions we have used in 
our analysis together with their Coulomb analogs: 


7-0, 
FI (kr)e~*: 
fi(kr) >jilkr), 


kr 


Gilkrje oe 
gi(kr) >ni (kr), 
kr 


yi (kr) = fitigroh, (kr), 


yu (kr) = fi 


tor 7 i'Y .*(6,, a ™(6,, ¢«) 


i,m 


ig:*—h,@ (kr), 

e(kr) 
x fi* (kr)—e*", 

S(kr)=49 > i'Vy"(0,, oe) Vieo™(Ox, ox) 


l,m 


x fi(kr)—e™'. 


lor our problem 


9=ZeEM p1/ hk, (44) 


where e is the charge of the electron. € is constructed 
so that its oulgoing part is asymptotically a pencil of 
particles of wave number k. @ is constructed so that 
its incoming part is asymptotically a pencil of particles 
of wave number k. 

Now if we re-examine our derivation in part II, we 
will find that the only properties of the free space func- 
tions that played a role in the argument were: 


(a) the Wronskian property of the h’s [Eq. (11) ], 

(b) the orthonormality of the plane waves, 

(c) the interpretation of the outgoing part of a plane 
wave as a pencil of particles. 


It can be easily verified that the y’s have the same 
Wronskian property as the 4’s and the @’s have the 
same orthonormality property as plane waves. Asymp- 
totically the outgoing part of © has the same inter- 
pretation as the outgoing part of a plane wave. Thus 
we can take the Coulomb effect into account with a 
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single stroke—we merely take our previous results and 
substitute Wp° for Wp and substitute y, for hk, and 
(kr) for e** when the argument contains the proton 
coordinate. Thus, if we write the deuteron wave 
function in the form 


v,)°=> | dko,,,.°?(K, kyr.) Vi", on) &(k, 7p”) 


(45) 
‘3 dk, mo ( K, k, lp) Fire, PO ai le 
l,m 


the d-p cross section is identical with Eq. (31) except 
that #,,, must be replaced by #; »°”, and the d-n cross 
section results from Eq. (31) when ®,,, is replaced by 
,,," and s;"? is replaced by 


s,)©= imaginary part of 


R Oy" (Ry, Tp) 
(46) 
yi (Rp, Pp) or, rm 


Actually this procedure introduces an additional 
approximation for the d-p case. The calculation for the 
d-p case involves using @(k,, r,’’) to represent liberated 
protons. Such a representation would be correct if the 
electric charge of the target nucleus resided at r,"’=0 
rather than at r,=0. Our approximation is justified 
when the neutron is captured into a bound state or 
when the target nucleus is heavy. 

Application of these Coulomb expressions to the 
interpretation of experiments must wait upon the dis- 
covery of suitable approximations to the ,,,°? and 
Pm" defined in Eqs. (45). 


VI. COMRARISON WITH EXPERIMENT 


According to the results of Sec. IV, the angular de- 
pendence of the cross section for stripping due to a 
certain level in the residual stripped-off particle and 
target nucleus system can be used to identify the orbital 
angular momentum of the stripped-off particle in that 
level, while the normalization of the cross section 
determines the reduced width of the level. We will 
consider two experiments—one involving stripping by 
bound levels and the other involving stripping by 
virtual levels. We will evaluate /, y, and D* for these 
levels. 

As our first example we will consider an experiment 
involving capture into bound states. We use the data of 
Fulbright ef a/.,"" who measured the angular distribu- 
tions for the Be*(d,p)Be'® and Be*(d,p)Be!* reactions. 
The differential cross sections for these processes were 
measured with an accuracy of only 20 percent. The 
angular distributions can both be fitted by choosing 
l=1, R=4.5X10-" cm. Using these parameters and 
their data, we get the following values for the reduced 

" Fulbright, Bruner, Bromley, and Goldman, Phys. Rev. 88, 
700 (1952) 
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widths of these levels: 
y = 36/(2J+-1) kev for the ground state, 
y= 41/(2/+1) kev for the excited state. 


With these values of y the “approximate average level 
spacing” D* is 

D* =620/(2J+1) kev for the ground state, 

D* =690/(2J+1) kev for the excited state. 


In these expressions J is the spin of the residual nucleus. 
Since the spin of Be® is } and since the neutron is 
captured with /=1, J must have a value between 3 and 
0. 

So far as we know, the only investigation of stripping 
angular distributions due to virtual levels has been done 
by Goldberg.” Using 4-Mev deuterons to initiate the 
Mg*4(d,n)Al*®> reaction, he has measured the angular 
distribution for three virtual levels in Al**. 

To analyze Goldberg’s data we will assume that the 
stripped-off particle can be captured into a given level 
with only one value of / which is characteristic of that 
level. Then the cross section for the d-v reaction becomes 
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The Q’s for the three virtual levels measured are 


—2.67 Mev, Q;=—3.04 Mev, 


Q.= —2.44 Mev, Q.= x 


and the incident deuterons had a mean energy of 3.97 
Mev in the laboratory. We see that the protons are 
captured with very small energies: 
E=—Q-—e=—Q-—2.226 Mev, 
E,=0.21 Mev, E.,=0.44 Mev, £E;=0.81 Mev. 
As a consequence, the penetration factor, 


kp, R 
F2(kaR)+G2(knR) 


5,0 


will be quite small. For instance, choosing R=5.8X 107" 
cm, /=1, and using Es, one finds that 
5,9 °‘=0.5X10 2. 


12 EF. Goldberg, Phys. Rev. 89, 760 (1953 
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5.8 x 10°" em 
= 5.05 x 10°"3cm 
R= 4.0 %:10 "cm 


(x 4.84 mb) 


0 (8) 
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Fic. 1. Angular distribution (with respect to the center-of-mass 
system) of neutrons from the Mg™*(djn)AFP® reaction. Deuteron 
energy in the laboratory system was 3.973 Mev. The Q was — 2.44 
Mev. 


Thus we can take s,;“?*=0 and incur an error of less 
than 1 percent. In this approximation we have 


4! REM ek (2I+1)y1 
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Having used the Coulomb effect to eliminate the 
penetration factor we will now, somewhat inconsistently, 
neglect Coulomb effects. Neglecting the Coulomb effect 


allows us to use 


5,08! (21+ 1)! va 
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a 10° cm 
2 5.05 «10° cm 


+.0 £ 10°'3om 


(x 1.83 mb) 


o(6) 
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hic. 2. Angular distribution (with respect to the center-of-mass 
system) of neutrons from the Mg*(dn)AP® reaction. Deuteron 
energy in the laboratory system was 3.973 Mev. The Q was — 2.67 
Mev 


We have plotted this angular distribution for various 
choices of R and / and compared it to Goldberg’s data 
in Figs. 1, 2, and 3. The values of the parameters used 
in the calculations are 

[=(, 

M,=1.01 amu, 
M,=1.01 amu, 
Mp=2.01 amu, 


1 amu= 1.6610" ky. 


az=2.32X 10" cm“, 
B= 16.2410" cm", 
«= 2.226 Mev, 
VM ,= 24.00 amu, 
M r= 25.00 amu, 
It is seen that the best fit to the data is secured by 
choosing 
5.05107" cm, for Qi; 
for Qe; 
for Qs. 


5.8X< 10-8 cm, 
1x 10-" cm, 


With these choices one gets the following values for the 
reduced widths y, and for D*: 
5180/(2/+1) kev, for O;; 
1905 kev, for Qo; 
= 26000/(2J-+1) kev, for Qs. 


¥i1=327/(2J+1) kev, D* 
Yo = 108 kev, D* 
¥1= 207/(2J+1) kev, D* 

Level 3 has been studied by Koester’ by the elastic 
scattering of protons. Koester classifies this level as a P; 
state having a reduced width y=436 kev. Using this 
assignment of J we get y=52 kev. The values we get 
for D* may be compared with the level spacing ob 


3], 5. Koester, Jr., Phys. Rev 85. 643 (1952) 
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served'4 in Mg”, These turn out to be about 200 kev at 
the same excitation as the levels in Al** discussed above. 

The fact that we cannot fit the three curves using 
the same value of R is disappointing. 

We have already noted that the boundary condition 
ior the quant'ty ®+-Ah are not necessarily identical to 
that for a “free” neutron with the corresponding energy. 
Consequently, the reduced width that enters our ex- 
pressions is not necessarily equal to that measured in 
single particle reactions. Nevertheless, it is to be ex- 
pected that the two reduced widths are of the same 
order of magnitude. 

The fact that we neglect the Coulomb interaction in 
our approximation for ® leads us to underestimate the 
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Fic. 3. Angular distribution (with respect to the center-of-mass 
system) of neutrons from the Mg**(djm)AP® reaction. Deuteron 
energy of the laboratory system was 3.973 Mev. The 0 was — 3.04 
Mev 


reduced widths. This is because we expect the true 
expression for the stripping cross section to be smaller 
than ours by a factor giving the diminution of the 
square of the wave function of the incident deuterons 
resulting from the partial penetration of the deuterons 
into the Coulomb barrier. 
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An attempt is made to detect dineutrons (6) emitted from hypothetical (p,4) reactions by observing the 
activity of the end product of (5,p) reactions. The activity expected, assuming the dineutron to be stable, is 
calculated from the statistical theory of nuclear reactions and found to be greater than the maximum ob 
served activity by a factor of 10°. The acceptance of this result as conclusive would indicate that Va? for 
the neutron-neutron interaction cannot be more than 10 percent larger than for the neutron-proton inter 


action. 


DEFINITE answer to the question of whether or 

not a system of two neutrons possesses a bound 
state would be a significant contribution to the im- 
portant nuclear physics problem of the neutron 
neutron force. To show this, consider the singlet #-n 
force to be represented by a potential well of depth Vo 
and range a; it may be shown! that the condition for 
existence of a bound state is Iya?51.02K10~*%* Mev 
cm’, The experimental results for u-p and p-p singlet 
potentials are Vya?=0.93 10°" and 0.82K 10°" Mev 
cm’, respectively. For the triplet ”-p potential, Va’ 
=1.67X10-%* Mev cm?, thus allowing the bound 
state of the deuteron. According to the principle of 
charge symmetry of nuclear forces, n-p and n-n forces 
should be identical; however, a difference of only 10 
percent between the two would result in the existence 
of a bound state of the n-n system known as the 
dineutron. 

The question of the existence of the dineutron (here- 
after designated by 6) has been raised several times in 
the past few years. Feather’ discussed the possibility 
of its existence and suggested several methods by which 
it might be detected. Fenning and Holt® attempted to 
detect its presence in fission by the activity that would 
be produced in bismuth by a (6,y) reaction. Ferguson 
and Montague* performed a similar experiment with 
helium. In both cases negative results were reported, 
but a quantitative analysis of their data (see below) 
indicates that their methods were somewhat insen- 
sitive 

Phillips,’ from measurements of the y-ray spectrum 
emitted in the reaction m~+d—2n+y, calculates that 
the dineutron should be unstable by about 260 kev; 
however, a bound state would be indicated if his re- 
sults were changed by less than one probable error. 

Kundu and Pool® and Taschek’ have reported evi- 
dence for at least a quasi-stable dineutron, but their 
results can be explained equally well by a virtual state. 

To throw additional light on this problem, a search 


'H. A. Bethe, Revs. Modern Phys. 9, 71 (1937) 
2.N. Feather, Nature 162, 213 (1948). 
3F. W. Fenning and F. R. Holt, Nature 165, 722 (1950) 
4A. J. Ferguson and J. H. Montague, Phys. Rev. 87, 215 (1952) 
5R. I 
) 


{. Phillips, University of California Radiation Laboratory 


Report UCRL-1895, 1952 (unpublished) 
. N. Kundu and M. L. Pool, Phys. Rev. 73, 22 (1948) 
Taschek, Phys. Rev. 79, 238 (1950) 
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was made for dineutrons emitted from (p,6) reactions, 
with an attempt to detect them by (6,p) reactions. This 
method of detection has two very distinct advantages 
over the methods of Fenning and Holt’ and of Ferguson 
and Montague ;' firstly, the cross section for (6,p) would 
be expected to be much larger than for (6,y); and 
secondly, the radioactive end product may be ex- 
tracted by radiochemical processing, which makes it 
possible to use a large detecting sample and still obtain 
good counting efficiency. 
The detecting reaction used was 


Cu®(5,p)Ni®—3" (56 hr)+8>(S min)+Zn. 


Several plates of electrolytic copper weighing a total 
of 3000 grams were placed in the ORNL 86-inch 
cyclotron immediately behind a thick bismuth target 
which was then bombarded with 1000 microamperes 
of 23-Mev protons for 125 hours. After the bombard- 
ment, the copper was chemically processed to remove 
the nickel which was then counted for 35 days under an 
end-window Geiger counter with an absorber inter- 
posed (since the 5-min daughter of Ni® decays with a 
2.6-Mev beta). The data resolved into a very long 
half-life ($5 years) and the 36-hour activity due to 
Ni*? from the (#,2m) reaction in the nickel impurity. 
The maximum possible 56-hour activity, extrapolated 
to the end of the bombardment and taking into account 
the 11 percent chemical yield (determined from both 
spectrographic and activation analyses of the nickel 
impurity in the copper) and the 40 percent counting 
efficiency, was determined to be 2.5 disintegrations 
per second. 

The expected yield, assuming the dineutron to be 
stable, was calculated from the statistical theory of 
nuclear reactions® in a straightforward way.’ It was 
found to be larger than the maximum observed activity 
by a factor of 10°. An analysis of the uncertainties in- 

‘J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, New York, 1952). 

’B. L. Cohen, Oak Ridge National Laboratory Report 1382 


unpublished).The calculation assumes that sticking probabilities 


for dineutrons are unity, so that /s=F, (except, of course, for 
energetic differences) in reference 8, p. 373. The threshold for 
(p,2n), and therefore for (p,5), in bismuth has been measured as 
about 8 Mev. The maximum beta energy of Ni® was taken as 1.7 
Mev which is as large as can be expected for a 56-hr activity. The 
level density of the odd-odd nucleus Cu® was assumed four times 
larger than that of the even-even nucleus Ni® 
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volved in the calculation reveals that while they are 
large, they could not, without the greatest difficulty, 
be stretched to explain so large a discrepancy.” 

A similar calculation on the data from references 3 
and 4 indicates that, if a dineutron were stable,” 


for bismuth, o(6,y) <10~*9 cm?; 


for helium, o(6,y)<5X10-*8 cm’. 

98 Nole added in proof:—It has recently been found {B. L. 
Cohen and T. H. Handley, ‘Experimental Studies of (p,t) Re- 
actions,” Phys. Rev. (to be published) ] that the statistical theory 
successfully predicts the cross sections for (p,t) reactions occurring 
by compound nucleus interaction in iron and palladium. Since 
the uncertainties in these calculations are very similar to those 
in the dineutron calculation (the thresholds are about the same), 
the dineutron calculation is probably not in error by as much as a 
factor of ten 

© The statistical theory does 
the results of the calculation are given in terms of o(6,y) necessary 
to explain the experimental results. 


not predict (6,y) cross sections, so 
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Since (6,y) reactions compete with (6,7) reactions in 
which neutron emission is energetically possible by at 
least 7 Mev, these cross sections are not unreasonably 
small. In addition, there is greater uncertainty in the 
application of the statistical theory of nuclear re- 
actions to fission than to simpler reactions such as 
(p,6). By use of (6,p) detection, the sensitivity of the 
search for the dineutron in fission could be extended to 
almost any desired sensitivity by using a sufficiently 
large quantity of copper. 

The authors wish to acknowledge the many helpful 
comments and suggestions of J. L. Fowler and T. A. 
Welton. The activation analysis was performed by 
G. W. Leddicotte, and J. A. Martin helped with the 
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The proton groups from vanadium targets bombarded with 6-Mev deuterons from an electrostatic gener- 
ator have been analyzed with a 180-degree magnetic spectrograph. The ground-state Q value for the 
V"\(d,p) V™ reaction was found to be 5.072+0.008 Mev. Of the proton groups observed, twenty-three have 
been ascribed to vanadium and correspond to excited states in V® between the ground state and an excita- 


tion energy of 3.30 Mev. 


I. INTRODUCTION 


NFORMATION regarding the excited states of V™ 
has been derived principally from studies of the 
V*(d,p)V™ reaction’* and from the study of the 
gamma rays from the V°!'(7,y)V® reaction.® The results 
of these various investigations are not ingood agreement. 
The Q value for the ground-state transition of the (d,p) 
reaction has been reported to be 7.80 Mev by Davidson! 
and 5.5340.15 Mev by Abramov.’ Harvey’s value’ of 
5.02+0.05 Mev is in better agreement with the value 
of 5.079-+-0.008 Mev which is deduced from the gamma- 
ray measurements.’ The discrepancy between these 
* This work has been supported in part by the joint program 
of the U. S. Office of Naval Research and the U. S. Atomic Energy 
Commission. : 

t These results are taken from a thesis submitted by the authors 
to the Massachusetts Institute of Technology in partial fulfillment 
of the requirements for the degree of Master of Science in Physics 
under the Naval Postgraduate Training Program. 

t Lieutenant, United States Navy. 

1W. L. Davidson, Phys. Rev. 56, 1061 (1939). 

2A. Y. Abramov, Doklady Akad. Nauk. (U.S.S.R.) 73, No. 5, 
923 (1951). 

3 J. A. Harvey, Phys. Rev. 81, 353 (1951). 

4J.S. King and W. C. Parkinson, Phys. Rev. 89, 1080 (1953). 

5G. A. Bartholomew and B. B. Kinsey, Phys. Rev. 89, 386 
(1953). 


various values is somewhat reduced if one assumes that 
a second group of protons of Q value 5.33 Mev, as 
measured by Davidson,! is the ground-state group and 
that the higher Q value is due to some other process. 
There is similar disagreement regarding the positions 
of the excited states of V, the gamma-ray measure- 
ments showing a considerably more complicated 
spectrum than would be expected from the results of 
the (d,p) reaction studies. 

Recently, King and Parkinson‘ have reported angular 
distribution studies of two proton groups from the 
(d,p) reaction, the groups being assigned to the ground 
state and first excited state. Such a study was proposed 
by Bethe and Butler® as a test of the nuclear-shell 
model. There is some doubt regarding the interpreta- 
tion of these experiments, since the gamma-ray meas- 
urements indicate that several different groups may 
have been involved in the measurements. 

In view of these discrepancies, the measurements to 
be reported in this paper were undertaken in order to 
study the (d,p) reaction with higher-resolution appa- 
ratus than has been available to other workers. 


5H. A. Bethe and S. T. Butler, Phys. Rev. 85, 1045 (1952). 
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Fic. 1. Proton groups from natural vanadium target bombarded with deuterons of energy 5.74 Mev. 


II. EXPERIMENTAL PROCEDURE 


For these studies, the ONR electrostatic generator 
and a 180-degree magnetic spectrograph were used. The 
generator provides a deuteron beam whose energy can 
be varied up to 8.5 Mev, and the spectrograph makes 
possible the high-resolution analysis of the charged par- 
ticles emitted in a direction at 90 degrees with respect 
to the deuteron beam. This installation has been de- 
scribed in a recent paper,’ which contains references to 
the calibrating procedure and the methods of analyzing 
the data. 

For this work, targets were prepared by evaporating 
metallic vanadium onto thin Formvar films. The 
evaporation process produced targets that would 
satisfactorily withstand several thousand  micro- 
coulombs of bombardment wihout deterioration. This 
process will be described in a separate publication. A 
chemical analysis of the metal used for the target 
preparation, as determined by the Vanadium Corpo- 
ration of America, showed that aside from oxygen the 
only impurities present were 0.05 percent or less of 
silicon, iron, aluminum, and nitrogen. The targets, as 


7 Buechner, Sperduto, Browne, and Bockelman, Phys. Rev, 91, 
1468 (1953). 


prepared, were analyzed by studying the energy dis- 
tribution of protons elastically scattered from them. 
These measurments showed, in addition to traces of 
the impurities listed above, small amounts of tantalum, 
potassium, and sodium, presumably from the evapo- 
rator, as well as carbon and oxygen from the Formvar 
backing. While natural vanadium consists of two 
isotopes, the abundance of V™ is only 0.24 percent. 
Since these measurements covered a region of proton 
energy above that in which the groups from carbon and 
oxygen are encountered [except for the ground-state 
group of C¥(d,p)C"], all the intense proton groups 
observed presumably originate from the V°(d,p)V™ 
reaction. In order to insure, however, that none of the 
groups thus assigned originated from an impurity, each 
of the observed groups was studied at more than two 
bombarding energies. While the complexity of the ob- 
served proton spectrum and the fact that not all the 
proton groups were completely resolved prevented the 
exact determination of the masses involved, in all cases 
it was established that the target mass responsible for 
each of the peaks differed from that of V® by five mass 
units or less. Since none of the analyses indicated the 
presence of contaminants within this mass range, it is 
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TABLE I. Reaction energies from V*'(d,p)V®. 


Relative 


intensity 


for 
Ea =5.74 Mev 


0.93 
0.36 
0.07 

0.50 
0.75 
0.21 

0.13 
1.00 
0.50 
0.38 
0.20 
0.43 
0.48 
0.33 
0.40 
0.39 
0.10 
0.22 
0.21 

0.20 
0.41 

0.52 


0).29 


Q value in Mev 


5.072+-0.008 
4.941 +-0.008 
4.65440.008 
4.292 4-0.008 
4.238+4-0.008 
3.67040.008 

597 +0.008 

527 +0.008 

319+-0.008 

287 +0.008 
3.23140.015 
2.984+0.008 
2.9414+0.012 
2.922+0.012 
2.765+0.008 
2.657 +0.008 


2.0214-0,008 
1.883 +-0.008 
1.766+4-0.008 


Level energy 

in Mev 

0 
0.131+0.011 
0.418+-0.011 
0.780+0.011 
0.834+0.011 
1.402+0.011 
1.475+0.011 
1.545+0.011 
1.753+0.011 
1.785+0.011 
1.841+-0.017 
2.088+0.011 
2.131+0.015 
2.150+0.015 
2.307+0.011 


3.0514+0.011 
3.189-4-0.011 
3. 306-+0.011 


considered probable that all the groups identified as 
originating in V® have been correctly assigned. 


III. RESULTS 

The proton groups having energies between 10.5 
and 7.0 Mev observed from a vanadium target bom- 
barded with 5.74-Mev deuterons are shown in Fig. 1. 
The labeled groups in the figure are assigned to the 
V"(d,p)V™ reaction. As has been mentioned, these 
assignments were made partly on the basis of the ob- 
served shift in energy of the groups with changes in 
the deuteron energy. Thus, the groups in Fig. 1 having 
an energy greater than 9.5 Mev were also studied at a 
bombarding energy of 5.00 Mev. The lower-energy 
groups in the figure were also measured for a bom- 
barding energy of 6.48 Mev. As can be seen from the 
figure, a number of low-intensity groups are present, 
and, except for the one at //p=4.60, no assignment has 
been made. The group at //p=4.60 originates in the 
ground-state C"(d,p)C™ reaction. It is clear that, as 
would be expected from the shell model, the level 
scheme of V® is of considerable complexity. 

The Q values calculated for these various groups, 
together with their relative intensities, are tabulated in 
Table I. Also listed are the positions of the excited 
states, as deduced from the present work. The ground- 
state Q value is in excellent agreement with the value 
of 5.079+-0.008 Mev, which is obtained by subtracting 
the deuteron binding energy from the ground-state 
gamma-ray energy measured by Bartholomew and 
Kinsey® for the (,y) reaction. 

An energy-level diagram for V™, based on the present 
results, is shown in Fig. 2. It is probable that several 
of the levels shown, E and M, for example, are actually 
more complex, but no attempt was made to resolve 
further the groups shown in Fig. 1. In contrast to 
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previous work on the (d,p) reaction, there is agreement, 
within the experimental errors, between these results 
and those from the (m,y) reaction. With the exception 
of the weakest gamma ray, in the region where the two 
sets of measurements overlap, all of the radiations ob- 
served by Bartholomew and Kinsey can be assigned to 
transitions between the capturing state in V® at 7.305 
Mev and the various levels shown in Fig. 2. In the 
figure, the vertical lines represent these gamma-ray 
transitions. The letters associated with each gamma 
ray are those used by Bartholomew and Kinsey. In 
agreement with their results, no indication was found 
for an isomeric state at 0.25 Mev reported by Renard.* 
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Fic. 2. Energy levels of V®. Vertical lines represent possible 
assignments of the gamma rays from the (n,y) reaction. 


Although there is good over-all agreement between the 
results of the (d,p) and (n,y) studies, it is puzzling that 
except for level P, the levels as determined by the 
gamma-ray work are all between 10 and 20 kilovolts 
higher than the corresponding levels as determined 
from the proton groups. No reason has been discovered 
for this discrepancy, which is within the combined 
errors of the two sets of measurements. 

We are indebted to Professor W. W. Buechner, Dr. 
C. K. Bockelman, Dr. C. P. Browne, and Mr. A. 
Sperduto for guidance and assistance during the 
course of this work. 


8G. A. Renard, Ann. Phys. 5, 385 (1950) 
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An extension of the existing term analysis of the spectrum of Sb IT has led to the reliable identification of 
lines which are known to exhibit well-resolved hfs patterns. Among the few such lines which reveal a simple 
pattern are the three transitions whose wavelengths in angstroms are 5057, 5895, and 6806. Based on the 
measurements of the hfs separations of these lines, it has been possible to arrive at values of the nuclear 
electric quadrupole moments of Sb’ and Sb” from a study of the splitting of the 5s5p34P,, Sp6s §P, and 
5p6p 8D, states. Utilizing the recent value of the quadrupole-moment ratio as determined by microwave 
techniques, corrections have been applied for the perturbing effects of unassigned nearby levels. The present 
calculations yield the following results for the quadrupole moments of the two isotopes: 


Qin= 


I. INTRODUCTION 


N a recent paper Dehmelt and Kriiger' have pointed 

out that the published values?* of the quadrupole 
moments of the two stable antimony nuclei are in need 
of revision. Their investigation is based on microwave 
measurements on SbCl; and yields a reliable value for 
the ratio of the quadrupole moments of Sb’! and Sb™, 
The ratio determined by them differs from the existing 
corresponding spectroscopic value by a factor of four. 
The microwave measurements of the above-mentioned 
authors do not lead to the determination of the indi- 
vidual quadrupole moments of the two isotopes. It was 
therefore considered worth while to carry out a careful 
study of the evaluation of the quadrupole moments on 
the basis of spectroscopic information and to find out 
whether the above discrepancy could be accounted for. 


EXPERIMENTAL 


The spectroscopic data were derived from hfs pat- 
terns in the spectrum of Sb II. As explained in Ap- 
pendix I, the perturbing effect of nearby terms plays an 
important role in the calculation of the quadrupole 
moment. Furthermore, the classification of certain lines 
which show measurable deviations from the interval?4® 
rule was insecure. Thus, it was necessary to extend the 


TABLE I. Wavelength and transitions of Sb IT lines used in the 
calculation of the quadrupole moment. The first two lines involve 
transitions from a state with J=0 to a state with J=1. In the 
third line J changes from 1 to 0. The third column lists the energies 
of the states with J=1, referred to the ionization limit as zero 
of energy. 


Term value of 
the state with 
Transition J =1lincm™ 


s 3p sp, $1 661 


Wavelengths 
in air in 
angstroms 
5057 
5895 
6806 


5s*5p6p 'So—5 
5875 pOp °Po—5s75 pOp *P, 89 265 
5525 p6p *D\—5s5 pos #P 74975 


1H. G. Dehmelt and H. Kriiger, Z. Physik 130, 385 (1951) 

2D. H. Tomboulian and R. F. Bacher, Phys. Rev. 58, 
(1940). 

3K. Murakawa and S. Suwa, Phys. Rev. 76, 433 (1949). 

‘W. Eilers, thesis, Cornell University, 1942 (unpublished). 

°S. P. Walker, thesis, Cornell University, 1948 (unpublished 


1.3X10°% cm?, and 


Qi2s= —1.7X 10 cm* 


existing analysis of the spectrum in order to gain addi- 
tional information on the presence of perturbing levels 
and identification of terms. The wavelengths of Sb II 
lines in the infrared region were determined from spectra 
obtained by the use of a 21-ft concave grating mounted 
in the Wadsworth arrangement. In conjunction with 
existing term assignments® and a list of wavelengths 
supplied by the National Bureau of Standards,’ the 
measurements from the infrared region were utilized to 
locate new terms as well as to confirm previous identifi 
cations. Of particular importance to the present investi 
gation was the classification of three lines (A5057, 
45895, and A6805) which involve levels with low J 
values (0 or 1) and show well-resolved hyperfine struc- 
ture separations. These lines and their probable designa 
tions are listed in Table I. The levels of special interest 
are those whose J value is unity, i.e., 5p6s*P), 5p6p *D,, 
and 5s5p* #P;. 

A tentative classification of 45895 had previously been 
given by Walker,® and also by Murakawa.’ The present 
study has confirmed the accuracy of the identification 
of the lower 5p6s *P, level on the basis of the evidence 
obtained from the hyperfine structure of the ultraviolet 
line A2192, The structure of this line was measured with 
a 180 000-line grating in the fourth order. Although the 
components due to the two isotopes were not completely 
resolved, the observed pattern and the measurable 


TABLE II. Hfs level separations of the three levels with J= 1. 
The separations are expressed in units of 10°? cm™ and the 
intervals are designated by the F values of the hyperfine levels 
involved. The spins of the heavy and light isotopes are 7/2 
and 5/2, respectively. 


Spop 1p, SsSp' Pi 


Spa 


[=7/2 


436.8 
333.9; 


299.9 
238.1 


Sb! 


440.0 615.5 
| [=5/2 


306.2 437 


R. J. Lang and E. H. Vestine, Phys. Rev. 42, 233 (1932) 
V. F. Meggers (private communication) 


105 





G. SPRAGUE AND 


7 Yo 


Fic. 1. The ob 
served separations of 
the 5p6s7P,; level. 
The intervals are 
expressed in units of 
107% cm“. 





Sb 


intervals were in agreement with those predicted by the 
given assignment. 

The 5p**P, level, the splitting of which gives rise 
to the observed pattern of 45057, combines with all 
the well-established ground levels of Sb II. The assign- 
ment of the electronic configuration was made on the 
basis of comparisons with the spectra of analogous ions, 
notably with that of P II. The electronic configuration 
of *D, level was decided upon in a similar manner and 
the term designation is in harmony with the inverted 
hyperfine structure. The 5p6p*D, level is the only 
member of this configuration with this property. 

The three fine structure levels with which we are 
concerned all have the same J value (J=1). Since the 
spins of Sb'*! and Sb" are 5/2 and 7/2, respectively, each 
level splits into a hfs triplet as illustrated by the 
typical energy-level diagram for the 5p6s*P; level 
shown in Fig. 1. The experimental values of the hfs 
intervals were determined from interference patterns 
of the three lines listed in Table I. The high-resolution 
apparatus consisted of a Fabry-Perot etalon used in 
conjunction with a Zeiss 3-prism spectrograph. The 
best values of the intervals for each of the two isotopes 
are taken from previous measurements?** and are col- 
lected in Table IT. 


TREATMENT OF DATA AND RESULTS 


The study of the spectrum indicates that there are 
neighboring levels, which lie close to the three states 
with J=1. The distances of those which fall nearest to 
the 5p6s*P\, Sp6p*D,, and 5s5p**P, states are re- 
spectively 133 cm™, 665 cm™'!, and 447 cm~. Unfortu- 
nately, it has not been possible to identify these levels 
which are expected to give rise to perturbing effects. 
If these states could have been identified, then their 


TaBLe III. Tabulation of the calculated values of Qj23, the 
quadrupole moment of Sb™, expressed in units of 107% cm’. 


Corrected for 
polarization 

State Nonrelativistic Relativistic oi core 
—1.6 


—1.7 
— 0.98 —1.1 


5p6s sP, 1.6 
5 pop *D 1 
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effect on the hfs of the observed levels could have been 
taken into account using the scheme given by Casimir.* 
Since this procedure was not feasible, the perturbing 
effects were included as undetermined quantities in the 
calculation of the quadrupole moments. The magnitude 
of the pertu:bation was arrived at by requiring that 
the ratio of the quadrupole moment of the two isotopes 
be in agreement with the corresponding ratio obtained 
from microwave spectra. The details of the calculation 
are explained in Appendix I. 

Once the effects of the perturbing levels are known, 
the value of the quadrupole moment can be calculated 
from the interval separations given in Table II by the 
use of the Casimir relations.* The difficult part of the 
calculation is the determination of the matrix element 

> (3cos’@—1),. The evaluation of this involves 
electrons 
the selection of suitable wave functions. 

The wave functions and matrix elements for the 
Ss5p?*P; and 5p6p*D, states are tabulated in Ap- 
pendix IT. In the case of the 5s5p* *P; level Z—S coupling 
was assumed, although it was necessary to consider a 
mixture of states (5s5p*'P, is the most probable 
identification on the basis of known transitions, but 
this level would show no quadrupole effect). Since the 
5p6p configuration does not exhibit j-j coupling an L-S 
function was used in connection with the 5p6p*D, 
state. In any case no other course was open, since, due 
to incomplete classification of levels, intermediate coup- 
ling formulas could not be applied here. The calculations 
for the 5p6s*P, state do not appear in Appendix IT. 
They follow closely those given by Murakawa,' except 
that a slightly different value is obtained for the 
coupling coefficient c,. This is changed from 0.081 
appearing in the aforementioned reference to 0.144. 
The substitution of the experimentally determined hfs 
intervals (Table II) into Eq. (1) (Appendix I) leads to 
the evaluation of B, a factor which is determined by 
the interaction of the nuclear quadrupole moment and 
the electrons. For the heavier isotope, the values of B 
for the three states in question are collected in Table IV. 
The evaluation of Q, the quadrupole moment of the 
heavier isotope, is then carried out as described in 
Appendix I, and the results are listed in the first column 
of Table III. The second column shows the values of Q 
to which relativity corrections have been applied follow- 
ing the method outlined by Kopfermann.? The last 
column shows the results as further corrected for the 
polarization of closed shell electrons by the nuclear 
moments, as discussed in a recent paper by Stern- 
heimer.'° 

The value of Qi; cannot be obtained from the 
5s5p*3P, level. This is due to the undetermined con- 


8H. B. G. Casimir, On the Interaction between Atomic Nuclei and 
Electrons (Verhandelingen Teylers Tweede Genootschap, Haarlem, 
1936). 

°H. Kopfermann, 
schaft, Leipzig, 1940). 

1 R. Sternheimer, Phys. Rev. 86, 316 (1952). 
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QUADRUPOLE MOMEN 
tribution of other states to the value of the matrix 
element. This contribution cannot be taken into account 
at present. The quadrupole moment deduced from the 
5p6p *D, state is based on the assumption of pure L-—S 
coupling. This assumption is not fully justified. The 
most reliable value is that obtained from the 5p6s *P, 
state since intermediate coupling could be used in this 
case. The value of the quadrupole moment of Sb"! is 
obtained from that of Sb'® by the use of the ratio of 
moments as demanded by the calculations outlined in 
Appendix I. 
The final results are 


Oo = — 1.3 10-*4 cm?, 


x 


O23 = ix 10 24 cm’. 


APPENDIX I 
The Determination of B 


The three levels involved in the foregoing discussion 
show triplet hyperfine structure. (Actually, the ob- 
served line pattern shows six components, due to the 
presence of two isotopes in approximately equal 
amounts. Because of this comparable relative abun- 
dance and because of the fact that the intense lines 
involve transitions between levels of high J value, the 
observed patterns of most of the other spectrum lines 
suffer from blending and are difficult to resolve.) For a 
single isotope, these levels can be analytically repre- 
sented as follows: 


A, +A=E+}3A(C,)+ BC, (Cy + 1)4+K,, 
A= E+4A (Co)+ BCo(Co+1)+ Ko, 
0= E+4A (C_)+ BC_(C_+1)+K_, 


(1) 


where A is a constant involving the nuclear magnetic 
dipole moment, and 


. , “ C cos’é al *) 
& hie all electrons r me 


QV 


x (2) 
T(2%—1)J (2J—1) 


. l 
cm"!, 


C=F (F+1)—J(J+1)—1(/+ 1), 


where /=total atomic angular-momentum quantum 
number, /= nuclear angular-momentum quantum num- 
ber, and J=electronic angular-momentum quantum 
number. A, and A are the measured level separations 


rasie IV. The uncorrected and corrected values of the con 
stant B expressed in units of 10°? cm™. The values shown are for 
the isotopes of mass number 123. The last two columns show the 
calculated and observed distances of nearby levels 
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orrected corrected inem™ 
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Level un 
+0.051 
+0.126 
— 0.043 


+0.071 
+0.21 
—0.10 


555p3 8P, 
Spos *P, 
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pop 3D; 
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diagram showing the 
center of gravity of 
a triplet and the vari 
ous intervals used in 
the calculation of the 
constant B 





incm~ (Table II, Fig. 2). +, 0, — refer to the relative 
orientation of J and J vectors. AK is the second-order 
magnetic interaction, and Q is the nuclear electric 
quadrupole moment. 

The set of three relations in Eq. (1) contains the 
four unknowns, /, A, B, and K. In order to obtain B, 
and hence Q, it is necessary to have additional informa 
tion. Due to the previously mentioned blending effects, 
experimental measurements on a level of higher multi 
plicity are not feasible. Otherwise additional equations 
the 
disposal. 

Direct calculation of the K’s is not possible because 
the analysis of the spectrum is still not sufficiently 


in various unknowns would have been at our 


complete as to the location and identification of per 
turbing levels. 

The solution finally adopted was to use the micro- 
wave ratio Qio:/Qi23 as a fourth relation between the 
unknowns. The outline of the calculations follows. 

It is first necessary to find or assume some relation 
between A,, Ko, and K 
terms of a single unknown. According to perturbation 
theory, the value of K is, approximately,* 


in order to express them in 


(dy 9 . 
~> (3) 
AE 


(AAC, 0,-)? 


~> 


— 


K4.0 
(E—E;) 
where the a’s represent the intervals measured from 
the center of gravity to the particular hfs level (see 
Fig. 2). 
From the measured values in Table II, 


K'% K!\~ (ay93/d121)’~4 (4) 


for a given atomic level. In this expression a is the 
distance from the unperturbed atomic level for the 
particular isotope. 

From Fig. 2, it is seen that 


and Ko. (5) 


K.~kA 


Therefore, if A, is called A, K, 2K. Equa- 
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tions (1) can then be solved for B, giving 


5A, “| 
420 121 


=| 
4123 


according to reference 1, 


24K 


Bia | 


420" 
7A, 160A 


Bios | 


1008 1008 


Now, 


(23 Vio 1.26. 


Substituting this in Eq. (2), for a given atomic level, 


By23/ Bye: = 0.61. 


Combining with Eq. (6), 


K 0.075[74— 5A, Ji21+-0.050[ 94 — 7A, Jies. (7) 


The actual value of A will depend strongly on the 
various assumptions about the Ay, o—, but the corrected 
value of B is relatively insensitive to such assumptions. 

Table IV shows the results. The first column gives 
the B values obtained by ignoring the second-order 
effects [A’s=0 in Eq. (1) ]; the second column shows 
the corrected B; the third gives a rough value of 
(£—,) as derived from Eq. (3) and Eq. (7), and the 
final column gives the closest observed level from the 
spectrum analysis 


APPENDIX II 


Ze 


: ; 3 cos*6—1 
The Determination of a 


2 


ill electrons 


(- cos’? 1 
r3 ). 


is customarily reduced to a sum over the electrons which 
are not in closed shells, and separated into a radial and 
an angular part. The radial part can be calculated from 
the energy-level diagram according to formulas given 
by Kopfermann.® In the case of the Sb IT spectrum, 


The matrix element, 


> 


oan 
ill electron 


1’? $1.7 (1/a0%) (22/109 737)3, (8) 


Ay 


D 


H rTOMBOULIAN 


where do is the Bohr radius and £ is the energy of the 
level measured from the ionization limit. The term 
values of the various states in question are listed in 
Table I. 

To determine the angular matria element, the L—S 
wave function must be obtained and the integration 
carried out. Using the method of Gray and Wills, as 
outlined in Condon and Shortley,'' the following wave 
functions are obtained: 

Ip,!s 1*)— (Ot1*1-—17-) 
+ (O-140*0-)— (OF1-0*0-) J, 
(1/2v2)[ (O-1+1-— 1+) + (Ot1+1-—1-) 
+ (O-1*0*0-)+ (OF1-0*0-) J 
—}$[(O+1+0+—1-)— (O+1-0+—1+) ], 
(1/60) 4{2(0*0+)+ (1*—1*)+ (—1*1*) ] 
(3/40)4{ (1-0+)+ (170-) 
+ (O-1*)-+ (OF1-) J+ (6/10)!(1-1>). 


1 (O-141 


Ss5p*® *Py'= 
Spop sp);! 


The parentheses enclose the m,"* eigenvalues for the 
electrons involved in the determinantal wave functions. 
The italicized function is that of the s electron. In the 
two-electron determinant, the electron of total quantum 
number n= 5 is first. 

The angular matrix elements, in the nonrelativistic 
case, for the 5s5p*'P,, the 5s5p**P,, and the 5p6p *D, 
states are given, respectively, by 


/ 
(3 cos’#@— 1)y=0, 0, — 


25 


5 
——e 
outer shell 
electron 
The 5s5p**P;' state is actually a mixture, being 
partly 'P, and partly unknown. The unknown state 
determines the calculation of Q. 
The 5s*5p6p *D, state is also a mixture and, since the 
’ 
‘P, and 'P, states have positive matrix elements, 
>-(3 cos’?0—1)4 for *D, will be negative and large 
numerically. 
The value of Qi23 can now be calculated from the 
values of B listed in Table IV by the use of Eqs. (2), 
(8), and (9). 


1 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951) 
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rhe paramagnetic resonance has been observed of a magnetically dilute crystal of vanadium Tutton salt 
containing 23 percent of the isotope V®. The hfs of V® was completely resolved, enabling us to conclude 


that its spin /=6. The ratio of the nuclear g factors, ¢(V™) /g(V®), 


was measured with the result 0.3792 


+().0008, in good agreement with the value determined directly by nuclear magnetic resonance experiments 


HE paramagnetic resonance spectrum of the most 

abundant isotope of vanadium V*' has been in- 
vestigated by Bleaney, Ingram, and Scovil,! and also 
by Hutchison and Singer.*? They established unambigu- 
ously the value 7/2 for the nuclear spin of V", in con- 
trast to the optical hfs measurements which gave this 
result with less certainty. It was anticipated that the 
method of paramagnetic resonance would be applicable 
to V* which was expected, on the basis of the shell 
model, to have a spin possibly as great as 7. The prin- 
cipal results of this investigation are an unambiguous 
determination of the spin of V®, 7=6,' and an evalua 
tion of the magnitude of the ratio of the g factors of the 
two isotopes in excellent agreement with that obtained 
from nuclear resonance studies. 


1. THEORY 


The phenomenon of hfs of paramagnetic ions in 
crystals was observed first by Penrose.* Subsequently 
Bleaney and his co-workers have successfully applied 
this method to check earlier spin measurements and to 
determine the spins of a number of rare earth nuclei.® 
The general principle involved might be called the 
Back-Goudsmit effect in solids,® and its theory can be 
understood qualitatively by semiclassical arguments. 
Consider an unpaired electron of a paramagnetic ion. 
The total field seen by this electron depends, in addition 
to the externally applied magnetic field, upon the in- 
ternal magnetic field due to the nucleus. Consequently, 
for a given external field, there will be 27+-1 values of 
the local field corresponding to the 2/+-1 possible ori- 
entations of the nucleus. If an rf field is applied per- 
pendicular to the steady field, a net absorption of energy 
will occur at the Larmor frequency, v= (g8/h) (Hex: 
+ HT jyc:)mr. Then, if the external field is held constant, 


t Work performed at Brookhaven National Laboratory under 
the auspices of the U. S. Atomic Energy Commission. 


* Present address, Michigan State College, Fast Lansing, 
Michigan. 

t Raytheon Manufacturing Company, Waltham, Massachu- 
setts. 
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4R. P. Penrose, Nature 163, 992 (1949). 

5 B. Bleaney, Physica 17, 175 (1951). 

*H. E. White, /ntroduction to Atomic Spectra (McGraw-Hill 


Book Company, Inc., New York, 1934) 


Phys. Soc. (London) A64, 


resonance absorption is expected for 2/+1 different 
frequencies. If, on the other hand, the frequency is held 
constant, as is the case in practice, resonance absorption 
will occur for 27+-1 different values of the external mag 
netic field. Furthermore, since only the electron under 
goes transition, all hfs components for a given electron 
transition will have the same intensity. Thus for spin 
determination it is necessary merely to count the total 
number of equally intense and (almost) equally spaced 
lines. 

With slight modifications, the above arguments can 
be applied to divalent vanadium. The ground state of 
the free V** ion is ‘/;. In the presence of the crystalline 
electric field the orbital degeneracy of the state is par 
tially removed, the lowest state being nondegenerate 
in the orbital coordinates. The ground state can then 
be roughly described as that of an ion with orbital 
angular momentum zero and spin S=3/2. The spin 
orbit coupling now produces a further splitting of the 
degenerate spin levels, so that there results a pair of 
doubly degenerate levels separated by 0.3 em™!. An 
external magnetic field completely removes the de 
generacy of the levels. Though in fields corresponding 
to Zeeman splittings of the order of the crystalline field 
splittings the spectrum would be quite complex, in 
fields of the order of 8000 gauss the crystalline field 
can be treated as a relatively small perturbation of the 
Zeeman effect of the free spin S=3/2 of the V** ion 
In Fig. 1 we show schematically the behavior of the 
energy levels as a function of magnetic field. Abragam 
and Pryce’ have shown that the Hamiltonian suitable 
to paramagnetic resonance experiments can be written 
in the form, 


= pBH-S+ DIS 2—45(S+1)]+E(S2—-S,?) 
+ AI,S,+ B(S,1,+5S,1,), 


where x, y, 2 are the principal axes of the electric field. 
The g factor, in general a symmetric tensor, is taken to 
be isotropic and equal to 1.951+0.002 as has been found 
experimentally by Bleaney et al.' It is to be noted that 
both A and B are proportional to the nuclear gyro 
magnetic ratio. Since there are two nonequivalent 
ions in a unit cell for the Tutton salts, an expression of 
this form holds for each of the two ions. The electronic 


7A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 
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Fic. 1, Splitting of energy levels for the V"'** ion due to crystal 
line electric field, applied magnetic field, and nuclear magnetic 
interaction 


part of the term values to the second approximation 


can be shown to be 


eBH — 2(ay D+ hbo) 
+ (24/¢8H)(a,D+ 3b, F)*, 
(24/¢8H) (a,D+4b,E)? 
+ (12/¢8H) (a2D+ 3b.4)?, 
gBH +-2(apD+ dbok) 
+ (24/¢8H) (a,D+- $b, 4)’, 


Bll 


where a, and b, are angle dependent functions defined 
in the Appendix. The values D=1720 and E=540 


gauss have been given by Bleaney et al.' For the special 
case that the magnetic field is perpendicular to the 
tetragonal axis of one of the ions, the spectrum of this 


ion is given by 
gBH+- D+-3E cos2y 
+ (6/g8H) FE cos?2y, 
(6/¢8H) EF? cos?2y 
+- (3/4¢8H)(D— FE cos2yp)’, 
g8H — D—3E cosdy 
+ (6/¢8H) EF? cos?2y. 


E(—3/2 # —1/2) 


eB 


The effect of the nuclear magnetic moment is to 
split each of the above transitions into a group of 27+1 
lines. The nuclear contributions to the term values are 


given, under the assumption A= B, by 


Am 


t+ (A*/2hv)[ (1+ 1) — m? 


E(—3/2, m— —1/2, m) 
2m), 


Am 


+ (A? 


) m) 


2hv)[ 1 (1+1)—m?*], 
im 


+ (42/2hv)[ 1 (1+ 1) — m?+ 2m]. 


Thus as the crystal is rotated, the center of each group 
of (274-1) hfs lines will shift, but the spacing of the 
hfs components will remain constant, within the limits 
of experimental observability. 


SIRVE" 


TZ, AND COHEN 


2. EXPERIMENTAL PROCEDURES 


The crystals of vanadium ammonium Tutton salts 
were prepared by a method suggested by Meyer and 
Aulich,’ and by Hvtchison and Singer.? A solution 
composed of 10 mg of V.O;, enriched to 22.83 percent 
of V®, in 2 cc of 50 percent sulfuric acid and of 4 cc of 
1 M ammonium sulfate was electrolyzed at ice tempera- 
ture until the violet color of the divalent vanadium 
became pronounced. Then 4 cc of 2 M zinc sulfate was 
added and the mixture was transferred to a crystallizing 
vessel. All operations were carried out in a carbon di- 
oxide atmosphere to avoid oxidation of the divalent 
vanadium. It was found that when crystallization took 
place in a slow stream of CO» in a vibration free room 
large single crystals, about 1 cm on an edge, were ob- 
tained in about 24 hours. The crystals were not analyzed 
for vanadium content, but in the solution the atomic V 
to Zn ratio was 1:80. 

Crystals grown in this manner were found to have 
an appreciable amount of cloudy material attributed to 
imperfect crystallization or the occlusion of liquid. 
Since such material causes a large reduction in the trans- 
mitted microwave power, as well as an increase in the 
widths of the absorption lines, care had to be exercised 
so that the portion of crystal used contained only clear 
material. The specimens were cut from the single 
crystals in the form of cylinders about 2 mm in diameter 
and 5 mm in length, and were mounted on the end of a 
quartz rod extending axially into the transmission 
cavity. It was thus possible to rotate the crystal about 
the cylinder axis. The vanadium content of a single 
specimen is estimated at 60 micrograms, or about 
7.5X 10"? atoms. 

The cylindrical cavity, 17 mm in length and in 
diameter, is fed by wave guides coupled to the sides of 
the cavity. In this way the mode TEoj; is excited; that 
is, the mode in which the FE field and the transverse 
H field vanish along the axis, while the longitudinal 
H field, which causes the transitions, is a maximum at 
the center and falls off sinusoidally to top and bottom. 
The frequency was held constant at 23050 Mc/sec 
while the magnetic field was modulated at 60 cps with 
an amplitude of about 80 gauss. The transmitted power 
was rectified and fed into a wide-band preamplifier, the 
output of which was then displayed on the oscilloscope. 
Since the field is modulated sinusoidally while a saw- 
tooth sweep is applied to the oscilloscope, a double 
pattern is observed. 

The magnetic field was not measured directly. In- 
stead a measurement was made of the magnet current 
necessary to display each line at the same point of the 
observed pattern. The current determined by the use 
of a standard 50-mv shunt and a Leeds and Northrup 
type “K-2” potentiometer, was accurate to a few ma 
in 15 amp. The extent of the hyperfine structure pat- 


8 J. Meyer and M. Aulich, Z. anorg. u. allgem. Chem. 194, 278 
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terns for a given electronic transition was of the order 
of 2 amperes. To convert current readings to field 
values we could assume over the range of inierest a 
relation of the form, 


M=Hy+ai+br 


For the difference of the resonant fields of the hfs 


components +m, we have 
2mA = £8 (H_»— Hm) = a(t mm 4m) + b(t nn ha). 


By taking a number of such pairs it is possible to obtain 
reliable values of a and 6. In this way we get the fields 
in units of A, the electron nuclear coupling constant 
This is sufficient for comparing the experimental and 
theoretical relative spacings. Actual field values are 
obtained by taking the value of 96 gauss for A as given 
by Bleaney et al.! 

Because of the way the crystal specimens were pre 
pared and mounted, the directions of the crystalline 
axes were not known precisely. In general, then, a quite 
complex spectrum is obtained, consisting of 48 lines 
for V*! due to the 3 electronic transitions, the 8 hfs 
levels, and the 2 nonequivalent ions. When the pres- 
ence of a relatively small concentration of V® is taken 
into account, with its higher nuclear-spin multiplicity 
and small hfs splitting, it becomes very important to 
strive for simplifications of the spectrum, as well as for 
absorptions as intense and as narrow as possible. The 
requirement of narrow lines practically limits one to 
the use of the electronic transition —1/2— 1/2; the 
other electronic transitions produce lines so broad that 
an unambiguous nuclear spin determination for V® 
would be impossible. Some measurements were made at 
liquid nitrogen temperature. This produces no appreci- 
able narrowing in this case but increases the intensity 
of the absorptions considerably. Satisfactory results 
can, however, be obtained easily at room temperature 
where the bulk of our measurements were made, if care 
is taken to find an advantageous crystal orientation. 
Lines were observed to have a full width at half- 
maximum of about 13 gauss. This is approximately 
that expected from the proton magnetic moments in 
the water of hydration and indicates that a lower V:Zn 
ratio would not have produced further narrowing. 

A good orientation of the crystal satisfies two condi- 
tions: (1) the spectra of the two ions in unit cell coin- 
cide; (2) the hfs patterns due to different electronic 
transitions do not overlap. The gain in intensity by a 
factor of 2 and the simultaneous simplification of the 
spectrum which condition (1) makes possible, corre- 
spond to an orientation which can always be achieved, 
as can be seen with the aid of Fig. 2. The elucidation 
of the relations among the crystallographic, crystalline 
electric field, and susceptibility axis systems is due to 
Bleaney et al.! In Fig. 2 the z axis is the cylinder axis 
and also the direction of the rf magnetic field; 7, and 
T», the tetragonal axes of the two nonequivalent ions; 
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Fic. 2. Diagram showing orientations of crystalline and mag 
netic axes relative to the steady and ef magnetic fields. 


K,, Ke, Ks the principal susceptibility axes; and ), 
coinciding with K, a crystalline principal axis supposed 
oriented in an arbitrary way with respect to z. The 
plane ac (or K,K2) isa plane of symmetry of the crystal, 
a reflection in this plane carrying the one ion in unit 
cell into the other. Then when the magnetic field lies 
in this plane the spectra of the two ions coincide, since 
their tetragonal axes make equal angles with the field 
direction. Now the experimental arrangement is such 
that the direction of the field may be varied in the xy 
plane. Thus, when the field is along an arbitrary direc- 
tion in this plane, say ZH’, the spectra of the two ions 
are in general separate; but when it lies along H’’, the 
intersection of the xy and ac planes, the two spectra 
coincide. This argument applies strictly only if the 
rhombic field vanishes. Though a small rhombic field 
must be assumed to analyze the spectra completely, 
it was found in every case that it was possible by rotat- 
ing the crystal to make the two sets of —1/2 «+ 1/2 
lines coincide. The fact that the rhombic field is not 
truly zero, however, can be shown by the fact that for 
this particular orientation the sets of lines due to the 
other electronic transitions did not in general quite 
coincide. 

To resolve the various electronic transitions, several 
specimens were examined. Best results were obtained 
with one for which the cylinder axis lay nearly along the 
b axis. For the orientation which gave sharpest hfs 
lines, the nearest unwanted line was the component at 
highest field of the electronic transition —3/2— —1/2 
which nearly coincided with the lowest field component 
of —1/2-—+1/2. This did not interfere with the in 
vestigation of the V™ hfs 


3. ANALYSIS OF THE SPECTRUM 


The observed and the calculated patterns for the 
(—1/2-+1/2) electronic transition are presented in 
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Fic. 3. The calculated and observed hfs spectrum of the elec 
tronic transition —4-—+4 of V™ and V® (22.83 percent abundant) 
for /(V®)=6 and 7. The calculated spectrum includes the second 
order terms 


Fig. 3. The expected spectrum was calculated from the 
known spin of V*!, the spin 6 for V®, the abundance of 
V, and the known ratio g(V™)/g(V"). The observed 
spectrum consists of 8 strong lines, clearly due to V®, 
and a number of weaker components. The latter are 
nearly symmetrically spaced with respect to the center 
of the hfs pattern, except for a small shift to higher 
field. From the isotopic abundances the intensity ratio 
of V™ to V" lines is calculated to be 1:5.5 for /(V™)=6 
and 1:6.3 for 7(V)=7. The measured ratio for the 
weak to strong lines was about 1:5, but the inaccuracy 
was such that this could not be taken as a definite 
indication of the spin. Further evidence that these weak 
lines were the hfs pattern for V® came from a rough 
measurement of the splitting between successive com- 
ponents. For the weak components this is about 0.39 
times the splitting for the strong lines, while the ratio 
of the nuclear g factors is 0.379074+0.000017.9 In all 
specimens investigated the components m(V®)=+6 
were observed, together with all components of lower 
m except m= +4. The latter according to theory should 
be unresolved from the strong lines m(V*!) = 4-3/2. We 
could then immediately take 7=6 as a lower limit for 
the spin of V. Figure 4 shows an oscilloscope trace of 
3/2 component for V*' and m= —2 and —3 


the m= 
for yo 


Fic. 4. Oscilloscope trace 
showing the components m 
=—} for V" and m=—2 and 
—3 for V®. 
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Since there was a certain initial expectation that the 
spin might be 7, considerable effort was directed toward 
searching for the corresponding components. No line 
attributable to m=+7 or to a higher m value was 
found. The following argument can be given to show 
that if these lines existed they would have been ob- 
served. Figure 5 shows the V® lines m=1/2 and 
m= —5/2. For m=1/2 the satellites m(V®)=2 and 1 
are separated from the main peak by 19 and 18 gauss, 
respectively. According to theory, these separations 
should be 19 and 17 gauss for a spin of 6, and 20 and 
16 gauss for a spin of 7. The line m= —5/2 shows a 
single satellite with a separation of 21 gauss. This 
corresponds precisely to expectation for J=6, whereas 
if J were 7 this splitting would be 18 gauss, and another 
satellite would be present on the other side of the 
strong peak and separated from it by 19 gauss. Since 
the above discussion shows that a satellite separation 
of 19 gauss should be adequate for resolution if the 
satellite were present, we conclude that the spin of V™ 
is 6. Baker and Bleaney" have obtained this result 
independently by using a similar method but a different 
compound of vanadium. 

As has been mentioned in Sec. 2, the field units are 
essentially arbitrary in our method of calibration so 
that the calculated spectrum (Fig. 3) is plotted on this 
scale to fit at the lines m(V*') = +5/2. Neglecting second- 
order effects, there remains then only one parameter to 
choose to calculate the V® spectrum on the same scale. 
This is the ratio of the nuclear-electronic coupling con 
stants A, or equivalently the ratio of the g factors. The 
value that we obtain is 


g(V™) /¢g(V*) = 0.3792+0.0008. 


This compares well with the nuclear magnetic reso- 
nance value, 0.379074+0.000017, given by Walchi and 
Morgan.® Relatively high precision can be obtained in 
the measurement of g-factor ratios by paramagnetic 
resonance by taking symmetrical pairs of hfs com- 
ponents as widely spaced as possible. In our case con- 
venient pairs were +5/2 for V* and +6 for V™. In 
this way the second-order effects cancel and the effect 
of errors in field measurement is reduced. 

The calculated spectrum includes the effect of the 
second-order terms. Though the effects are small they 
are noticeable, as can be seen by considering the sepa- 
rations of the V® components +6 from the V®* com 
ponents +5/2. Only a rough value of the coupling con 
stant B can be obtained in this way. Within experi- 
mental error it is equal to A, so that as Bleaney et al.' 
report the hfs coupling is isotropic. 


4. DISCUSSION 


The spin /= 6 determined for V is just one less than 
the maximum value allowed by shell theory. The nu- 


10 J. M. Baker and B. Bleaney, Proc. Phys. Soc. (London) A65, 
952 (1952). 
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cleus has 23 protons and 27 neutrons, both odd par- 
ticles being in the state f7,2. According to Nordheim" 
the spin of an odd-odd nucleus is given by | j:—/je! 
<I<|jit+je2|, where j; and j, are the spins of the odd 
nucleons. Furthermore, a value close to the maximum 
is favored if the odd nucleons belong to the same 
Schmidt line. Thus for V™® a spin of 7 was expected, 
though the smaller value obtained does not represent 
an exception to a rigorously valid rule. For Cl** and 
K*, a spin one less than the maximum allowed value 
has been found, whereas the spins of lighter odd-odd 
nuclei, with the exception of Li®, have the maximum 
value allowed by shell theory. Recently Hitchcock” 
has reported that calculations for V™ using a 6-function 
potential give the state with 7=6 as the lowest level. 
The gyromagnetic ratio of V® agrees remarkably well 
with that predicted by shell theory. If two angular 
momentum vectors, 7; and js, contribute to the mag- 
netic properties of a nucleus, the gyromagnetic ratio 
of the nucleus is given by 


LA(it))—jeG2+1)) 
8= 3) Bit Bet (g1— g2)— 6 . 
T([+1) 


Applied to the f7,2 proton, with 7;= L= 3, g:=1, j2=1/2, 
f2=£p, we obtain g(fz/2, p)= 1.655. For the fz. neutron 
we have j;=L=3, gi=0, jo=1/2, go=gn, giving 
g(frj2, n)= —0.547. For the V® nucleus then, with 
ji=jJo=7/2, g1=1.655, go= —0.547, we obtain g(V™) 
=().554. This good agreement, in spite of the uncer- 
tainty in the effective magnetic moments of the proton 
and neutron bound in the nucleus, stems from the fact 
that the correction to their magnetic moments cancel 
for odd-odd nuclei consisting of proton and neutron 
shells of the same spin and parity. This has been pointed 
out by Talmi." 

We wish to express our appreciation to the Stable 
Isotope Production Division of the Atomic Energy 
Commission for making the enriched vanadium sample 
available to us; to Dr. Simon Freed and Dr. Norman 
Elliott of this Laboratory and Dr. L. Singer of the 
Naval Research Laboratory for many helpful discus- 
sions on the chemistry of vanadium; and to Mr. John 
Ciperano for technical assistance. One of us (C.K.) 
is grateful for the leave of absence from Michigan State 
‘ollege, during which this investigation was carried out. 


1 L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 

2 A. Hitchcock, Phys. Rev. 87, 664 (1952). 

13]. Talmi, Phys. Rev. 83, 1248 (1951); see A. deShalit, Helv. 
Phys. Acta 24, 296 (1951). 
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APPENDIX 
To calculate the term values it is convenient to take 
the axis of quantization along the steady magneti 
field H and transiorm the operators defined in the 
crystalline principal axis system xyz to the system 
x’ y's’. This is readily done by taking the representations, 
S,=£0/dn, S,= 3 (td d&—nd/dn), S_=n0 ‘0k, 
where ~ and n transform as 
=at’—B*n’, n=Bt'+a*n’, 
with 
2)er'e-¥ 


a=cos(O/2)et?,  B=rsin(@ 


Then 
S, = £0/dn= a?t'd/dn’ — a8* (t'0/dt’ — '0/dn’) 
p*n'd or’ 


=a°S,’— 2aB*S,’—B"S_* 


(a) (b) 


Fic. 5. Photographs of two sections of spectrum. (a) The line 
m= —5/2 of V®' and the satellite m= —6 of V®; (b) lines m= 4 of 


V5 and m=1 and 2 of V®. 


The transformation properties of 8,’ and S_’ can be 


obtained in a manner. The 
rhombic | field then become 
DU S2Z—4S(S+1)] 
- Daas, 2+ 41(S'S’+S,4'S') +a S,2—1S(S+1)} 
ta_\(S’S_'+S_'S’)+a_28_), 
E(S2-S,7) =}E(S—S_*)= fF (bS,’ 
+b (S,/S,'+S,'S,')+ bof S,2—4S(S+1)} 
+ B_1(S,'S_'+S_'S,/)+6_S_"] 


similar tetragonal and 


terms 


’ 
where, 

ao= a_o*= —} sin®e?'¥, 

a,=a_,*= $1 sin6 cosbe™'*, 

ay= 3 (3 cos*@—1), 

b= b_.* = [cos*(0/2)e~?'¥+- sin' (0/2)e?'¥ Je ¥, 

b, = b_,* =i sinO[ cos? (0/2)e"#'*¥— sin? (0/2)e?" Je~*¥, 


Bo= —3 sin’ cos(2¢). 
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The differential cross sections for the scattering of 3.7-Mev neutrons from aluminum, iron, and lead 
have been measured in a ring geometry using a molded Lucite-zinc sulfide button as a detector. The 
measurements were taken over an angular range of 127 degrees between 13 degrees and 140 degrees with 
an angular resolution better than +10 degrees. Effects due to higher-order scattering in the scatterer were 


removed by extrapolation 


INTRODUCTION 


EASUREMENTS of the angular distribution of 

fast neutrons scattered from a large number of 
elements have been reported previously by Kikuchi 
et al... and Amaldi et al.’ in which the main features of 
the distribution could be explained as the diffraction 
effects due to the scattering of neutron waves by 
spheircal particles. More recently Remund and Ricamo’* 
have measured angular distribution of 3.7-Mev neutrons 
scattered from carbon while Walt and Barschall,‘ using 
1.00-Mev neutrons have reported the angular distri- 
butions for a large number of elements. Feshbach, Porter, 
and Weisskopf,® using a modification of the continuum 
theory of nuclear reactions, have reproduced the average 
features of the total neutron cross section vs energy and 
atomic number as measured by Barschall.6 Feshbach, 
Porter, and Weisskopf’ have also computed the angular 
distributions of elastically scattered neutrons using this 
same modification of the continuum theory and the 
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Fic. 1. Ring geometry for scatterer (S$), deuterium gas at 
one-half atmosphere pressure to give neutrons of about 3.7 Mev; 
(D) Lucite-zine sulfide scintillation detector; (4) ring scatterer 
of rectangular cross section 


* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

' Kikuchi, Aoki, and Wakatuki, Proc. Phys. Math. Soc. Japan 
21, 410 (1939); T. Wakatuki and S. Kikuchi, Proc. Phys. Math 
Soc. Japan 21, 656 (1939); T. Wakatuki, Proc. Phys. Math. Soc 
Japan 22, 430 (1940) 

? Amaldi, Bocciarelli, Cacciapuoti, and Trabacchi, International 
Conference on Fundamental Particles and Low Temperature 
(The Physical Society, London, 1947), Vol. 1 

3A. E. Remund and R. Ricamo, Helv 
(1952) 

4M. Walt and H. H. Barschall, Phys. Rev. 90, 714 (1953). 

5 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953 

®H. H. Barschall, Phys. Rev. $6, 431 (1952); Miller, Adair, 
Bockelman, and Darden, Phys. Rev. 88, 83 (1952). 

7 Feshbach, Porter, and Weisskopf, Bull. Am. Phys. Soc. 28, 
No. 3, 29 (1953) 
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general features agree rather well with the measure- 
ments of Walt and Barschall.‘ Our measurements on 
aluminum, iron and lead, using 3.7-Mev neutrons, were 
undertaken with the thought that the angular distri- 
bution in this energy range would be of value in view of 
the present theoretical considerations. 


EXPERIMENTAL 


Figure 1 shows the experimental arrangement that 
was used to measure the angular distribution of neu- 
trons scattered from aluminum, iron, and lead. The 
source of neutrons is a chamber of deuterium gas at 0.5 
atmosphere and 2.0 cm in depth bombarded with about 
10 microamperes of 1.0-Mev deuterons which, after 
passing through the nickel foil and gas, have a mean 
energy of about 0.65 Mev. These neutrons are detected 
by a pressure molded Lucite-zinc sulfide button’ 
mounted directly on the face of an RCA 5819 photo- 
multiplier. The direct beam is cut out by a suitably 
tapered 10-inch long, 1}-inch diameter iron cylinder. 
The scatterer was chosen to have the shape of a ring in 
order to increase as much as possible the number 
of scattered neutrons. The scattering angle @ is varied 
by moving the scattering rings laterally and by using 
rings of various sizes. For angles between 52° and 140°, 
8-inch o.d. rings were used with a mean source-detector 
distance Rp of 40 cm. For 6 between 24° and 52°, 6-inch 
o.d. rings were used with Ro equal to 60cm. For the 
point at 13°, 4-in. o.d. rings were used with Ro equal to 
72 cm. 

In order to discuss the measurements that must be 
made to arrive at the differential scattering cross sec- 
tion, it is convenient to define several quantities. For a 
given number of neutrons emitted by the neutron 
source, let Vs be the number of neutrons recorded by 
the detector with the scatterer and direct beam atten- 
uator in place. Let Vy be the number of neutrons 
detected with the scatterer removed and let \p be the 
number of neutrons recorded with the scatterer and 
attenuator removed. Vs—.Vz is the number of scattered 
neutrons recorded by the detector that originate in the 
source, and Vp— Vy is the number of neutrons direct 
from the source that are recorded by the detector. Let 

§W. F. Hornyak, Rev. Sci. Instr. 23, 264 (1952). The authors 
are indebted to Dr. Hornyak for supplying them with a Lucite 
zine sulfide molded button. 
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the scattering ratio be defined as 
S=(Ns—Np)/(No—Np). 


Appendix I then shows that the scattering ratio S is 
related to the apparent differential scattering cross 
section ¢(@) through the relation 


S= [7 )/T(0)]-[Re?/RPR:2? | 
-6(0)A (02:)E(En)nVF (2) exp(—ond), (1) 


where /(0,) is the number of neutrons emitted from the 
source per steradian per unit monitor flux, A (42) is the 
angular sensitivity of the neutron detector normalized 
to unity at zero angle, E(E,) is the energy sensitivity 
of the neutron detector normalized to unity for the 
energy of the direct beam, nV is the number of scatter- 
ing nuclei, o is the total scattering cross section, and 
F (6) is an attenuation factor which is defined more 
fully in Appendix I. 

In general, the scattering ratio S is made up of a 
sum of terms S=S,+S.+etc., where S;, So, etc. refer 
to the neutrons scattered into the detector by single 
scattering, double scattering, etc. Thus, ¢(@) is simply 
a measure of the differential scattering cross section, 
assuming that all neutrons are singly scattered, since 
6(0) becomes exactly o(@) if S is replaced by S,. In 
order to separate the components 5;, S2, etc., one 
measures the scattering ratio S for a fixed angle 6 as a 
function of the axial thickness of the ring scatterer d. 
The value of a (@) at d=0 is then the average differential 
scattering cross section for all scattered neutrons 
(elastic and inelastic) weighted according to the energy- 
sensitivity of the detector E(E,). In the ideal case, if 
the energy-sensitivity curve adequately discriminates 
against the inelastically scattered neutrons, the above 
value of ¢(6) for d=0 becomes the differential cross 
section for elastic scattering o(@). 

In order to measure &(@) it is necessary to consider 
the following factors. 

1. Energy resolution of incident neutrons. 
energy of the neutrons incident on the scatterer varies 
between 3.70 Mev and 3.74 Mev depending on the 
angle @,;. The energy spread in the beam due to target 
thickness and voltage stability of the generator is 
about 200 kev. 

2. Neutron flux monitor. 
filled with one atmosphere of butane was placed very 
close to the target chamber at 90 degrees with respect 
to the source-detector axis. The discriminator was set 
to reject those neutrons that were produced from the 
C"(d,) reaction in the vicinity of the magnet box. 
Actually some difficulty was experienced in obtaining 
a constant direct-beam neutron count per unit monitor 
count after the target chamber was just filled with 
deuterium. The pattern of change, however, was similar 


The mean 


A proportional counter 


in each case and seemed to indicate that some of the 


deuterium gas was absorbed into the walls of the 
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chamber. After about an hour or two a ratio was ob- 
tained that was constant to +5 percent. 

3. Measurement of S.—In general the direct beam 
count was about 15-100 times the scattered beam count 
and the attenuated direct beam count varied from 40 
percent to 90 percent of the scattered beam count, each 
depending on the size and position of the scatterer. 

4. Spacial distribution of neutron  source.—The 
Np—WN-z» count exhibited within a few percent an in- 
verse square variation with distance from the target 
chamber. 

5. Angular variation of the neutron flux from the D—D 
reaction, I(0,)/1(0).—This quantity was computed 
from the data published by Hunter and Richards.® 

6. Measurement of nV, the number of scattering nuclet. 

Each scatterer was weighed on a suitable balance to 
about one percent accuracy. 

7. Angular variation in sensitivity of the neutron 
detector, A (0.).—This quantity varied by about 25 per- 
cent over the range of 02 used in this experiment. The 
value of A (@.) was measured to within about 5 percent 
by rotating the detector about an axis through the 
detector perpendicular to the source-detector axis. 

8. Measurement of the total cross section —This was 
measured by using 1$-inch diameter, 1-inch long cylin- 
ders of aluminum, iron, and lead. The cross sections ob- 
tained for F,=3.7 Mev were oa(Al)=2.55_ barns, 
o(Fe)=3.51 barns, and o(Pb)=7.60 barns each in 
agreement with the values obtained by Nereson and 
Darden.” The scattering-in corrections were 0.75, 2.4, 
and 4.3 percent, respectively, for Al, Fe, and Pb, and 
were obtained from our measurements of the differential 
cross section. 

9. The attenuation factor F.—This factor varied from 
unity by as much as 14 percent depending on the size 
and shape of the scatterer. This quantity is discussed 
briefly in Appendix I and a graph of its variation is 
given in Fig. 2. 

10. Geometrical measurements. 
tance were carried out to about +1 
consequent calculation of mean angles is thus accurate 
to about one percent. However, because of the finite 
size of the detector (1 inch diameter, 2 inch height) and 
the finite size of the scatterers, the detected neutrons 
£10 


Measurements of dis- 
millimeter. The 


are received over a range of angles of about 
degrees in the worst case near 0= 90 degrees. 

11. Variation of the sensitivity of the detector with 
neutron energy._-This was measured by comparing our 
measurement of the angular distribution of neutrons 
from the D—D with Hunter and 
Richards,’ the discrepancy being ascribed to a non 


reaction those of 


uniform efficiency in our detector. As may be seen in 
Fig. 3, the sensitivity only drops off slowly with de 
creasing neutron energy, decreasing by 40 percent in 
1 Mev. Since it is desired to discriminate against 
neutrons that have lost more than 200 kev, this consti 


Richards, Phys. Rev. 76, 1445 (1949 
Rev. 89, 775 (1953 


9G. T. Hunter and H. 7 
0 N. Nereson and S. Darden, Phys 





D. WHITEHEAD 








pt 
so 


©, ofcnees 








Fic. 2. Attenuation factor Ff. This quantity is defined in Appen 
dix I. F exp(—aond) essentially measures the attenuation of the 
direct beam into the scatterer times the 
scattered beam out of the scatterer. The dimensions are for alu 
minum, iron, and lead: b= 2.54 cm, 2.54 cm, and 2.54 cm; d=3.15 
cm, 2.54cm, and 3.00cm. The factor F is not shown for the 
thinner rings used in the experiment 


tutes a serious objection to the use of the Lucite-zinc 
sulfide detector in this experiment. However, if the 
inelastically scattered neutrons are more uniformly 
distributed in angle than the elastically scattered neu- 
trons, then the general features of the differential cross 
section for elastic scattering will still be evident. In any 
case the value obtained for ¢(@) must be such that the 
total cross section achieved by integrating o(@) is less 
than the measured total cross section. That this is the 
case will be shown later 

12. Sensitivity of counter to gamma rays.-—Neutron 
detector must not count the gamma rays resulting from 
the inelastic scattering of neutrons. An ampoule con- 
taining 0.1 milligram of radium was placed directly on 
the Lucite-zinc sulfide detector and gave a negligible 
counting rate (less than 1 count in 100 seconds). 

13. Higher-order Appendix II gives an 
account of the method used in this experiment to allow 
for double scattering. Essentially it involves placing an 


scattering. 


upper and lower bound on the possible values of o(@) 


for an observed sequence of values of &(0) as a function 
of the axial thickness of the ring. The first calculation 
estimates the nature of the variation of ¢(@) with d/a 
under the assumption of isotropic scattering. This is 
given by Eq. (13) which, after comparing with Fig. 4, is 
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Fic. 3. Energy sensitivity of neutron detector. E(£,,) measures 
the sensitivity of the neutron detector normalized to unity at 
3.7 Mev. Solid circles were measured by us. The dotted curve 
was obtained from reference 9 by normalizing the two sets of data 
over the region common to both 
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Fic. 4. Variation of straight-through double scattering in a 
right circular cylinder. The differential cross section was assumed 
to be isotropic. Specifically this curve is a plot of the function G 
as defined in Appendix IT. 


seen to reduce to the practical formula 
6 (0) = 6) (0) — 0.2824’ (8), (2) 


where 6 (0) is the intercept at d/a=O of the linear 
portion of the curve and @’(@) is the slope of the ¢(@) 
vs d/a curve in the linear portion. 

The second calculation states that, if the angular 
distribution is peaked strongly forward, then one 
expects that the double scattering contribution will 
cause 6(@) to be a linear function of d or d/a. In this 
case &o(0) is the true differential scattering cross section. 
Both of these extrapolations are presented on the graphs. 

If triple scattering is present, then ¢(6) should be a 
quadratic function of d or d/a for the case in which there 
is a strong forward peaking of the scattering. Figure 5, 
for the case of iron, shows some indication of the presence 
of triple scattering; however, the experimental uncer- 
tainty is too large to consider this definite. No attempt 
was made to remove the triple scattering contributions. 

A typical run of data was made as follows: (1) direct 
beam; (2) attenuated beam; (3) scattered beam from 
one of the rings for all values of the scattering angle; 
(4) attenuated beam; (5) direct beam. If the two 





Fic. 5. Apparent dif 
ferential cross section 
of iron vs thickness of 
ring scatterer for three 
different scattering 
angles. The thickness is 
measured relative to a 
quantity a, which we 
have taken to be equal 
to the radial width of 
the ring in order to 
establish a correspond- 
ence between the ring 
scatterer and the nght 
circular cylinder scat 
terer. 
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Fic. 6. Angular distribution of 3.7-Mev neutrons scattered from 
aluminum. 6(@) is apparent differential cross section as defined 
in the text. Go(@) is the differential cross section using a linear ex 
trapolation to remove higher-order scatters. &9(@)—0.2820'(@) is 
the differential cross section in which the higher-order scatters 
are removed using the isotropic scattering assumption. o(Q) is 
taken from the ‘‘Final Report of the Fast Neutron Data Project,” 
U. S. Atomic Energy Commission, NYO-636 (unpublished), in 
which the nuclear radii were found from our measured values of 
the total cross section. 


values of the direct beam determination differed by 
more than 10 percent, the data were discarded. 


DATA 


Figures 6-8 show the experimental points of the 
apparent differential cross section for 3.7-Mev neutrons 
incident on aluminum, iron, and lead as calculated 
from Eq. (1). Only a limited number of angles were 
chosen in order to determine the effects of higher-order 
scattering. Figure 5 shows the variation of ¢(@) as a 
function of the ring thickness for the case of iron. In 
the same manner, similar curves were obtained for lead 
and aluminum. The extrapolations both for isotropic 
scattering and forward peaked scattering are shown 
in Figs. 6, 7, and 8 where a curve is drawn through the 
points thought to be the appropriate differential cross 
section, ¢(@) for each case. The total cross sections 
corresponding to o(@) have been calculated and are 
presented together with the previously measured total 


cross sections’® in Table I. It will be noted that the 
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Fic. 7. Angular distribution of 3.7-Mev neutrons scattered fron 
iron. Other remarks in caption of Fig. 6 apply here also 
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TABLE I. Total cross sections. Subject to the reservations in the 
text, the value of fo (@)dQ¢ is the total elastic cross section. 


) in barns 


Ret. 10 


tot (Meas fo(0)dNe 


barns) 


Element This expt 


Aluminum 55 
Iron 3.51 
Lead .60 


integrated differential cross sections in each case are less 
than the measured total cross section. The total in 

elastic cross section cannot be obtained as the difference 
between the two former cross sections since the measure- 
differential did not 
criminate adequately against the inelastically scattered 
be carried 


ment of the cross section dis- 


neutrons. However, this subtraction can 
out approximately if one accepts the following rather 
crude estimate of the contribution to @(@) 
There are seven levels in aluminum that can be excited 
by 3.7-Mev neutrons." If we assume that the maximum 


total inelastic cross section is about 50 percent of the 


inelastic 


total cross section and that the seven levels in alu 
minum are equally excited, then the inelastic neutrons 
contribute less than 15 percent to the total cross sec 
Similar arguments using 
that 


contribution in these elements is less than 20 


tions corresponding to a(@) 
the known levels in iron and lead show the in- 
elastic 
percent. 

wish to their 


In conclusion, the authors 
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Fic. 8. Angular distribution of 3.7-Mev neutrons scattered from 
lead. Other remarks in caption of Fig. 6 apply here also 
"! Nuclear Data, Natl. Bureau Standards Circ. 499 (U.S. Govern 
ment Printing Office, Washington, D. C., 1950) 





D. WHITEHEAD 


Fic. 9. Detail of 
scattering geometry: 
(a) single scattering; 
(b) double scatter 
ing. 


APPENDIX I. SCATTERING OF NEUTRONS THROUGH 
RING SCATTERER BY SINGLE SCATTERING 


In general the scattering ratio is made up of a sum 
of terms S=.S,+.S.+---, where S), So, etc., refer to the 
neutrons scattered into the detector by single scattering, 
double scattering, etc. For the single scattering case 
[ Figs. 1 and 9(a) ] we have 


5) f cra) T(0) }-[ R,? R?R,? |-0(0)n 
nae | 
Xexpl —on(ritre) |-AO)E(E,)dV. (3) 


The geometry is such that only small errors will be 
introduced if Eq. (3) is replaced by 


Sy [7 (0;) 1(0) ]-[ Re? RR: | 
a(0)nA (0.)E(E,)VF (02) exp(—ond), (4) 


where 


F = | if exp on(ri+r.—d) dV, 


9 


and the mean angles and distances are used for 0), 4, 
Ry, R;, and Re. For a fixed size of ring scatterer, the 
quantity / is a function of 6, and 6). However, since 
6, only varies from about 5° to 15°, little error and much 
simplification is introduced by computing F for 0;=0. 
For the rectangular cross section of our scatterer, the 
integral F may be evaluated in terms of elementary 
functions. The results are displayed in Fig. 2. 

If only single scattering were present, the quantity 
5S, could be replaced by the measured data S and the 
differential cross section o(@) could be calculated. In 
any case the reduction of the data is facilitated by 
defining an effective single scattering differential cross 
section &(@) such that 


S=[7(0,)/1(0)}-[Re/R2R? } 
6(O0)nA (0) E(E,) VF (02) exp(—and). (6) 


AND S. 


SNOWDON 


APPENDIX II. SCATTERING OF NEUTRONS THROUGH 
RING SCATTERER BY DOUBLE SCATTERING 


Using the quantities defined in Figs. 1 and 9b, the 
double scattering ratio is seen to be 


s=f f [1 (0,) T(O) ]-[Re? Rery2R2? |] 
Viv Ve 


0 (0) (0")n? expl —on(ritristre) | 
XA(O)E(E,)dVidV>. (7) 


An analytical solution of this integral seems quite 
involved, if not hopeless, for the geometry of the ring 
scatterer. In order to get some feeling for the manner 
in which the double scattering varies with the thickness 
of the ring, we have chosen to calculate the straight- 
through double scattering from a right circular cylinder 
assuming isotropic scattering [o(0’)=const=o/4r ]. In 
order to simplify this case as much as possible, let the 
neutron beam, incident on the circular end of the 
cylinder, be parallel to the cylinder axis, and let the 
detector sensitivities A (@.)= E(E,)=1. Also let r;+72 
be replaced by an approximate mean value d, the 
thickness of the cylinder. Equation (7) then reduces to 


S_=[0?n?/162?R,? ]-exp(—ond) 


xf f rio? exp(—onriz)dVdV2. (8) 
ery rs 


If the exponential function is expanded and the first 
three terms retained, S» reduces to the following: 


So=[o'n?at/16R,? ]-exp(—ond) 
-(X—onaY+hoe'n’a’Z), (9) 
where 
NX = —2(d?/a?)-Ind/a+2(d?/a?) sinh—d/2a 
+ cosh! (1+-d?/2a?)+ 2d?/a*—d‘*/4a‘ 
~ (1—d?/2a*)-[ (1+d?/2a*)?—1]!, (10) 
y= sf [wd/2a— exp(—xd/2a) 


sinh (ad/2a) JJ (x) sinx-dx/x4, 


and 
Z=0/a*. (12) 
The integration of XY was facilitated by the use of a 
theorem in vector analysis." The integration of Y can 
be effected by recognizing that the integral corresponds 
to the electrostatic energy of a uniform volume dis- 
tribution of charge.” 
If the single scattering ratio S is calculated for the 
right circular cylinder under the same assumptions, then 


2H. B. Phillips, Vector Analysis (John Wiley and Sons, Inc., 
New York, 1933), Chap. IIT. 

13W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill 
Book Company, Inc., New York, 1939), Chap. V 
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the effective single scattering cross section is given by the geometrical variation of the single and double 
&/0=1+ (ona/4)G(d/a), (13) scattering ratios is given correctly after ass x lating 
whee the radial thickness of the ring scatterer 6 with the 
(r(d/a) = (a/d) (X —onaY + }0°n?a*Z) (14) radius of the cylinder "7 
If, instead of isotropic scattering, one takes the other 
and is written only as a function of d/a since it varies extreme of an angular distribution peaked strongly in 
but slowly with ona, as may be seen in Fig. 4. By con- _ the forward direction, one finds that the single scatter 
sidering the mean curve to apply to all cases of interest, ing ratio in the ring scattering varies as d exp(—ond) 
the function G becomes a function of d/a only. whereas the double scattering ratio varies as d* exp 
To apply the calculations of the right circular cylinder (—ond); thus leading to a linear variation of the ap- 
to the case of the ring scatterer, we assume that except parent single scattering cross section with the thickness 
for multiplying factors which are angular functions, of the ring. 
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The Radioactive Decay of Tungsten 1817 


J. M. Cork, W. H. Nester, J. M. LEBtAnc, and M. K. Brice 
Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received June 29, 1953) 


Using tungsten enriched in mass 180, neutron capture produces a strong activity in W'*! with a half-life of 
about 140 days. Using scintillation crystal and photographic magnetic spectrometers, two gamma rays of 
energy 136.5 and 152.5 kev are found to occur. Neither of these had been previously observed and con 
versely none of the previously reported gamma energies are found to exist. The main decay of W'*' takes 
place by K capture directly to the ground state of Ta'®'. Coincidence measurements are made with some 
evidence that the gamma rays are in sequence. 


N bombarding tantalum with high-energy (16- known' short-lived W'*? was obtained, as well as a 
Mev) deuterons, Wilkinson found! that a radio- certain amount of the 73-day W'**, which emits only 
active tungsten of half-life 140 days could be chemically _ beta radiation. 
separated from the target. Since natural tantalum con- A study of the radiations from the long-lived W'*! 
sists only of mass 181, the (d,2) reaction could produce has been made, utilizing magnetic photographic 
W'*', The more common (d,n) process would result in spectrometers to observe conversion and photoelectrons 
W'®, which is stable in nature. A similar radioactive and the scintillation crystal spectrometer for any un- 
tungsten product was later produced? by bombarding converted gamma rays and coincidence events. In 
tantalum with protons, thus inducing the reaction addition to several Auger electron lines, five conversion 
Ta'*!(p,n)W'*!, Since the natural relative abundance electron lines are found with energies of 69.0, 85.0, 
of W'® is only 0.13 percent, the neutron capture process 125.0, 141.0, and 149.8 kev. These form a A-L and a 
° . ° ° ° ° , , a eanaraa 7 ©, G9 «¢ 
in the pile with ordinary tungsten is not highly pro- A-/- group for gamma energies of 136.5 and 152.5 
ductive of W'*. Its presence, however, has been ob- kev. The A CONVEr SION lines for the two gamma rays 
: are ¢ qui m4 ee 
served by this method and certain values ascribed’ to went ries of ' 4 u _ ners und the “* ! — for 
. . each 1s, by visual estimate, approximately 8+ 2. 
the energies of its gamma rays. db PI dann 
; Se , : A survey of the high-energy gamma spectrum to 
In the present investigation a specimen of tungsten : : 
: ; ‘ ; ; ; : detect the previously observed gamma energies was 
with a fifty-fold enrichment in mass 180 was kindly . ae ele ; 
‘lable by the Oak Ridge National Lal “ made with the scintillation crystal spectrometer. No 
ade avallé > by the Oak dge National Laboratory. . . i 
7 a ay wae ae eee Se - rat ry evidence could be found for a gamma ray as reported! 
Samples were irradiated for a two-month period In at 1.8 Mev nor for energies of 30, 600, and 800 kev as 
both the Oak Ridge and the Argonne piles. In addition — foynd? by Alburger ef al. The peak due to the tantalum 
to the long-lived W', a rather strong yield of the well- x-rays is extremely strong, and had any of the other 
cate , Sod ‘ unconverted gamma rays been as much as one-millionth 
t This project received the joint support of the U. S. Office of is ; 
Naval Research and the U. S. Atomic Energy Commission. 
1G. Wilkinson, Nature 170, 864 (1947) A graphic analysis of the enriched tungsten specified a 
2 J. Burkig and J. Richardson, Phys. Rev. 76, 586 (1949). hated Sin. edie al 
3 Alburger, der Mateosian, Friedlander, Goldhaber, Mihelich, 8h purity, with zinc present to no greater than 0.01 
Scharff-Goldhaber, and Sunyar, Brookhaven National Laboratory 
Quarterly Progress Report, July 1-September 30, 1950, p. 2 ‘Cork, Brice, Nester, LeBlanc, and Martin, Phy 
(unpublished) 1291 (1953) 


as intense they could have been detected. A spectro- 
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percent. Peculiarly, however, evidence for the existence 
of Zn® appeared in the scintillation spectrometer. The 
gamma ray at 1.114 Mev together with its associated 
Compton peak and the positron annihilation radiation 
at 0.51 Mev are there, though weak, in the same 
relative intensity as found in Zn®, 

The gamma ray of energy 136.5 kev is undoubtedly 
the same transition known to exist in Ta!*!, following 
the beta decay of Hf'*'. The 152.5-kev transition does 
not occur in the hafnium disintegration. There appears 
some evidence that the 136.5-kev and the 152.5-kev 
gamma rays are in coincidence. They are thus probably 
in sequence, with the 136.5-kev transition leading to 


the ground state. 


NUCLEAR LEVEL SCHEME 


It is possible to suggest a nuclear level scheme as 
shown in Fig. 1, which satisfactorily accommodates all 
of the observed data. The arrangement cannot be re- 
garded as unique since other A-capture paths are 
possible. The very strong tantalum x-rays as compared 
with the intensities of the gamma rays suggest a strong 
A capture branching directly to the ground state. No 
evidence could be found for the existence of positrons 


LEBLANC, 


AND BRICE 


ZM4aze 


\ 
\ \ 


m™<-~>reme 


<=-¢ 





9 
hy} KL, 


Sr- 
| 


mL 


xix ex | 


“ 
” 
Lye 
Lye, 


jMy Kus 


ENERGY IN Kev 


Fic. 2. The Auger electron energies from W'™, 


from sources of W'* placed in the double-focusing 
magnetic spectrometer. 

The ground state of Ta'*', with its 73 protons, from 
shell theory, is expected to be characterized as a gz/2 
level. The large K/L ratio for the 136.5-kev gamma 
ray, whose Z?/W is 39, suggests that it is an M1 
transition. The same conclusion could be applied to 
the 152.5-kev transition. The ground states of Hf'*! 
and W'*! have been thought to be either p12 or ps2 
levels. For the K capture to the ground state of Ta'*, 
the log ft value is of the order of 8.0, so that the process 
is perhaps first forbidden, with a spin change of two 
and a change in parity, thus favoring a py,/2 state for 
W'*, It seems unlikely that the Hf'*' could be similarly 
characterized, for in that case a beta transition directly 
to the ground state of Ta!*! might be expected and no 
such beta ray is observed. The absence of the other 
known gamma transitions in Ta!'*!, shown as dotted 
lines in Fig. 1, probably follows from energy con 
siderations. It is possible that the ground state of W'*! 
is actually lower in energy than the 611-kev, 22- 
microsecond level in Ta'*'. The absence of the 152.5- 
kev gamma transition in the Hf'*' decay is more 
puzzling, but it is undoubtedly due to selection rules 
for the states involved. 


AUGER ELECTRONS 


Rather strong well-resolved Auger electron lines are 
observed in the photographic spectrometer set with a 
low magnetic field. The energies of the lines and their 
approximate widths expressed in kev as measured 
are shown graphically in Fig. 2. The estimated relative 
intensities are represented by the heights of the areas. 
The relation of each line to the known work-functions 
for the tantalum nucleus is indicated in the figure. It is 
evident that the resolution of the components is still 
not complete, but it also seems quite apparent that 
radiation corresponding to certain transitions such as 


K-L»-L, and K-L»-M> are not present. 
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Protons from the Deuteron Bombardment of Kr*‘ and Kr**}'* 


G. W. WHeecer.f R. B. Scuwartz, AND W. W. Watson 
Vale University, New Haven, Connecticut 
(Received June 22, 1953) 


Samples of krypton gas enriched to 70.5 percent in Kr“ and to 82.0 percent in Kr* have been prepared by 
a thermal diffusion method. These samples have been bombarded with 3.80-Mev deuterons from the Yale 
cyclotron. Q values of 3.72+0.05 Mev and 3.43+0.05 Mev are observed for the ground state and first-ex 
cited state of Kr*5. O values of 3.30+0.05 Mev and 2.78+0.05 Mev are observed for the ground state and 


first-excited state of Kr8?. The masses of Kr* and Kr*’ are 84.94090+ 13 and 86.94125+ 12. 


CONCENTRATION OF THE ISOTOPES 


HE method of thermal diffusion has been shown 

to be the most effective way of obtaining large 
quantities of separated isotopes of certain gases and 
gaseous compounds. Zucker and Watson! have achieved 
substantial concentrations of the rare isotopes of 
helium, neon, and argon. Clusius and Dickel*® have en- 
riched a sample of krypton to 78 percent Kr**. A 
theoretical treatment for binary mixtures has been 
given by Jones and Furry.’ The theoretical treatment 
for a six-component mixture in a thermal diffusion 
column is sufficiently complex, however, so that we 
have used an empirical approach in concentrating the 
krypton isotopes. 

Two 3.5-meter glass hot-wire columns were con- 
vectively coupled to give 7 meters effective length of 
column. The cold wall was 9-mm tubing kept at about 
290°K. The hot wire was 20-mil tungsten operated with 
a power input of 200 watts/meter, giving a temperature 
of about 1900°K. A 250-cc reservoir was attached to 
each end of the system. The columns were similar in 
construction to those used by Zucker and Watson.! 

It was found that this system has a broad maximum 
in the separation vs pressure curve at 50 cm of Hg 
pressure. The equilibrium time is 170 hours. Table I 
shows the equilibrium concentrations in percent at the 
heavy end, middle, and light end of the system when 
initially filled to 50-cm pressure with normal krypton. 

From five separate runs of this sort, enough gas was 


TABLE J. Equilibrium concentrations in percent starting with 
normal krypton. Pressure= 50 cm of Hg. 


Isotope 78 80 

7.56 
0.79 
0.06 


Light end 1.30 
Middle: 0.08 
Heavy end: <0.01 


t This paper is part of a dissertation submitted in partial ful 
fillment of the requirements of the degree of Doctor of Philosophy 
in Yale University by G. W. Wheeler. 

* This work was supported by the U. 
mission. 

t Now at the Woods Hole Oceanographic Institution, Woods 
Hole, Massachusetts. 

1A. Zucker and W. W. Watson, Phys. Rev. 80, 966 (1950). 

2K. Clusius and G. Dickel, Naturwiss. 28, 711 (1940). 

3R. C. Jones and W. H. Furry, Revs. Modern Phys. 18, 151 
(1946). 
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collected from the heavy end to recharge the entire 
system. The equilibrium concentrations for this run 
are shown in Table IT. By removing the gas from the 
light-end reservoir when equilibrium had been reached, 
and replacing it with more gas containing 37 percent 
Kr**, the heavy end was further enriched in Kr**. 
Also, as the light isotopes are removed from the light 
end, the concentration of Kr™ builds up there. By 
several of these processes, the samples shown in Table 
III were prepared. These were the samples used in the 
present investigation. We are preparing to enrich 
samples in the light isotopes by reversing the general 
process outlined here. 


DEUTERON BOMBARDMENT 


The krypton was bombarded with 3.8-Mev deuterons 
from the Yale cyclotron. The target chamber had a 
0.9-cm air equivalent mylar entrance window for the 
deuterons and a 6.4-cm aluminum exit window for the 
protons. The chamber was initially pumped down 
through the main cyclotron vacuum. The gas was then 
admitted at 17-cm pressure and continually circulated 
through a built-in hot calcium trap. Air impurities 
were thus removed so that no protons were observed 
from nitrogen, although the cross section for the (d,p) 
reaction on N" is about 1000 times that for krypton. 

The proton energy at 90° to the deuteron beam was 
measured by absorption in aluminium, using a pro 
portional counter telescope as a detector. Only those 
protons which passed through the first counter and 
stopped in the second were counted. The telescope had 
a 6.4-cm air equivalent aluminium window and was 
filled with a 15-cm argon—1l-cm alcohol mixture. This 
chamber and counting system gave a resolution of 
about 200 kev. 

Three special runs were taken to distinguish between 
the true krypton peaks and spurious peaks due to other 
sources. One run was taken with xenon replacing the 


Pase If. Equilibrium concentrations in percent ; 
Kr* initially 37 percent 


Isotope 78 80 
0.31 


0.02 
<0.01 


6.08 
1.46 
0.23 


Light end 0.04 
Middle: 


Heavy end 
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Taser III. Percent concentrations of samples used for the 
deuteron bombardment. 


Isotope 7 RQ) 2 r 86 


16.9 
82.0 


0.15 3.62 


0.04 


Sample I 
Sample II 


0.01 


krypton in the chamber, and a second was taken with 
the chamber evacuated. In both cases, protons from the 
ground state of C™ and from the ground state and first- 
excited state of O'’ were observed. The mylar en- 
trance window was replaced by a 1.6-cm air equivalent 
aluminum window, and with krypton in the chamber, 
the proton spectrum of Al’* was observed in addition 
to the krypton peaks. Since the counters could not 
‘‘see”’ the entrance window, it appears that some of the 
material was knocked out of the window by the beam 
and remained suspended in the chamber long enough 
for reactions to occur in the target volume. This must 
be a small second-order effect. However, since the 
potential barrier for krypton is about 8.3 Mev, the 
proton yield was so low that this second-order effect 
became serious. This has been observed before.‘ 
Figures 1 and 2 show the proton spectra from the 
samples containing 70.5 percent Kr* and 82.0 percent 
Kr*®, respectively. The locations of the carbon and oxy- 
gen contaminant groups are shown. A careful search was 
made for any groups of higher energy, particularly one 
associated with Kr*®. This was done by increasing the 


gas pressure to 35 cm and counting at 0° as well as at 
90°. No such group has been observed. If such a group 
exists (one with a Q value greater than 3.72 Mev), we 
conclude that the cross section for its formation must 
be less than 2 percent of that for the ground state of 


Kr*’. 


DISCUSSION OF THE RESULTS 


In each of the proton spectra, two long-range groups 
are clearly detined. These are assigned as the ground 
state for the reactions Kr*- 


state and _ first-excited 





Proton spectrum from the deuteron bombardment of the 
sample containing 70.5 percent of Kr®. 


Fic. 1 


4 Anderson, Wheeler, and Watson, Phys. Rev. 87, 195 (1952). 
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Fic. 2. Proton spectrum from the deuteron bombardment of the 
sample containing 82.0 percent of Kr**. 


(d,p)Kr*® and Kr**(d,p)Kr*’. There are several groups 
of shorter range but assignment and Q-value measure- 
ments are less certain. Table IV lists all of the groups 
which are assigned to Kr® and Kr*’, 

The separation of the ground state and first-exicted 
state in Kr* is observed to be 290+40 kev. Bergstrém® 
has measured the gamma-ray energy in the transition 
from the 4.4-hour isomeric state to the ground state of 
Kr*® and finds it to be 305.0+0.2 kev. These figures 
are in good agreement. Taking the ground state Q 
value of 3.72 Mev and Nier’s® most recent value of the 
mass of Kr*, we find the mass of Kr** to be 84.94090 
+13. Bergstrém® reports a 695-kev beta in the transi- 
tion from the ground state of Kr® to the ground state 
of Rb®. From this we calculate the mass of Rb* to be 
84.94015+15. This value is not in satisfactory agree- 
ment with Nier’s® value which is 84.93920+6. 

It is possible that, owing to the very low cross section 
for these reactions, we have missed the true ground 
state group from Kr**. If this were the case, this group 
would have to be more energetic by about 885 kev 
than the group we have assigned as the ground-state 
group. It is felt that since the product nuclei differ by 
two neutrons, there should be considerable similarity 
in their proton spectra and cross sections. Therefore, 
it would seem rather surprising if such a long-range 
group does exist. 

Using a Q value of 3.30 Mev and Nier’s® value for 
TABLE IV. Levels and Q values for Kr®* and Kr®’. The (?) 
indicates an uncertainty in the assignment. 

Q value in Mev 


Product nucleus Level 


Kr* 
Kr* 
Kr* 
Kr ; 
Kr ; 
K r®? 
Kr*? 
Kr*? 
Kr*’ 


3.72+0.05 
3.43+0.05 
2.12+0.07 
1.51+0.10 
0.78+0.10 
3.30+0.05 
2.78+0.05 
2.134-0.07 
1.29+0.07 


81. Bergstrém, Arkiv Fysik 5, 191 (1952). 
6A. O. Nier (private communication) 
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TABLE V. Masses of Kr*®5 and Kr®’; binding energy of the 
last neutron. 


Masses Binding energies 


49th neutron: 5.95+0.08 Mev 
50th nertron: 10.85+0.23 Mev 
5lst neutron: 5.53+0.08 Mev 


Kr*5 = 84.94000+. 13 
Kr*? = 86.94125412 


the mass of Kr**, we find the mass of Kr*? to be 86.94125 
+12. Thulin’ reports a 3.63-Mev beta in the transition 
from Kr*? to Rb*’, which leads to a value of 86.93735 
+27 for the mass of Rb*’. Nier® reports a value of 


7S. Thulin, Phys. Rev. 87, 684 (1952) 
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86.93709+ 17 for Rb*’. These values are in satisfactory 
agreement. 

The binding energies of the 49th and SlIst neutron 
calculated from these results in the usual fashion are 
5.95+0.08 Mev and 5.53+0.08 Mev, respectively. 

The binding energy of the 50th neutron may be 
estimated as 10.88+0.23 Mev. This variation in the 
binding energy of the last neutron is expected at the 
closing of the 50-neutron shell. These results are sum- 
marized in Table V. 

In conclusion, the authors wish to thank Professor 
L. C. Biedenharn and Professor E. C. Pollard for many 


helpful discussions. 
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The Use of Tensor Operators in Nuclear Collision Problems 


LINCOLN WOLFENSTEIN 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received May 15, 1953) 


rhe consequences of the invariance under rotations and reflections of the collision matrix are expressed 
as a relationship between the expectation values of initial-state and final-state irreducible tensor operators 
in spin-orbit space. This relationship is used to give a proof of the Eisner-Sachs theorem on the complexity 
of angular distributions of nuclear reactions and some extensions of this theorem. 


N collision problems and decay problems in nuclear 
physics, one often encounters calculations in which 

it is necessary to sum over the spins of certain of the 
initial or final particles. As a result of such summing it 
may happen that a number of terms in the result cancel. 
For example, if two unpolarized particles of spin 1 
collide in a p state, it is possible that the total angular 
momentum is 3 and that the outgoing particles leave in 
an f state; nevertheless, the resulting angular distri- 
bution, after summing over initial and final spins, can 
contain no power of cos@ higher than cos’@. This result 
follows from a theorem proven by Eisner and Sachs! 
and also by Yang.’ Intuitively, the argument is that 
although the initial state has angular momentum 3, it 
is only polarized to degree 1 and the anisotropy of the 
angular distribution is a measure of the polarization of 
the orbital angular momentum. This argument may be 
made precise by focusing attention on the expectation 
values of the spin-orbital operators before and after the 
collision rather than on the initial and scattered wave 
functions. The consequences of rotational invariance 
may be expressed in a simple form through the use of 
irreducible tensor operators.’ In the first section of this 
paper the general method is developed, and in the 
second section it is applied to the proof of the theorem 
of Eisner and Sachs and some extensions of the theorem. 

1E. Eisner and R. G. Sachs, Phys. Rev. 72, 680 (1947); L 
Wolfenstein and R. G. Sachs, Phys. Rev. 73, 528 (1948) 

2C. N. Yang, Phys. Rev. 74, 764 (1948). The proof of Yang 
is also presented in J. Blatt and V. F. Weisskopf, Theoretical 
Vuclear Physics (J. Wiley and Sons, 1952), p. 535 ff 

3G. Racah, Phys. Rev. 62, 438 (1942) 


The method has also been applied,’ using irreducible 
tensor operators in isotopic spin space, to the problem 
of the consequences of charge independence for multiple 
meson production. 


I. GENERAL METHOD 


A system which is not completely polarized is in a 
statistical mixture of pure quantum-mechanical states 
and is best described in terms of the density matrix 


p=(1/r) (Tr p)>_,(S*).S*, (1) 


where r is the number of independent pure states to be 
considered, S* is a member of a complete set of base 
matrices® operating on the vectors representing pure 
states, and (S*) is the average value of this operator for 
the system. The pure states may be considered as sums 
of products of pure spin states and pure orbital states, 
and it is assumed that only orbital states with angular 
momentum / less than or equal to some specified 
value Lia, need be considered. 

Instead of considering the transformation properties 
of the pure states, we shall consider the behavior under 

‘L. Wolfenstein, Phys. Rev. 90, 371 (1953) 

® Use of the density matrix in nuclear physics problems has 
been made recently by many authors; e.g., H. Tolhoek and S. 
deGroot, Physica 15, 833 (1949); 17, 1 (1951); U. Fano, Phys. 
Rev. 90, 577 (1953); R. H. Dalitz, Proc. Phys. Soc. (London) 
A65, 175 (1952); L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 
947 (1952). This last paper will be referred to as A. 

6 The notation is the same as in A except that here the operators 
S* operate on the orbital states as well as the spin states; that is, 
here the orbital angular momentum is treated as another spin. 
The set called “‘a complete set of operators” in 4 is here called 
“a complete set of base matrices.” 
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rotations and reflections of the operators S* in terms of 
which the density matrix is expressed. The complete 
set of base matrices S* forms a representation of the 
rotation group which is equivalent to the representation 
formed by the direct product of two independent 
representations each equivalent to that of the set of 
pure states. We denote by Sypa™ an irreducible compo- 
nent of this representation which transforms under 
rotation like the spherical harmonics VY y"(@g) and 
under reflection with parity p; the subscript a@ distin- 
guishes different irreducible components having the 
same J and p values. From Eq. (4) of A, 
py=Mp\M}, 

where p, and p, are the final and initial density matrices, 
respectively, and M is the scattering matrix. Using 
Eq. (1) for p,, 

1 


pr=-(Trp,) > 
9 Japm 


(o™ Jpa >» MS", pa M t, ( 2) 


The operators MS",;,¢M* may be expanded in terms of 
a complete set of base matrices S’”"’ y- ya’ which operate 
in the space of the final particles; since M is invariant 
under rotations and reflections, MS"js,aM' has the 
same transformation properties as S”y pa, so that 
MS", pal ft =: Bs baat” P57 7bmm'Opp'd ™ J p'a’ 


a’ J’ p'm' 


pe Begi* 9S" Spe! (3) 


It is readily shown by performing a general rotation 
on both sides of this equation that it is necessary that 
baa?” be independent of m (as has been assumed in the 
notation), although this result is not actually used in 
the present paper. Equations (2) and (3) together 
with Eq. (1) applied now to py give 
(S’" y 50's 2a Can’? (Ss pa)is (4) 
where the coefficients ¢ are equal to the coefficients } 
times Tr p,/Tr p,. This result could have been obtained 
directly by applying invariance arguments to Eq. (5) 
of A. Equation (4) is a general statement of the conse- 
quences of invariance under rotation and reflection for 
nuclear collision problems. In particular it states that 
it is impossible to define a component of a vector (or 
an irreducible tensor of rank J) in the final state unless 
that component of a vector (tensor) is defined, that is, 
has nonzero expectation value, in the initial state. 
This discussion may be used as a basis for defining 
the degree of polarization of a system mentioned in the 
introduction. The degree of polarization of a system equals 
AJ max, Where Imax is the largest value of J for which 
there exists a nonvanishing (S"ypq). From Eq. (1) it 
follows that the degree of polarization describes the 
complexity of the behavior under rotation of the 
density matrix. Thus a completely unpolarized system 
has degree of polarization zero. It is easy to see that a 
pure state of angular momentum L has a degree of 
polarization L; in particular, this is true for the initial 
orbital state in a collision if we consider only one orbital 


WOLFENSTEIN 


angular momentum L, since then only the pure state 
with m=0 is involved. If several orbital angular 
momenta are considered in a collision the degree of 
polarization of the initial orbital motion is equal to the 
maximum orbital angular momentum Lyax. A system 
formed by compounding two other systems with degrees 
of polarization d,; and d»2 has a degree of polarization 
less than or equal to (d,+d,) and greater than or equal 
to d;—d». This can be proved by using for the operators 
S* products of two operators each of which operates in 
the space of only one of the original systems. In partic- 
ular, for a collision between two unpolarized nuclei of 
arbitrary spin with a maximum relative orbital angular 
momentum Lynax, the degree of polarization is Linas, 
since this may be considered a combination of the 
unpolarized spin systems (d,;=0) and the orbital 
system (d2= Linax). 

Part of the consequences of Eq. (4) can now be 
restated as the following theorem: the degree of polar- 
ization of the final state cannot be greater than that of the 
initial. 

II. APPLICATION TO ANGULAR DISTRIBUTIONS 

The complexity of angular distributions is limited by 
the following theorem:'” If in a collision of unpolarized 
particles of arbitrary spin the maximum orbital angular 
momentum that need be considered is Linax, then the 
angular distribution of the outgoing particles when 
expanded in spherical harmonics will contain no spher- 
ical harmonics of degree greater than 2Z,,.x. This 
theorem follows easily as a corollary of the general 
theorem stated above. 

From the discussion at the end of the first section, 
the initial state has a degree of polarization equal to 
Linax. We consider the spherical harmonics ¥ ;*(0’¢’), 
(times the unity operator in the final spin spaces) as 
multiplicative operators in the space of the final 
particles ;’ these are clearly irreducible subsets of the 
S’ with J’, p’, and m’ equal to 7, (—1)’, and &, respec- 
tively. Since the degree of polarization of the final state 
cannot be more than Lyx, the expectation value 
(Y;*(0’¢’)) must be zero if 7 is greater than 22 max. 
From the orthogonality of the spherical harmonics it is 
evident that (Y,*(@’¢’)) is directly proportional to the 
coefficient of Y ;*(6’¢’) in the expansion of the outgoing 
intensity (after all outgoing spin states have been 
summed over) in spherical harmonics. This completes 
the proof. 

Other well-known results can be obtained using Eq. 
(4). Since, for the initial nonvanishing operators, m 
must be zero, it follows that m’ (or k) must be zero 
and that the angular distribution is symmetrical about 

7In order that the S” have a finite dimensionality, it is neces- 
sary to impose some limit L’max on the outgoing orbital angular 
momenta. The spherical harmonics are allowable operators then 
only if they are multiplied on the left by the sum of all projection 
operators for states of orbital angular momentum L’ from 0 to 
L'max. Since this sum is invariant under rotation it does not 
affect the argument. The interpretation of Y,* requires only 
that L’max be chosen at least as large as the true maximum 
possible value of L’. 





TENSOR OPERATORS 
the axis of incidence. If the initial system has a well- 
defined parity, then p must be (+1) for all non- 
vanishing operators, since every operator connecting 
states of the same parity has even parity. It follows 
that p’ must equal (+1) and thereiore j must be even; 
that is, enly even spherical harmonics can enter the 
angular distribution. 

It is interesting to note that the spherical harmonics 
do not constitute a complete set of base matrices even 
for the orbital states alone. Indeed, for a given L’ max 
there are (2L’max+1)? spherical harmonics, but 
(L' max+1)* operators are needed for the complete set. 
On the other hand, the spherical harmonics exhaust 
the operators whose expectation values can be found 
from the outgoing angular distribution alone. Thus, 
even if the final particles have zero spin, the angular 
distribution tells less than the final density matrix in 
the most general case, so that it would seem possible in 
principle to make more complete observations on the 
final state than simply the angular distribution. For 
example, an equal statistical mixture of the three p 
states yields the same angular distribution, but does 
not have the same density matrix, as a pure S state. 
In order to distinguish between these, one would have 
to observe the interference between portions of the 
waves coming out at some angle relative to each other; 
while such observations might be possible in principle 
through the use of additional scatterings, they clearly 
are not practical, 

These results may be easily extended to the case 
where the spins of the initial particles are polarized or 
to the angular distribution of the polarization produced 
in a reaction in which the incident particles are un- 
polarized.* Since the results are essentially the same 
for the two cases, we comment only on the former 
problem. The polarization’ of a particle of spin S must 
be specified by the expectation values of a set of 
irreducible tensor operators 7”,;, with 7 varying from 
0 to 2S and p even. For a collision of polarized particles 
of spin S and spin 7, the operators, S”",, acting on the 
initial states are sums of products of 


T1514, L j3p, 


Ut jo+, 


where 7 and U operate on the spin states of spin S and 
i, respectively, and LZ operates on the orbital states. 
Considering the effect of particular tensor operators T 
and U, we find the maximum value of J is (ji+/j2 
+22 max) and for this value of J the parity p is even, 
since the operator L2tmax has even parity because it 
connects pure states having the same parity. It follows 
from the previous argument that (Y;*) can be nonzero 
only if 7<(jitjot+2Lmax). However, the equality 
can hold only if (71+ J2+2L max) is even, in order that 

§L. Wolfenstein, Phys. Rev. 75, 1664 (1949); R. J. Blin-Stoyle, 
Proc. Phys. Soc. (London) A64, 700 (1951); A. Simon and T. A. 
Welton, Phys. Rev. 89, 886 (1953); A. Simon, Phys. Rev. 90, 
326 (1953). 

® The term polarization is sometimes used in the more restricted 


sense of the expectation value of the vector 7"; see B. Bleaney, 
Proc. Phys. Soc. (London) A64, 315 (1951). 
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p’(=(—1)’) be even. Thus, if j:+j2 is even, the maxi- 
mum degree spherical harmonic allowable is (jit+Jj2 
jitje is odd, the maximum is (jitJ2 


+2L max); if 
+2Lmax— 1). 

In particular, for polarized particles of spin 4 colliding 
with an unpolarized nucleus, 7;=1 and j.=0 with the 
result that the maximum is 2/max just as for the 
unpolarized case. The same will be true for polarized 
particles of higher spin, e.g., deuterons, provided only 
the part of the polarization specified by a vector is 
considered. In the general case of an incident polarized 
deuteron” we have j;=2 and (still assuming j.=0) the 
maximum degree spherical harmonic allowable is 
2hmaxt+2. By carrying out these arguments in more 
detail one can find the most general angular dependence 
in the term in the angular distribution associated with 
each particular tensor operator describing the initial 
polarization; to get this result it is necessary to use the 
fact that c/?aq in Eq. (4) is independent of m. 


III. DISCUSSION 


The main advantage of the method presented here 
is that it gives the invariance principle directly in terms 
of observables rather than in terms of wave functions. 
This is of particular value when the road leading from 
the wave functions to the observables is fairly involved 
because of averagings over an initial statistical mixture 
and summings over final unobserved variables. 

The use of tensor operators to specify a system has 
some disadvantages also. In the case of a pure state 
it is very redundant; thus for a pure state of spin 1, 
there are clearly only five independent real parameters 
necessary to specify the state (including its normaliza- 
tion), but there are nine tensor operators whose expec- 
tation values are to be specified. The four relations 
between these nine are not linear." Tensor operators 
acting on the spin state alone are nearly always useful 
in specifying the polarization of the spin,*" but it is 
important to note that the operators S"y,q entering 
Eq. (4) are not these but rather are the irreducible 
components of the products of these spin operators 
with orbital operators. These orbital operators (partic- 
ularly for the initial state) are generally unfamiliar; 
however, in applications one need only make explicit 
use of the final state operators which are spherical 
harmonics. For detailed discussions beyond the general 
kinds of arguments given here, it is nearly always 
desirable to introduce explicitly the matrix elements 
relating initial and final wave functions. This then 
requires summing over spins, for which purpose the 
methods of Racah are particularly suitable." 

© W. Lakin and L. Wolfenstein, U. S. Office of Naval Research 
Technical Report (unpublished); Phys. Rev. 90, 365 (1953). 

" See H. Tolhoek and J. Cox, Physica 18, 357, 359 (1952) for 
an application to the decay of a nucleus polarized by use of low 
temperatures. 

2]. M. Blatt and L. C 
258 (1952). 

13 Note added in proof:—F. Coester and J. Jauch, Helv. Phys 
Acta 26, 3 (1953) use methods similar to those of this paper for 
deriving more detailed results. 
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Charge Independence in (y,n) and (y,t) Reactions* 


D. C. Peaster, Columbia University, New York, New York 


AND 


V.L. Tevecot, Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received June 25, 1953) 


The comparison of (,n) and (y,f) reactions on light nuclei with A = 4n+-3 will give information on charge 
symmetry versus charge independence for nuclear forces. If isotopic spin is a good quantum number (charge 
independence), more individual levels should appear in (y,n) reactions than in (y,f) ; those peculiar to (y,m) 
have 7 =}, the others have T= 4. The one presently measured case of Li? favors charge independence. 


HE most definite evidence for the validity of 

isotopic spin in nuclei has so far come from the 
mirror nuclei (.V=Z-+1) and from reactions involving 
particles and nuclei with V=Z. In none of these cases 
is it really necessary to invoke isotopic spin (charge 
independence of nuclear forces); it would be sufficient! 
to use only “isotopic parity” (charge symmetry of 
nuclear forces). 

Charge independence is suggested by the presence of 
corresponding levels in the triads Be", B®, C”, and C, 
N'*, O'”. It would be desirable to observe nuclear re- 
actions in which it is necessary to assume isotopic spin 
and not just isotopic parity. Certain reactions involving 
odd-A nuclei are suitable, because they cannot have 
N=Z; in particular, a real distinction between T=} 
and 7=% levels would imply charge independence 
and not just charge symmetry. 

Stable nuclei with N=Z+1 have 7=} in their 
ground states and their lowest T= % states are ex- 
pected? at excitation energies of ~10 Mev. It will be 
necessary to reach these energies with sufficient pre- 
cision to separate individual resonance levels. One of 
the techniques best developed for this purpose at 
present is excitation by the continuous y spectrum from 
a betatron. Individual levels in (y,) reactions on light 
nuclei have been observed,’ and individual levels in 
charged particle reactions like (y,/) can be observed in 
photographic emulsions. 

If a light nucleus of the type V=Z+1, 4=4n+3 is 
bombarded by y rays, excited levels of T=} and T=} 
will be produced, because of the y-ray selection rule 
AT=0, +1. The T=} levels can emit neutrons or 
tritons, going to 7=0 or T=1 levels in the residual 
nucleus. For neutron emission, the residual nucleus 
will be V=Z=odd, which has both T=0 and T=1 
among its low-lying levels. For triton emission, on the 

* Work supported by the research programs of the U. S. Atomic 
Energy Commission and the U. S. Office of Naval Research. 

!'N. M. Kroll and L. L. Foldy, Phys. Rev. 88, 1177 (1952). 

2 The lightest nuclei with known excitation energies for the 
lowest 7'= } state are at A=15, 17, where B-decay data locate the 
first 7’= } level at about 11.5 Mev. These are exceptional cases at 
the closing of the nuclear p shell, however; the effect of going from 
the p shell to the next (s or d) shell is to raise the excitation 
energy. The first known cases not involving different shells are at 
A=19, 23, where 8 decay places the first 7= } at about 7.7 Mev. 

3 Haslam, Katz, Horsley, Cameron, and Montalbetti, Phys 
Rev. 87, 196 (1952). 


other hand, the residual nucleus is .V = Z=even and will 
have only 7=0 for its low-lying levels. Both m and 1 
emissions hence from T=} states by 
isotopic spin selection rules. 

From the T= 3 excited states, however, only neutron 
emission to the residual T=1 states is allowed; triton 
emission will be forbidden by isotopic spin, at least up 
to energies about 15 Mev above the (y,/) threshold, 
where excitation of T=1 states in the even-even 
nucleus is possible. Thus in the region 0-15 Mev above 
the (y,/) threshold, it should be possible to distinguish 
T=} from T=} states just by comparison of the levels 
appearing in the (y,”) and (y,/) reactions: those levels 
appearing in both reactions have T=}, those appearing 
only in (y,n) have T= 3.T 

The preceding paragraphs are based on the tacit 
assumption that isotopic spin is valid. The most direct 
way of testing this hypothesis is simply to count the 
number of levels observed in a given energy range with 
(y,2) and with (y,/). If the isotopic spin argument is 
valid, there should be more (y,7) than (y,¢) levels, and 
the (y,f) levels should be identifiable with certain (y,7) 
levels. One case for which information already exists 
is Li’: the (y,7) reaction indicates resonances’ at excita- 
tion energies of 9.6, 10.8, 12.4, 14, and 17.5 Mev; the 
(y,t) reaction, with somewhat poorer resolution, shows 
resonances® at excitation energies of 9.3, 16.7, 21.5, 
and 23.5 Mev. In the region from about 9 to about 17 
Mev, there are five (y,7) levels and two (y,f) levels. 
Even allowing for an unresolved (y,t) level at about 13 
Mev, the validity of isotopic spin seems to be supported 
by these measurements. 

In more detail, one may suggest that in Li’ there are 
T=} levels at ~9.5 and ~17 Mev; the lowest T=3 
level is at ~ 10.8 Mev, and a second one is probably at 
at ~14 Mev. The level at ~ 12.5 Mev may be T=} or 
T= %, depending on the interpretation of the (y,) 
measurements, where greater resolution would be 
desirable. It is of interest to note that a T=} state at 
10.8 Mev implies that He’ is within 1 Mev of being 


t One can also substitute the experimentally more difficult (y,p) 
reaction for (y,m) throughout. 

4 J. Goldemberg and L. Katz, Bull. Am. Phys. Soc. 28, No. 4, 
16 (1953). 

6 E. W. Titterton and T. A. Brinkley, Proc. Phys. Soc. (London) 
66, 194 (1953). 
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particle stable. Interpolating between this and C!, we 
expect the unreported Be'' to be particle-stable by <1 
Mev. 

Other nuclei of the 4 =4n+-3 type suitable for (y,) 
versus (y,t) measurements comprise mainly B" * and N"™. 
In both cases complete disintegration of the residual nu- 
cleus into a@ particles provides a means of measuring the 
energy of the incident gamma ray for an individual event. 

We may note that this procedure cannot be used on 
nuclei of the type A=4n+1. The residual nuclei from 


6 Erdés, Scherrer, and Sholl, Helv. Phys. Acta 26, 207 (1953) 
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(y,) have only 7=0 states up to excitation energies 
of ~15 Mev, while the residual nuclei from (y,t) have 
T=0 and T=1 among their low-lying states. On the 
other hand, the average threshold from stable 4n+1 
nuclei is ~6 Mev for (y,2) and ~24 Mev for (y,t). 
Therefore, at energies where (y,/) could be produced, 
(y,2) could also go to T=1 states in the residual 
nucleus, so there would be no distinction between the 
levels found in (y,z) and (y,). 

The above remarks began in discussions at the 
Massachusetts Institute of Technology conference on 
photonuclear reactions, May 4-5, 1953. 
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Excited States of B'' and B’’ from the Reactions B'’(d,p)B"' and B"(d,p)B'*+ 


MortTiMER M. 


ELKIND* 


Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 23, 1953) 


Evaporated targets of natural boron and enriched B"” deposited on thin Formvar films were bombarded 
with deuterons produced by the MIT-ONR Van de Graaff accelerator. Incident energies from 4.0 to 8.5 Mev 
were used, and charged particles leaving the target at 90 degrees to the deuteron beam direction were ana 
lyzed by a 180-degree magnetic spectrograph. The studies covered a region of excitation from 7.50 to 11.46 


Mev in B"!, and from zero to 3.40 Mev in B®. 


In the case of B", two new groups have been found in addition to those previously reported. These have 
excitation energies of 7.987+0.014 Mev and 10.32+0.02 Mev; the former level is paired with the 7.39-Mev 
level in C". The width of the 10.32-Mev level is noticeably broad, 54+17 kev, whereas all the other boron 


2 


levels detected in this work had widths less than 10 kev. The new levels in B” found by (d,p) reaction have 
excitation energies of 1.674+0.011, 2.618+-0.011, 2.723+0.011, and 3.383+0.009 Mey. An analysis of the 
presently known properties of C levels lying in the excitation region corresponding to the first five levels 
in B® suggests the possibility that most of these C” levels have a total isotopic spin of 1 


I. INTRODUCTION 


NE of the most striking examples of the corre- 
spondence between mirror nuclei is provided by 
B" and C". Previous work in this Laboratory! on the 
B"(d,p)B" reaction, using 1.51-Mev deuterons, covered 
the region in B" up to 10.2 Mev, and the levels in B" 
thus determined were in fairly good correspondence 
with those in C' determined by Johnson.’ Since that 
time, additional information has been obtained on 
both of these nuclei. Lillie? from studies of the 
N'(n,a)B" reaction, has reported a level in B!" at 
8.0 Mev, and Johnson‘ has reported a level in C" at 
7.39 Mev, which presumably corresponds with this 
new B" level, as well as a level in C' at 8.08 Mev 
corresponding to the 8.57-Mev level in B'. In addition, 
the spins and parities of a number of B" levels have 
t This work has been supported by the joint program of the 
U. S. Office of Naval Research and the U. S. Atomic Energy 
Commission. 
* From the Laboratory of Biophysics, National Cancer Insti 
tute, National Institutes of Health, Bethesda, Maryland, on 


assignment to Massachusetts Institute of Technology 
‘Van Patter, Buechner, and Sperduto, Phys. Rev. 82, 248 
(1951). 
2V. R. Johnson, Phys. Rev. 81, 316 (1951 
3A. B. Lillie, Phys. Rev. 87, 716 (1952 
*V. R. Johnson, Phys. Rev. 86, 302 


1952 


been reported by Jones and Wilkinson® from the 
studies of capture gamma rays resulting from Li’? 
bombarded with alpha particles, and the spins and 
parities of some C' levels have been assigned on the 
basis of angular distributions of the neutrons from the 
B'°(d,n)C" reaction.‘ 

The reaction B''(d,p)B" has also been investigated 
in this Laboratory,® and more recently additional 
information regarding the levels in B” has been obtained 
by McMinn, Sampson, and Rasmussen’ from the 
Be’ (a,p)B"” reaction. The excited states of this nucleus 
are also of interest in connection with the possible 
pairing of the energy levels of isobaric nuclei.* 

It was a purpose of the present work to reinvestigate 
the (d,p) reactions of the boron isotopes using the same 
magnetic spectrograph employed in the previous work, 
but using the higher deuteron energies that are available 
with the MIT-ONR generator. This was undertaken 


5G. A. Jones and D. H. Wilkinson, Phys. Rev. 88, 423 (1952) 
and Phil. Mag. 43, 958 (1952) 

® Buechner, Van Patter, Strait, and Sperduto, Phys. Rev. 79, 
262 (1950) 

7McMinn, Sampson, and Rasmussen, Phys. Rev 
(1951). 

’T. Lauritsen, Annual Reviews of Nuclear Physics (Annual 
Reviews, Inc., Standford University Press, 1952), Vol. I 


$4, 963 
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in order to extend the known regions of excitation in 
B" and B" up to the neutron binding energies in these 
two nuclei and to investigate whether in the previous 
work with lower bombarding energies some levels 
might not have been seen for reasons of intensity. In 
B", the region of excitation studied was from 7.50 to 
11.46 Mev, and in B", from zero to 3.40 Mev. An 
account of this work was given at the 1953 meeting of 
the American Physical Society in Washington, D. C.° 


II. APPARATUS AND EXPERIMENTAL PROCEDURE 


The major apparatus used in this work consisted of 
the MIT-ONR Van de Graaff accelerator which 
supplied a deuteron beam of from 4.0 to 8.5 Mev 
directed vertically downward; a 90-degree deflecting 
magnet which served to produce a mass-analyzed, 
horizontally directed deuteron beam; a 180-degree 
annular magnetic spectrograph; and a slit system 
between the deflecting magnet and the spectrograph to 
define the beam, limit its energy spread, and supply the 
corona-control signal for generator total voltage control. 
This installation has been described in a recent paper'® 
which includes references to the methods employed for 
the analysis of the data. Since thin targets were used, 
essentially all of the primary deuteron beam was 
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collected in a biased Faraday cage after passing through 
the target and integrated by means of a circuit de- 
veloped by Enge.'! A small fraction of the elastic, 
inelastic, and reaction charged particles leaving the 
target at 90 degrees to the bombarding beam direction 
were momentum analyzed by the spectrograph and 
then photographically detected. Mass assignments to 
the detected particles were made on the basis of track 
length aided by linear track density. 

The targets used consisted of metallic boron evapo- 
rated onto Formvar films about 0.1 micron thick. The 
high boiling point of metallic boron, 2550°C, required 
that carbon-crucible technique be employed in the 
evaporation process. Since natural boron contains both 
B" and B" (18.8 percent B", 81.2 percent B"), enriched 
B" targets (96 percent or 98 percent B") were also used 
to aid in the residual nucleus assignment of proton 
groups observed from boron. The enriched B" was 
obtained from the Stable Isotopes Division of the 
U. S. Atomic Energy Commission at Oak Ridge, 
Tennessee. For the deuteron input and proton output 
energies involved in this work, the boron thicknesses 
of the targets used for Q-value determinations were 
of the order of a few kev. 

As in previous work, the assignment of the proton 
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1. Protons groups from targets of enriched B" evaporated onto Formvar. Deuteron energy 8.06 Mev. B" 
excitation energy covered from 7.50 Mev (Bp= 


400) to 11.46 Mev (Bp= 290) 
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groups to the residual nuclei responsible for their 
formation was made both on the basis of the changes 
in the relative intensities of the groups as the isotopic 
composition of the targets was varied and by observa- 
tions of the changes of the energies of the groups with 
changes in the input deuteron energy. A number of 
proton groups were observed which were not due to 
boron. From measurements on targets of Formvar, 
polyethylene, and Nylon, these groups were identified 
as originating in reactions with carbon, oxygen, and 
nitrogen.” 

In the present work, the angle of observation of the 
proton groups was taken to be exactly 90 degrees with 
respect to the incident deuteron beam." In calculating 
the QO values, relativistic equations were used through- 
out, and the effect of the increased mass of the residual 
nucleus when in the excited state was accounted for. 
As will be seen, the excellent correspondence between 
the values obtained in this work and those previously 
reported with lower bombarding energies is an indica- 
tion of the reliability of the calibration of the spectro- 
graph in its new location and the internal consistency 
of the method 

III. B'' RESULTS 

Figure 1 is a survey of the proton groups obtained 
from a B® target bombarded with 8.06-Mev deuterons. 
Rev. 91, 473 


and Fader, Phys 


'2 Sperduto, Buechner, Elkind 
(1953) 


of the same momentum region, 
using a natural boron target. The boron groups are 
identified by consecutive numbers with (0) for the 
ground-state group, (1) for the first excited group, and 
so on. Backing or contaminant groups are designated 
in Figs. 1 and 2 by the corresponding residual nucleus, 
as well as the excitation energy of the group in those 
where the excitation energy is given in the 
compilation of Ajzenberg and Lauritsen.” The excita- 
tion energy of the N'® levels labeled “new” has been 
recently reported.” In Fig. 1, the proton yield is nor- 
malized with respect to B''(10) which is the 9.19-Mev 
level of B"; the proton yield in Fig. 2 is normalized 
with respect to the ground state of B”, B'(0). In the 
discussion to follow, levels are designated by either 
level numbers or excitation energy. 

With the exception of B'"(11), the 9.28-Mev level in 
B", which is unresolved from C*3.08 at this bom- 
barding energy, the relative intensities of the boron 
groups in Figs. 1 and 2 clearly indicate which groups 
belong to B" or B®. In the B" survey, B"(7) and 
B"(12) are new; and in the B® survey, B'?(2), B'*(3), 
8B”? (4), and B(5) are new, although B'(2) had been 
previously reported from the Be*(a,p)B" reaction.’ 

The minimum group width at half-maximum result- 
}-mm input-energy defining slit plus the 
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resolution limit of the spectrograph is about 2: 1000 in 
energy. When, in addition to this minimum width, 
target thicknesses of a few kev were accounted for, 
all of the boron groups observed were found to be less 
than 10-kev wide with the exception of B"(12). This 
is in agreement with the previous work! where the 
half-width of the group B"(9) was found to be less 
than 4 kev. 

At a bombarding energy of 7.56 Mev, the momentum 
region containing the B''(12) group is shown in more 
detail in Fig. 3. Careful surveys of the regions con- 
taining this group were made at several bombarding 
energies with targets of both natural boron and en- 
riched in B® and on various backing materials. From 
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these studies, the group was definitely established as 
originating from B", and in spite of its low intensity 
it was clearly considerably broader than the other B" 
groups. The half-width of this group is about 54 kev. 

Figure 1 shows that the O'"*4.56 group detected by 
(d,p) reaction is also broad. This is in agreement with 
the observations of Bockelman™ and Watson and 
Buechner.'® It was verified that the structure in the 
region of the O'7*4.56 level did not belong to boron 
from measurements with Formvar and Nylon targets 
in the same region. 

Table I is a summary of the present B" results and 
those previously obtained' in the same excitation 
region. The Q values determined in this work, listed in 
Tables I and III, are averages of between five to fifteen 
determinations, the extreme departure of a given 
determination from the average being about half the 
assigned probable error. The close agreement between 
the Q values for levels (8), (9), (10), and (11) in Table 
I, as well as levels (0) and (1) in Table III, can be 
taken as an indication of a large measure of internal 
consistency. Because of the poor peak shape of B"(12), 
the Q value for this level is quoted to the nearest 10 kev, 
and its uncertainty is considerably larger than the 
uncertainties of the other groups. In general, the larger 
uncertainties quoted in this work, compared with the 
previous work, resulted from the higher bombarding 
energies used. 

Because B'*9.28 is unresolved from C*3.08 at a 
deuteron energy of 8.06 Mev, the relative intensity of 
the 9.28- to the 9.19-Mev levels was measured at 
several other energies. These are listed in Table II. 
The data at 1.51-Mev deuteron energy come from 
reference 1. 

Proton groups whose widths are about 10 kev or less 
are considerably easier to detect and identify than 
groups whose widths are about 50 kev or more. This 
results mainly from the fact that broad groups usually 
have poor peak shapes, making such groups difficult to 
distinguish from background fluctuations. Since one 
broad group was found in the B" survey, the following 


TABLE I. B'°(d,p)B" results. 


Present wo 


Ez,* Mev 


7.987+0.014 
8.568+0.014 
8.929+0.014 
9.193+0.014 
9.27740.013 
10.32 +0.02 


V value, Mev 


1.248+0.009 
0.667 +0.008 
0.306+0.008 
0.042 +0.008 
0.042+0.007 
-1.08 +0.02 


Previously reported® 


Rel. int. at 90°, 
Ea =806 Mev 
(430 percent) 


0.088 

0.087 0.667 +0.005 
0.58 0.309+0.005 
1.0 0.045+0.005 
e —0.041+0.005 


QV value, Mev 


0.6 (+40%) 
l'=54+17 kev 


* Based upon ground-state Q value and uncertainty, as given in reference 1, which is 9.235 +0.011 Mey 
> Data given in reference 1 
© Unresolved, see Table II 
4. K. Bockelman, Phys. Rev. 80, 1011 (1950). 
‘6 Hf. A. Watson and W. W. Buechner, Phys. Rev. 88, 1324 (1952). 
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statements of the thoroughness of this work distin- 
guishes between narrow and broad groups; intensities 
are relative to the B''*9.19-Mev group. For groups 
about 10 kev wide, there are no groups of intensity 
greater than 0.02 in the excitation region from 7.50 to 
10.45 Mev (400 to 321 Bp in Figs. 1 and 2); no groups 
of intensity greater than 0.04 from 10.45 to 11.10 
Mev (321 to 301 Bp); and no groups of intensity 
greater than 0.1 from 11.10 to 11.46 Mev (301 to 
290 Bp). For groups about 50 kev wide, in the preceding 
regions, there are no groups of intensity greater than 
0.06, 0.09, and 0.15, respectively. The preceding state- 
ments have probable errors of about 30 percent. It can 
be expected that groups having widths greater than 
about 50 kev would have upper limits of relative 
intensity roughly proportional to the width of the group 
compared to 50 kev. 


B'? RESULTS 


Table II] summarizes the B"” results of the present 
work and the previous (d,p) work.® All of the peak 
widths of the B” groups that are listed were about 10 
kev or less. With the exception of B'?(5), the assigned 
probable errors are larger than those given in reference 
6, because of the higher input energies used in this 
work. 

In the case of B'(5), which is of interest since it is 
close to the neutron binding energy in B"”, it was 
possible to reduce the probable error through the use of 
molecular hydrogen ions present in the deuteron beam 
accelerated by the generator. Since the machine was 
also used to accelerate protons during the course of 
this experiment, an appreciable number of molecular 
hydrogen ions appeared with the atomic deuteron beam 
at the spectrograph slits. These molecular hydrogen 
ions are disrupted upon impact with the target nuclei 
and give rise to mainly elastically scattered protons of 
essentially half the input energy of the deuterons. Thus, 
when analyzed by the spectrograph, these protons were 
observed in the momentum region occupied by (d,p) 
groups corresponding to a relatively high excitation 
energy in B”. By choosing the right bombarding 
energy, these elastically scattered protons, from which 
the input energy can be computed, can be recorded 


Present work 


O value, Mev Ez, Mev 


1.140+0.008 0 
0.189+0.008 0.951+0.011 
—0.534+0,.008 1.674+0.011 
— 1.478+0.007 2.618+0.011 
— 1.583+0.008 2.723+0.011 
— 2.243+0.003 3.38340.009 


® Data given in reference 6 


STATES 


OF B*' AND B 


TABLE IT. Intensity of proton groups as a function 
of deuteron energy 


Relative intensity at 90 
of B'*9.28 to BI*O,19 


Deuteron energy 
M Mev levels (415 percent‘ 


Mev 


1.51 0.5 

5.48 0.70 
5.99 0.68 
6.99 0.54 


on the same photographic plate as a reaction group. 
This was done for B'(5). The result is shown in Fig. 4 
where B'"(5) is positioned between proton groups 
elastically scattered from C” and O'*. In this way, the 
uncertainty in the Q value for this group could be 
limited to +3 kev. 

The thoroughness of the B” survey for groups about 
10 kev wide is indicated by the following: intensities 
are relative to the B® ground-state group. From the 
ground state to an excitation energy of 3.15 Mev 
(390 to 301 Bp in Figs. 1 and 2), there are no groups of 
intensity greater than 0.04; and from 3.15 to 3.50 Mev 
(301 to 289 Bp), there are no groups stronger than 0.08. 
A probable error of 25 percent applies to these state 
ments. 

V. CONCLUSIONS, B!! 

Figure 5 shows the excited states of the mirror 
nuclei B!'—C". The levels of B" are the results of the 
previous (d,p) work! and the present work. The levels 
of C" were obtained by B'(d,n) by Johnson‘ with the 
exception of the 9.70- and 10.06-Mev levels. These 
latter levels were determined!® from resonances in the 
alpha-particle yield from the reaction B'(p,q@) Be’. 
The 8.97- and 9.13-Mev levels in C" are not certain. 
The spin and parity assignments in the B'' diagram are 
those indicated in the letter by Jones and Wilkinson,°® 
and the suggested assignments in C'' were obtained 
from reference 13. 

With the obvious pairing of B!'*7.99 with C!!'*7.39, 
the level structure appears conjugate up to the pair 
B'*8.93 and C'!*8.39. C!*8.62 probably is an un 
resolved doublet corresponding to B'!'*9.19 and B!'*9.28. 

The first four B" levels have an average displacement 
of about 290 kev with respect to their conjugate C! 


TaBLe III. B"(d,p) B® results. 


Previously reported* 


Rel. int.at 90° 
Eg =806 Mev 


(+20 percent) O value, Mev 


1.0 1.136+0.005 
0.78 0.189+0.004 
2.85 
0.69 
0.04 
1.86 


16 Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 (1951). 
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Fic. 4. Proton groups from a target of natural boron evaporated 
onto Formvar. Deuteron beam energy 6.112 Mev. About 1 
percent molecular hydrogen ions in the deuteron beam. 


levels, while the levels from 7.30 to 9.28 Mev in B!! are 
displaced about 560 kev with respect to their C" 
conjugates. If B''*10.32 is paired with C"'*9.70, the 
displacement is about the same as for the upper levels ; 
while if B!*10.32 is paired with C"*10.06, the displace- 
ment is about the same as for the lower levels. 

In B", levels at 8.93, 9.19, 9.28, and 10.32 Mev are 
virtual. The 8.93-Mev level can decay by alpha- 
emission leaving Li’ in its ground state, Li7(0). The 
other three levels also have open a channel leading to 
the first excited state of Li’, Li7(1), at 0.48 Mev. As has 
been mentioned, only B!'*10.32 was observed to be 
noticeably broad; the other levels have widths of less 
than 10 kev. 

Bennett, Roys, and ‘Toppel'? have measured the 
total gamma-ray yield resulting from Li’+a, using 
thick Li’ targets. The maximum energy of the alpha 
particles used was 1.4 Mev. From an analysis of their 
gamma-ray yield versus alpha-particle energy plots, 
they report the 8.93- and 9.19-Mev levels to be less than 
1 kev wide, and the 9.28-Mev level to be 6 kev wide. 
With this observed width of B'*9.28, the natural or 
internal width without barrier can be computed for 


17 Bennet, Roys, and Toppel, Phys. Rev. 82, 20 (1951) 
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the minimum angular-momentum change required by 
the state assignment given in Fig. 5.'* This was done 
using tabulated Coulomb wave functions’ to compute 
the barrier transmission coefficients. It was found that 
an unreasonably large radius must be assumed to yield 
a reasonable internal width if the parity of this level is 
odd. However, reasonable values for the radius and 
internal width result if the parity is even. 

From an analysis of the alpha-particle yield from the 
reaction B'(p,a)Be’ and from the yield of gamma 
radiation corresponding to the first excited state of 
Be’, Brown and collaborators!® suggest the assignments 
3/2- for C!*9,70 and 5/2- or 7/2+ for C!*10.06. When 
ratios of barrier transmission coefficients are computed 
for the alpha decay of B'*10.32 to that of B"*9,28 
using 3/2~ for Li’(O) and 1/27 for Li’(1), closest agree- 
ment between these ratios and the ratio of the observed 
level widths is obtained for the following: B''*10.32, 
5/2- and 7/2- if B"*9.28 is 5/2+; and B"*10.32, 7/2+* 
and 9/2* if B'!*9,28 is 5/2-. If the internal widths of 
the two B" levels can be considered to be of the same 
order, this suggests that B"*10.32 is to be paired with 
C"*10.06, and that the mirror level of C!'*9.70 was 
undetected in this experiment because its yield was not 
sufficient to compensate for its width which could be 
about ten times the width of B"*10.32. 


VI. CONCLUSIONS, B" 


Figure 6 shows the level scheme of the isobaric triad 
nuclei B’—C”’—N®. The positions of the B® and N” 


oe meer 
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Fic. 5. Isobaric mirror nuclei, B'—C". 

18 A recent private communication from G. A. Jones indicates 
that the parity of B"*9.28, as well as some of the lower levels, is 
uncertain at the present time. 

’ Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs 
Modern Phys. 23, 147 (1951) 
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level schemes have been displaced to account for n-p 
mass differences and Coulomb energy differences on 
the assumption of uniform-charge distribution through- 
out a sphere of radius R=1.454'X10-" cm. The B® 
diagram includes the results of this work, and the C” 
levels are essentially those given in reference 13 to 
which the level at 17.78 Mev” has been added. The 
state assignments of the upper levels of C” given in 
parentheses were recently reported.” ' In addition to 
the alignment of the ground states of the mirror 
nuclei B’—N"” for reasons of nuclear-force charge 
symmetry, if charge independence also applies, some of 
the levels in C” above about C'*15.09 should be 
conjugate to levels in B’; that is, some of the levels in 
C®” should be part of isobaric triplets. 

In Fig. 6, levels in B"” are indicated as possible 
conjugates of those C” levels which give the closest 
relative excitation energy alignment. While this alone is 
insufficient for the assignment of C” levels as B” 
conjugates, it is strengthened by the observation that 
several of the C levels above C'*15.09 are probably 
T=1 states. A barrier penetration analysis of the C” 


resonances, observed by the reaction B!'(p,a)Be%, 


explains the small width, 5 kev,'* of C*16.10 and the 
larger widths, about 250 kev,” of the 16.57-, 17.78-, 
and 18.39-Mev levels in C” if the observed total widths 
are essentially only proton partial widths. This is 
reinforced by the fact that C*16.57 is probably an 


F1 transition to C*4.43, which would be suppressed if 
C"*16.57 isa T=0 state.” Although the observed width 
of C#*17.22 is 1.2 Mev,” this level may also be a T=1 
state corresponding to B'*2.62. However, the large 
width of C!*17.22 may indicate the contribution of 
an alpha partial width, implying that this is a T=0 
state whose alpha decay is unimpeded by an isotopic- 
spin selection rule. A study of the elastic proton yield 
from B"(p,p’)B", which should not differentiate 
between 7=0 or 1 states, and the reaction N'(d,a)C", 
which should favor 7=0 states, would help to clarify 


this situation. 

2” FE. B. Paul and R. L. Clarke, Phys. Rev. 91, 463 (1953). 
21H. E. Gove and E. B. Paul, Phys. Rev. 91, 463 (1953). 
2M. Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 (1953). 
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Fic. 6. Isobaric triad nuclei, B'’%—C"%—N", Coulomb energy 
and neutron-proton mass-difference corrections have been applied 
in plotting positions of B® and N® ground states. 


Concerning B!*3.38, which is close to the B" neutron 
threshold, it is noted that this level was not reported by 
Bockelman." Barrier computations indicate that the 
formation of this level by s-wave neutrons is not 
probable. 
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Physics Department at M.I.T. in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy. 
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thanks are also extended to Professor M. S. Livingston 
and Professor B. T. Feld for their suggestions and criti 
cisms during the course of the research. The careful 
work of Lieutenant D. Foxwell in checking the calcula- 
tions is also gratefully acknowledged. In addition, the 
author wishes to thank those who assisted in reading the 
some 400 photographic plates: Miss J. Frothingham, 
Miss P. Kelleher, and Miss L. Stone, and especially 
Mr. W. A. Tripp. 
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I. The mean lifetime of 4* mesons in carbon and sulfur has been 
measured by the delayed coincidence technique. Data for decay 
times >2yusec were analyzed by the statistical method of Peierls 
and yield 7,*=2.09+4-0.05ysec for the mean life of the u* meson 
in sulfur and + 1.92+0.04usec for the mean lifetime of the 
we meson in carbon. 7,* compares favorably with values found in 
material of low atomic number, but there appears to be a sig- 
nificant difference between these values and those obtained in 
high Z materials. Assuming a Z* dependent capture probability 
for ~~ mesons, 7, is compatible with other lifetimes determined 
in materials of higher Z 

II. The integral time distributions of the delayed coincidences 
obtained above were extrapolated to zero delay time and allow- 


ance made for those ~~ mesons which are captured in carbon. 


I. INTRODUCTION 


he more than a decade it has been known that 
there is an excess of positive particles in the “hard 
component” at sea level. According to the best esti- 
mates! this excess amounts to ~20 percent of the 
total penetrating radiation. Early studies gave no in- 
formation regarding the distribution of the excess in 
the differential sea-level spectrum, but recent experi- 
ments®>? have shown that in the region 1—2 Bev/c 
the positive/negative ratio increases, reaches a broad 
maximum at 2-5 Bev/c and then falls off more slowly 
at high momenta. 

Still less detailed information is available concerning 


the positive excess of u mesons at altitudes above sea 


level. Most cloud-chamber data’~" show that the 


positive/negative ratio of the “hard component” in- 
creases with altitude, especially at low momenta. How- 
ever, this increase can be related directly to the large 
increase of the proton intensity with altitude rather 


* Supported in part by the U. S. Atomic Energy Commission. 

tA short account of this work was presented at the 1952 
Washington meeting of the American Physical Society [Phys. 
Rev. 87, 241 (1952) ] 
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ate School of Arts and Science of New York University. 
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These data were used to obtain the u*/u~ ratio at a momentum 
of 325470 Mev/c at sea level: u*/u~=1.06+0.03. This ratio is 
compared with other experiments (which also provide good identi- 
fication of the u mesons) by plotting all ratios as a function of 
momentum at the top of the atmosphere (TOA). The best fit to 
the experimental points is given by the exponential expression 


P= Py exp[u*/u-/K], 
where 
P<4 Bev/c (TOA), 


The decrease of the 4*/u~ ratio with increasing altitude appears 
to be well established, although the exact values of Po and K 


are uncertain. 


P)>~0.165 Bev/c (TOA), and K=~0.38. 


than any increase in the relative number of u*+ mesons. 
Similarly, a magnetic lens experiment" showed that 
the ratio increased from sea level to 3.5 km, but did 
not change substantially from this latter value in going 
up to 7.6 km. To further complicate matters, delayed 
coincidence experiments’—"* (in which u mesons were 
identified by their characteristic decay) showed that 
the ut/u~ ratio of 1.20 was fairly evenly distributed in 
the sea-level spectrum but dropped to ~1 in going to 
2.1 km and then increased with altitude. 

Other experiments'®!® in which the mesons were 
identified accurately by range-momenta criteria, showed 
no positive excess at 3.4 km. 

Positive/negative ratios obtained from m mesons 
stopped in photographic emulsions'*~™ exposed at vari- 
ous altitudes and identified by their characteristic 
endings have generally exhibited ratios between 0.2 
and 1.2. 

It is the purpose of this paper to report an experi- 
mental determination of positive/negative ratio for low- 
energy u mesons at sea level, and to compare this result 
with other experimental data in an attempt to resolve 
the major discrepancies which exist. 

The delayed-coincidence technique was used in con- 
junction with absorbers of carbon and sulfur. A com- 

" Quercia, Rispoli, and Sciuti, Phys. Rev. 78, 824 (1950). 
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parison of the lifetimes obtained in the experiments 
with the characteristic values for ~ mesons in these 
materials serves to identify the observed particles as u 
mesons. Since essentially both positive and negative 
m mesons decay in carbon, while only u* mesons decay 
in sulfur* it is possible in principle to obtain the ut,/u 

ratio from the delayed coincidence rates, provided that 
the lifetimes of the « mesons are known accurately for 
the two absorbers. This is a technique originated by 
Shamos e¢ al." and later used by Piccioni'’ and Conversi." 


Il. APPARATUS 
A. Counter Telescope 


The counter telescope used in this experiment is 
shown in Fig. 1. Counter trays A and B, each consisting 
of five Geiger-Mueller counters, defined the incident 
beam. These two trays were connected to a special two- 
fold coincidence circuit. Tray C was connected in anti- 
coincidence, delayed-coincidence. The side trays labeled 
C’ were connected in anticoincidence. In this arrange- 
ment, a meson was required to traverse trays A and B, 
come to rest in the absorber and then give rise to a 
decay electron in the interval 1.1 to 7.38usec later. 

The carbon absorber was in the form of graphite 
slabs (density 1.73 g/cm*) and the sulphur was in the 
form of bricks (density 1.87 g/cm*). The size of both 
absorbers was 43 in. X 14 in. 36 in. A 10-cm thick lead 
filter cut out most of the incident electrons and photons. 
This filter was always in position. 

The apparatus was operated at a height approxi- 
mately 200 ft above sea level under a thin roof of glass 
and iron, the total thickness being ~0.7 g/cm’. 

The brass Geiger-Mueller counters were filled with a 
self-quenching mixture of argon and ethy! acetate. The 
A and B tray counters were 1 in. in diameter and 23 in. 
long while the C tray counters were 1 in. in diameter 
and 28 in. long. The side counters were 2 in. in diameter 


and 36 in. long. The high voltage for each of the 


Fic. 1. Experimental ar 
rangement. A, B, and C 
G-M counters are 1 inch in 
diameter. C’ counters are 2 
inches in diameter. 
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Fic. 2. Block diagram of the electronic apparatus. The time 

delay between C and the earliest signal from either A or B is 

recorded in four adjacent time channels provided there is an AB 

coincidence within lysec and that there is no signal from C’ 

C channel is dead for ~12yusec following each signal 


counters was individually adjusted by means of poten- 
tiometers across a regulated 300-volt supply which 
floated on a fixed high-tension supply. With the excep- 
tion of the C’ tray, all counters were operated at the 
upper end of their plateaus to minimize inherent lags.”° 
The counter pulses were ~75 volts in amplitude (at the 
cathode-follower output) with an over-all rise time to 
full height of ~2usec. The pulse amplitudes of all 
tubes were adjusted to the same height. The output of 
each counter was taken off through short leads to indi- 
vidual cathode followers and then mixed to provide 
tray outputs. Due to the individual coupling of each 
G-M counter, the dead time of a single counter could not 
block the entire tray. 


B. Circuits 


An ove-rall block diagram of the apparatus is shown 
in Fig. 2. 

The timing circuit generally followed a design re- 
ported by Sands.** However, the inputs were ringing 
circuits of a type proposed by Elmore.’ The special 
twofold coincidence circuit differs in detail from that 
proposed by Sands, but is designed to accomplish 
essentially the same purpose, namely, to reduce the 
effect of spontaneous counter lags by starting the timing 
cycle from the earliest signal obtained in a twofold 
coincidence. 

The channel widths in the delay discriminator were 
derived from fixed delay lines driven by blocking oscilla- 
tors whose bias was controlled by a highly regulated 
power supply. All bias voltages were monitored daily. 


25 A. R. Laufer, Rev. Sci. Instr. 21, 244 (1950 

26M. Sands, Massachusetts Institute of Technology Technical 
Report 28, 1949 (unpublished) 

77 R, Cool (private communication) 
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Channel 


Calculated 
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No. 1 


1.07 usec 
1.10-2.17 usec 
12 8164113 
11 3804107 
2392449 


No. 1 


1.58 usec 


AND 


No. 2 
1.80yusec 
2.17-3.97 usec 
10 281+101 

7862488 
1676441 


No, 2 


2.95 yusec 


M. 
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TABLE I(a). Differential data. 


SHAMOS 


No. 3 


2.00usec 

$.97-5. 97sec 
$865+69 
4068 + 64 
1042+32 


Tasce I(b). Differential data reduced to equal channel widths (At= 1.10ysec) 


No. 3 


4 83sec 


No. 4 
1.41 usec 
5.97-7 38sec 
2022445 
1805+42 
595+24 


No. 4 


6.57 psec 


“center” 
dN-_» 
dt (hr 
dN ul 


dl 
dN, 
dl 


6.194-0.10 
(hr°! 4.1640.09 


“(hr 


Due to these precautions, the shift in the channel widths 
over the period of observation was <0.02ysec. Average 
values for the time widths of the channels reported in 
Table I(a) were used in all calculations. This average 
was computed from weekly calibrations made with a 
delay line controlled double pulse generator developed 
in this laboratory” and used in previous delayed 
coincidence experiments. 

All of the critical power supplies were either of the 
degenerative feedback type or were controlled by VR 
tubes. 


III. EXPERIMENTAL PROCEDURE 


The apparatus was operated for a total of 3840 hours. 
Of this time, 3018 hours were foreground and 822 hours 
were background (no absorber). The results are sum- 
marized in Table I. 

Individual tray counting rates and the twofold and 
threefold prompt coincidence rates were monitored 
daily. In order to minimize any effects due to fluctua- 
tions in the incident intensity, runs with each of the 
two absorbers were alternately sandwiched in time 
with background runs. The measured background was 
subtracted so that all final results are based upon the 
true delayed coincidence rate for each absorber. Thus, 
delayed counts due to accidental coincidences and spon- 
taneous counter lags are cancelled out. Mesons stopping 
in the support material or Geiger-Mueller counter walls 
are likewise eliminated from the results. 

The differential time distributions plotted in Fig. 3 
were obtained by reducing the data from each channel 
to correspond to equal widths (Af= 1.1yusec) and calcu- 
lating the weighted “‘center’’ of each reduced channel. 
This procedure [see Table I(b)] was used only in 

28M. H. Shamos and M. G. Levy, Phys. Rev. 73, 1396 (1948) 


2M. H. Shamos and A. Russek, Phys. Rev. 74, 1546 (1948). 
J. L. Zar, Phys. Rev. 83, 761 (1951). 


3.214+0.06 


1.74+0.03 


1.47+0.06 


1.20+0.06 0.56+0.03 


0.69+4-0.03 0.31+0.03 


0.52+0.04 0.25+0.04 


plotting Fig. 3. All other information was oblained from 
the raw data listed in Table I(a). 


IV. MEAN LIFETIMES OF uw MESONS 
A. General 


The mean lifetimes reported here were calculated 
from the data in Table I(a) by the statistical method of 
Peierls.*' This procedure allows the mean lifetime and 
standard statistical error to be computed from an ob- 
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Fic. 3. Differential time distribution of delayed coincidence counts. 
All channels reduced to equal widths (A/= 1.1ysec). 


3 R, Peierls. Proc. Roy. Soc. (London) A149, 473 (1935) 
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served set of individual delays. Since the various delay 
channel widths were in all cases greater than 0.37 
(r= mean lifetime), Peierls’ series expression could not 
be used and his more general integral form was required. 
The resulting calculations were more accurate since no ap- 
proximations were involved. As a further consequence 
of using the general expression, it was not necessary to 
reduce all channels to the same width, thus eliminating 
a source of error in the handling of the data. 

In computing the lifetimes involving the sulfur data, 
the results for delay times earlier than 2.17yusec were 
omitted, since there is in this region an appreciable 
mesons decaying with a 
mesons 


counting rate due to the yu 
shortened mean life. The contribution of yu 
in the succeeding channels is completely negligible® 
provided that 7,-<0.54ysec. We find 


a “ i > + 2S S ir S ; i 
Lifetime of u* mesons in sulfur r,t = 2.09-+0.05psec. 


(S—B, less No. 1 channel) 


Lifetime of u- mesons incarbon: — r,.~ = 1.92+-0.04usec. 


Composite lifetime of the nat- 
ural mixture of both ut and | 
uu mesons in carbon under } 
~11 cm of Pb at sea level | 

(C—B): 


t= 2. 06+0.03yusec. 


The errors associated with the above lifetimes are the 
standard statistical errors computed by Peierls’ method. 


B. Lifetime of the w+ Meson 


Ticho* has used magnetic separation in conjunction 
with the delayed coincidence technique and found that 
the average w* meson lifetime in absorbers from oxygen 
to sulfur is r*=2.11+0.1yusec. Valley®* using a similar 
method and an aluminum absorber found r+= 2.06 
+0.08usec. Alvarez ef al. observed the decay of the 
ut mesons derived from artificially generated r+ mesons 
and found r+=2.09+0.03usec for the ut lifetime in 
stilbene (carbon). This is in good agreement with 
Steinberger and Bishop,®* who used a similar technique. 

The wt meson lifetime determined in the present 
experiment compares favorably with values found in 
materials of low atomic number, but disagrees with a 
measurement recently reported by Bell and Hincks,** 
who used an iron absorber (in which »~ mesons do not 
decay) and obtained: r*+=2.22+0.02usec. The results 


® Ticho’s «~ meson lifetimes include a 4 percent correction for 
assumed magnetic lens inefficiency. The lifetime in sulfur required 
by the present data as well as the lifetime in aluminum recently 
obtained by Valley are more compatible with Ticho’s uncorrected 
lifetimes. This leads to the suggestion that Ticho’s correction may 


have been unnecessary and that 7, =0.66+0.05ysec is more 
nearly the true lifetime. 

%G. E. Valley, quoted by B. Rossi, High Energy Particles 
(Prentice-Hall Publishing Company, New York, 1952), p. 68. 

4 Alvarez Longacre, Orgen, and Thomas, Phys. Rev. 77, 752 
(1950). 

4 J. Steinberger and A. S. Bishop, Phys. Rev. 78, 39 (1950) 

36W. E. Bell and E. P. Hincks, Phys. Rev. 84, 1243 (1951). 
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TABLE II. Mean lifetime of the u* meson at rest. 


usec 


2.06+0.08 
2.09+0.03 
2.09+0.05 
2.10+0.10 
2.11+0.10 
2.15+0.10 
2.2 +0.2 

2.2 +0.2 


Author 


Valley (1952)* 

Alvarez et ai. (1950) 

Present experiment (1952) 

Steinberger and Bishop (1950)° 

Ticho (1948)4 

Nereson and Rossi (1943)° 

Maze et al. (1945)° 

Bartman, Harrison, and Reynolds 
(1949)« 

Bell and Hincks (1951) 

Rossi and Nereson (1942)! 

Conversi and Piccioni (1946)? 


2.22+0.02 
2.3 +0.2 
2.3: 

See reference 36 


' See reterence 40 
1 See reierence 41 


© See reference 37, 
' See reference 38 
* See reterence 39 


* See reference 33 
» See reference 34 
© See reference 35 
1 See reference 24 


of all pertinent experiments™**" are summarized in 
Table II. 

It is difficult to draw firm conclusions in this respect 
at the present time, but the data might be considered 
consistent with the view that r+ increases with Z. The 
various lifetime determinations appear to fall into two 
groups, according to the Z of the absorber.” The 
weighted means from Table II become 


Z<16; 
Z> 26. 


r+=2.09+0.03 usec for 
r+=2.22+0.02 usec for 


This trend takes no account of possible systematic 
errors in the lifetime determinations reported by the 
various authors, and hence the indicated effect may 
not be real. 


C. Comparison of y Lifetimes 


Wheeler and Budini*® have shown from theoretical 
considerations that the capture probability for yu 
mesons should vary as Z* for Z<29. Thus, the stopped 
u~ meson falls into a A orbit and either is captured by 
the nucleus or decays spontaneously.“ The mean life- 
time for a w~ meson depends, therefore, upon the com- 
petition between the relative probabilities for capture 
and for decay, and should (in elements of high Z) differ 
markedly from the free-space lifetime. This is not the 
case for ut mesons, which (because of electrostatic 
repulsion) cannot approach sufficiently close to the 
nucleus for capture to take place. 

The predicted Z dependence of u~ meson lifetime has 


37 N. Nereson and B. Rossi, Phys. Rev. 64, 199 (1943); recaleu 
lated by B. Rossi, reference 33, p. 160. 

** Maze, Chaminade, and Freon, J. phys. 4, 202 (1945). 

® Bartman, Harrison, and Reynolds, Princeton University 
Technical Report No. 2, Chap. X, 5, 1949 (unpublished) 

 B. Rossi and N. Nereson, Phys. Rev. 62, 417 (1942) 

41M. Conversi and O. Piccioni, Phys. Rev. 70, 859 (1946) 

® The standard statistical errors assigned to these weighted 
values were obtained by assuming that the ith experiment con 
tributed NV; events to the final result and then using dra,/ra 
= 1/(2,N,)', where Ni = (7;/67;)?. 

“J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949); P. Budini, 
Nuovo cimento 8, 901 (1951). 

“H. K. Ticho and M. Schein, Phys. Rev. 72, 248 (1947). 
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TABLE III. Mean lifetime of the u~ meson at rest. 


Acap* X 10° 
Author eff Tr psec sec™! 


<0.035» 
0.037 40.015" 
0.055 +0.027 1" 
0.043 40.010 


Hincks and Bell 2.15 +0.09» 
(1952) 2.05 +0.06+ 
1.98 +0.08' 
Present experiment > 192 40.04 
(1952) 
Ticho (1948) 7.56 1.89 
Ticho (1948) 9.25 1,28 
Picho (1948) 2 0.96 
Valley (1949 d 1.1 
Valley (1949 0.81 
Ticho (1948) 0.75 
O82 
0.60 
0.54 
0.66 
Conforto and Sard 0.81 
(1952) 
Keuffel ef al 


0.051 40.043 
0.304 4+-0.073 
0.562 40.065 
0.431 40.166 
0.76 40.09 
+0.07 0.853 40.124 
+0.05¢ 0.74 +0.09 
+-0.09 1.19 40.25 
+0.12 1.377 40.413 
+-0.05° 1.04 +0.13 
+-0.244 0.77 40.35 


+0.15 
t0.12 
+0.06 
+0.2 

+0.06 


Cathey (1952 
Ticho (1948) 


1952 0.163 +0.027' 5.66 


0.116 +0.009* R.15 


$0.94 
+-0.63° 


* Under the assumption that 2.09 +0.02 unless otherwise indicated 

» Calculated from the unseparated delayed-coincidence data under the 
assumption: gw’ /y 1.22 and r* 222 40.02 psec 

ss the correction for 4 per 

licho (see footnote 32 

4Computed graphically trom the data given by these authors. They 
attribute the large lifetime as compared to that obtained from a Z* law 
to magnetic lens inefficiency, although data taken with other absorbers in 
the same apparatus do not confirm this view 

* Obtained by detecting the capture neutrons and gammas 


ent magnetic lens inefficiency included by 


been confirmed experimentally by ‘Ticho,”* and by 
Valley® and by Cathey*® for 8<Z< 16, and by Keuffel 
et al.*° for copper and iron. The latter group has recently 
shown that an anomaly, which is attributed to the 
influence of the shell structure of the nucleus,” occurs 
for large Z. 

At the time of the present experiment no reliable 
evidence existed concerning the capture of w~ mesons 
Conversi et al.,“° who were the 
first to observe the Z dependence of the u~ meson 
capture process, found that all w~~ mesons decay in 
carbon. Similar results have been obtained by Kissinger 
and Cooper,” and Valley.” All of the references cited 
above have large statistical errors. Nereson,®! however, 
found that in carbon only 76+17.6 percent of the wu 
mesons decay. In their experiments on the range of 
decay electrons in carbon, Shamos and Russek”® ob- 
served that their results did not tend toward unit yield 
(i.e., one decay electron per stopped meson) at zero 
thickness of absorber. The general trend observed in 
both of these experiments is consistent with Wheeler’s 
theory, which predicts that ~90 percent of the yu 
mesons decay in carbon. 

Recently, Hincks and Bell® have reported a series 
of measurements somewhat similar in principle to the 
present one in absorbers of lithium, beryllium, and 
carbon. Their +.~- compares favorably with the value 
reported in the present paper. However, capture prob- 


in materials of Z7<8. 


87, 169 (1952). 
and Reynolds, Phys 


Le Conte Cathey, Phys. Rev 

 Keuffel, Harrison, Godfrey, 
942 (1952) 

47 J. M. Kennedy, Phys. Rev. 87, 953 (1952). 

48 Conversi, Pancini, and Piccioni, Phys. Rev. 71, 209 (1947). 

#(C.W. Kissinger and D. Cooper, Phys. Rev. 74, 349 (1948) 

®G. EF. Valley, Phys. Rev. 73, 1251 (1948). 

51 N. Nereson, Phys. Rev. 73, 569 (1948). 

82. P. Hincks and W. E. Bell, Phys. Rev. 88, 168 (1952); 
88, 1424 (1952). 


Rev. 87, 
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abilities computed from their rr.*, tre, and tii are 
not in agreement with other experiments™*:* extra- 
polated to low Z by means of Wheeler’s theory.” 

The various experimental values of the lifetime of 
the uw meson as a function of Z are tabulated in 
Table III. 

Under the hypothesis that the shortened ~~ meson 
lifetime is due solely to the competition between capture 
and decay processes,**:** the fraction of u~ mesons which 
undergo spontaneous decay is given by*® 


f=r/r 


From the values of ut and uw lifetimes determined in 
the present paper, it is seen that 92+3 percent of the 
uw” mesons decay in carbon. This confirms previous esti- 
mates” *! as to the magnitude of this effect. 

Using a similar hypothesis, the capture probability 
is given by 


where rt=2.09+0.02yusec. 


Awup=1/97°—1/r', 


The results of this calculation are plotted in Fig. 4 using 
the effective Z computed by Wheeler.” The slope of 
the resulting plot closely corresponds to the Z* effective 
law. However, one should expect to find local fluctua- 
tions in w meson capture probabilities due to nuclear 
“shell structure” effects. This problem has been ex- 
amined theoretically by Tiomno and Wheeler®*® for O'* 
and by Kennedy* for Ca® and Pb™’. These authors find 


Aow= 2.29 10!"'g? sec, 
Aca= 2.7 XK 10! sec“, 
Apb2s= 1.56X 10! sec", 

Apb= 1.6X 10!g? sec. 


Kennedy has compared his calculated capture prob- 
ability for Pb with the experimentally derived value 
obtained by Keuffel ef a/.‘° and finds g~3X10~- erg 
cm’ with a probable error of 25 percent. Substituting 
this value in the expression for O'® and Ca®, one obtains 


Aou= 2.06 104 sec . 
Aca”’= 2.43 X 10° sec. 
These agree, within the experimental error, with the 


63 Tn calculating their lifetimes, Hincks and Bell assume that 
the u*/u~ ratio is 1.24 at 500 Mev/c at sea level in order to find 
the fraction of decays in each absorber which are due to u* mesons. 
(As is shown by Fig. 6 of the present paper, ut/u~~1.1 at 500 
Mev/c at sea level.) Furthermore, they choose 2.22usec as the 
u* meson lifetime, and this may not be the correct lifetime of the 
wt in materials of low Z (see Table II). Both effects combine to 
give r lifetimes which are of the proper order of magnitude, but 
result in capture probabilities which are too large. 

54 A.M. Conforto and R. D. Sard, Phys. Rev. 86, 465 (1952). 

55 Several authors [see reference 24 and P. Budini, Nuovo 
cimento 9, 445 (1952); N. Dallaporta, Nuovo cimento 9, 450 
(1952) ] have suggested that the nucleus may emit an energetic 
charged particle directly after capture of a uw meson. In this case 
the fraction (f) of w~ mesons which decay would not be equal 
to ¢"/r*. 

56 J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 144 
(1949). 
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capture probability of « mesons in oxygen* but not 
with that of uw~ mesons in calcium™ (see Table III). 
Recently, ‘‘shell structure” effects have also been 
found for the capture of +” mesons in oxygen,’ al- 
though the much higher energy transfers which occur 
in this case should greatly weaken the selection rules.** 


V. ut/y- RATIO 


Since only positive mesons decay in sulfur for delay 
times > 2usec, and both positive and negative mesons 
decay in carbon (see Sec IV), the uw*t/u~ ratio may be 
obtained by extrapolating the time distributions of the 
decay electrons in the two absorbers to zero delay time. 
The lifetimes of the u mesons affect the calculated ut /u 
ratio in two ways: first, the fraction of u~ mesons which 
decay in carbon is given by the ratio r.-/7,*, and 
secondly, the value of the delayed coincidence counting 
rates, extrapolated to zero delay is dependent upon 
both r.~ and 7,*. By utilizing the lifetimes and delayed 
coincidence counting rates obtained in the present 
experiment we have computed the wt/y~ ratio for 
mesons of 325470 Mev/c momentum at sea level,” 
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Fic. 4. Capture probabilities vs Ze of Wheeler theory. Solid 
line represents Zee law. Dotted line shows experimental devia 
tions near closed shell nuclei. Double circles represent calculations 
from shell model of nucleus for charge-exchange type of interaction 
with a coupling constant of g~3X10~” erg cm‘. The lower point 
at sulfur results from neglecting a correction originally given by 
Ticho (see reference 32). 


57 Camac, McGuire, Platt, and Schulte, Phys. Rev. 88, 134 
(1952). 

58 A.M. Messiah and R. E. Marshak, Phys. Rev. 88, 678 (1952) 

The momentum of the observed 4 mesons is determined by 
the 10-cm thick lead filter, the thickness of the roof and counter 
walls (1 g/cm?*), and the effective thickness of the absorber (see 
Sec. VI). The filter is increased by the cos? intensity distribution 
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Fic. 5. Delayed coincidence counting rate as a function of 
absorber thickness. The curve saturates at ~16 g/cm? indicating 
that the top portion of the absorbers in the main experiment are 
not useful in producing detectable decay electrons. Thus, the 
effective thickness is determined by the range of the decay ele 
trons in each absorber 


obtaining 
ut/p~ = 1.06+0.03. (1) 


The error quoted above is the pure statistical error 
alone and does not include any estimate of the sys 
error, will be discussed in the next 


tematic which 


section. 


VI. SYSTEMATIC ERROR 


A possible source of systematic error in the present 
experiment lies in the implicit assumption that the 
relative efficiencies of the two absorbers for stopping u 
mesons and allowing their decay electrons to be detected 
is the same. A 10 percent change in the ratio of the 
relative efficiencies (£) causes a 16 percent shift in the 
ut/pu- ratio and a7 percent change in 7.~. 

This ratio (£) has been calculated for the geometry 
of the present experiment by a semi-empirical method. 
It can be shown that (4) depends only on the product 
of the ratio of the number of mesons stopped in each 
absorber (V,/.V,=0.89+-0.02), and the ratio of the 
ranges of the decay electrons. In each case the thickness 
of absorber which was effective for stopping the de- 
tected ~« mesons (see Fig. 5) was determined by the 
maximum range of the decay electrons. These ranges 
were obtained from the theory recently proposed by 
Wilson™ and include corrections for radiation losses 
and multiple scattering. Under the assumption that the 


of the incident mesons and by multiple Coulomb scattering in the 
lead [H. Koenig, Phys. Rev. 69, 590 (1946) ] 
Rk. R. Wilson, Phys. Rev. 84, 100 (1951) 
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Fic. 6. 4*/ ratios vs momenta at the top of the atmosphere 
(TOA) for the selected experiments. Those points labeled (x) are 
obtained from m mesons stopped in photographic emulsions exposed 
above 60 000 ft 


stopped mesons are evenly distributed throughout each 
absorber® one finds that 


1.01+-0.10. 


The estimated uncertainty in the computed ratio (£) 
is due in part to the uncertainty in the theoretical 
expressions for the average electron ranges, which are 
only good to about 5 percent. Such phenomena as 
backscattering, etc., were neglected. The geometrical 
correction for edge effects (which is included) is <2 
percent. 

An experimental value for the ratio of relative effi- 
ciencies of carbon and sulfur has been obtained by 
Piccioni for the delayed coincidences from w+ mesons 
observed in hard showers. When his data are corrected 
for spurious showers actually produced by knock-on 
electrons accompanying incident « mesons, the ratio 


of the efficiencies becomes 


u’ delayed coincidences in carbon 
(EF) = 1.08+0.10. 


u* delayed coincidences in sulfur 


Another approach to this question can be obtained 
from the sulfur data alone in the present experiment. 
The data for decay times between 1.1 and 2.17ysec can 
be corrected for w+ mesons in this channel by extra- 
polating from the following channels. This procedure 
yields only one point on the decay curve for u~ mesons 
in sulfur, but has the advantage that no questions of 
relative efficiencies are involved. If one assumes that 


®| Both the main experiment and the auxiliary experiment 
(Fig. 5) are performed in an approximately “flat” region of the 
sea-level momentum spectrum. This means that the stopped 
mesons are to a first approximation distributed evenly throughout 
the absorber. The indication of a dip at 26 g/cm? may be caused 
by a characteristic anomaly in the spectrum at 400 Mev/c [see 
A. Rogozinski and A. G. Voisin, Compt. rend. 230, 2092 (1950) ; 
L. Eisen, Masters thesis, New York University, 1952 (unpub 
lished); E. W. Kellerman and K. Westerman, Proc. Phys. Soc. 
(London) A62, 356 (1949) } 
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7, =0.66+0.05usec (see reference 32), then one obtains 
ut/p-=0.9440.20. 
When this is compared to Eq. (1) it implies 
E=0.96+0.15. 


These three estimates indicate that (2) is approxi- 
mately unity, but do not permit an accurate evaluation 
of this quantity. It is for this reason that no corrections 
for this effect are included in the u+/y~ ratio [Eq. (1) ]. 
While a more accurate evaluation of the present data 
awaits a better determination of (£4), it will be shown in 
the following section that the value obtained under 
the assumption that E= 1 is in good agreement with the 
results obtained by other methods. 


VII. COMPARISON WITH OTHER EXPERIMENTS 
A. General 


An attempt has been made to resolve the ambiguities 
concerning the variation of the u*+/u™ ratio as a function 
of meson momentum and as a function of the altitude 
at which the ratio is determined. It is possible to cor- 
relate both variations in a consistent way by studying 
the u+/u ratio as a function only of meson momentum 
(P) referred to the top of the atmosphere (TOA).® 
Experiments selected on the basis that they provide good 
identification of the u mesons have been compared in this 
manner; Fig. 6 shows the result of this compilation. 
The “selected” experiments can be fitted quite well by 
an expression of the form 

MT/M 
P= Poexp (2) 
K 


where P<4 Bev/c (TOA), Po=0.165 Bev/c (TOA), 
and K=0.38. 

The fact that the experimental data seem to be only 
a function of momenta (TOA) implies that there is no 
appreciable meson production in the lower atmosphere 
as has been suggested by recent experiments." How- 
ever, it will be necessary to obtain data at different 
altitudes which overlap in momentum (TOA) before this 
can be confirmed. Furthermore, although the decrease of 
the p+/w~ ratio with increasing altitude appears to be well 
established, the exact values of both Py and K in Eq. (2) 
are uncertain in the region below 2 Bev/c (TOA) be- 
cause of the large statistical errors in the data obtained 
at altitudes above sea level. 


"Tn the discussion that follows, all momenta labeled (TOA) 
are given at the top of the atmosphere. We use the NACA stand 
ard atmosphere [see W. G. Brombacher, National Advisory 
Committee for Aeronautics Report NACA-538, 1935 (unpub 
lished) ] which approximates the yearly average of altitude as a 
function of pressure for latitude 40°N in the United States. All 
range (altitude in g/cm?) to momentum conversions are made by 
means of the Princeton tables [E. P. Gross, Range-Energy 
Ionization Curves (Princeton University, Princeton, 1947) ]. 
These are based mainly upon the theoretical work of G. C. Wick 
{Nuovo cimento 1, 310 (1943). ], which includes polarization effects. 

6§W. L. Kraushaar, Phys. Rev. 76, 1056 (1949) 
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Nevertheless, it is instructive to sketch in the alti- 
tude variation of the ut/u- ratio by extrapolating 
Eq. (2) to high altitudes where it can be compared to 
the #*/m~ ratio obtained in the production region. In 
this region the r*+/m~ ratio appears to have a constant 
value of ~0.26 (see Table IV).!7?!:?3.6 Since 4 mesons 
are the daughters of r mesons, then this ratio could be 
considered to be that of low-energy u mesons at produc- 
tion. Therefore, if one assumes that the momentum 
dependence of the u*+/u~ ratio [as given by Eq. (2) ] is 
the same as that of mesons at production, the curve 
may be extrapolated to u*t/u~ =0.26 to obtain a value 
for the average atmospheric depth of the production 
layer. This value is ~115 g/cm’, in agreement with 
most conventional estimates.”® 

From available cloud-chamber data,*~" the altitude 
dependence of the ut/u~ ratio deduced above allows 
the proton component at various altitudes to be com- 
puted. Such spectra show that a much larger fraction 
of protons exists at low momenta than most previous 
estimates infer.* 


B. Discussion of the Selected Experiments 


Owen and Wilson’? using an air-gap magnetic spectro- 
graph have investigated the u*+/y~ ratio for six momenta 
at sea level. These ratios were carefully corrected for 
included protons by an auxiliary absorption experi- 
ment® performed with the same apparatus. The ap- 
paratus provided good discrimination against electrons 
by shower production in a 2-cm lead plate. The results 
were not subject to multiple scattering corrections 
because no iron was in the path of the mesons. This 
series of measurements provides the most reliable deter- 
mination to date of the u+/u~ ratio at sea level in the 
momentum region above 3.25 Bev/c (TOA). 

A magnetic lens (iron) coincidence telescope in which 
the counters were vertically out-of-line was developed 
by Brode.® This design was free of the large corrections 
which had characterized previous ‘‘magnetic lens” ex- 
periments. Brode’s apparatus counted both positive 
and negative particles simultaneously, thus reducing 
the systematic errors associated with variations in the 
incident intensity. Geometrical effects were eliminated 
by alternately reversing the magnetic field and invert- 
ing the telescope during the course of the measurements, 
so that each channel in turn counted positive and then 
negative mesons. The effect of side showers was elimi- 
nated by using counters in adjacent channels as anti- 
coincidence protection. Protons did not contribute to 
the measured ratio, because protons of the energy 
required to penetrate 60 cm of iron do not exist in 
appreciable numbers at sea level.® 


6 C. F, Powell, Colston Papers (Interscience Publishers, Inc., 
New York, 1949), p. 83. 

6 G. Puppi and N. Dallaporta, Progress in Cosmic Ray Physics 
(Interscience Publishers, Inc., New York, 1952), Chap. VI, p. 360. 

66M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 404 (1951). 

*’ R. B. Brode, Nuovo cimento 6, Supplement No. 3 465 (1949). 
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TaBLe IV. r*/x ratios for e mesons above 60 O00 feet. 


Author Method Altitude a*/m 


Yagoda* x mesons (produced inair ~l4g/cm*® 0.69 +0.04!' 
1952 by primaries) stop in 

emulsion (liford G-5); 

corrected for starless wr 

mesons. 


0.276+40.151 


x mesons (produced in 
<6 Mev 


VYagoda* 
QO) of O<t 


1952 gelatin (H, C, N, 
emulsion by primaries) 
stop in emulsion (Ilford 
G-5); corrected for star 
less » mesons 

1949 » (produced in 
gelatin (H, C, O, N) and 
AgBr of emulsion stop in 
emulsion; uncorrected for 
geometry; corrected for 
starless r mesons 


Powells mesons 0.023 40.023 


Peyrou et al.* x mesons (produced in ait ~ ? 0:28 +0.004 
1949) by primaries) stop in 
emulsion; corrected for 
starless mesons. 
1951) x mesons (produced inair ~73 g/cm? 0.25 +0.045 
by primaries) stop in 
emulsion; (Kodak NTB 
3); corrected for starless 
7 mesons 


kry! 


* See reierence 23 
Since x* -+* decays are more easily recognized than one prong @ stars, 
x* mesons will have a higher detection efficiency than » mesons if ~100 
percent scanning is not employed in the search for characteristic endings 
Yagoda estimates that the over-all detection efficiency is <80 percent in 
the thick emulsions employed in determining this ratio. Note that this ratio 
a’ /m 0.69) can be compared with the ratio for mesons produced in 
ternally in the gelatin (H, C, O, N) of the emulsion. Those internally pro 
duced mesons tor which an identical method of scanning was employed 
exhibit a ratio of 0.73, while those which were traced from their parent 
stars give w*/x~ =0.28. This latter group was presumably scanned with 
almost 100 percent efficiency. However, fei and EF. Pickup (Can. J 
Phys. 30, 430 (1952) ] assume that all of the » mesons are generated locally 
including those which are apparently externally incident The change in 
the ratio with meson energy is then attributed to a Coulomb effect 
‘ See reterence o4 
! This ratio would be higher for stars produced in the gelatin of the emul 
sion alone, and would be increased still further if the « mesons were corrected 
tor those which escape detection because of geometry. This latter correction 
becomes important for thin emulsions such as were employed here 
¢ See reference 21 
t See reference 17 


Brode’s published data contain a further correction 
based on the counting rates determined by reversing 
the lower half of the magnet with respect to the upper 
half; these rates were ascribed to field-insensitive par- 
ticles and were subtracted from the average values of 
the normal rates before the ut/u~ ratio was computed. 
Owen and Wilson’ have pointed out that this represents 
a severe overcorrection since the probability that 
scattering will simultaneously reverse the particle tra- 
jectory in the upper and lower halves is negligible. We 
have therefore recalculated the u+/u~ ratio from Brode’s 
data, neglecting the reversed half-magnet correction. 

Although this was a coincidence measurement, the 
momentum resolution of the apparatus was such that 
the bulk of the u mesons which contribute to the meas 
ured ratio had momenta between 3.25 and 5.75 Bev/c 
(TOA). Since the momentum interval is not defined 
precisely, an average momentum is used in plotting this 
point. This experiment has low statistical error and 
good identification. 

Groetzinger and McClure,® using a telescope similar 
in principle to that developed by Brode, measured the 
W. McClure, Phys. Rev. 77, 777 


68 G. Groetzinger and G 
(1950). 
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ut/p ratio at ~0.8 Bev/c at sea level and at 4 km. 
They determined the u*/u> ratio at two zenith angles 
in both the east and west azimuths. Using their raw 
data we have averaged™ over both angles and azimuths 
and computed a single ut/u~ ratio for each altitude. 
Their sea-level measurement contains no protons be- 
cause the 40 cm of iron in the lens effectively attenuates 
those protons of ~0.8 Bev/c momenta which were 
present in the incident beam. Unfortunately this is not 
true at 4 km where protons constitute ~28 percent of 
the total incident this momentum or ~18 
percent of the positive particle beam capable of causing 
a coincidence. As a result this determination at 4 km 


indicates 20 percent more positive particles than do the 


beam at 


selected experiments (see following section). 

Leighton et al.” have observed 75 w—>6 decays in a 
cloud chamber with a magnetic field at sea level. Of 
these events, 12 occurred in an absorber (a mixture of 
paraffin and copper) whose atomic number (Z) could 
not be stated prec isely, and one occurred in brass. (In 
the discussion that 13 events are not 
considered.) The remaining decays occurred in carbon 
and Bakelite (54 events) or in glass and argon (8 events). 
Lagarrigue and Peyrou” have observed 150 u—8 decays 
under 20 cm of lead at sea level by means of a cloud 
chamber and magnetic field. All of their decays occurred 
either in carbon or glass; but the majority took place 


follows these 


in carbon. 

The data of the two experiments were combined 
under the assumption that all of the decays occurred 
in carbon. Thus, allowing for those u~ mesons which 
would be captured in “carbon,” we compute the ut/yu 
ratio to be 


ut /u 1.04+0.14 at ~2.5 Bev/c (TOA). 


This ratio is based on excellent identification, but 
only indicates the trend at low momenta at sea level 
because of the assumption involved and the poor 
statistical accuracy. 

A cloud chamber in a magnetic field with an absorber 
placed below the chamber was used by Correll!® to 
determine the ut/u> ratio for mesons of 125 to 250 
Mev/c momenta at 3.5 km. Electrons were eliminated 
by shower production in three 1-cm lead plates (two 
were inside the chamber); protons were eliminated by 
range-momenta criteria. In this momentum region 
confusion with mesons is extremely unlikely. Although 
this measurement has a statistical precision of only 11 
percent, the identification is good. 

Franzinetti exposed vertical photographic plates in 
a 30-kilogauss magnetic field at 11 000 ft and identified 
the particles which stopped in the plates both by their 
mass (momentum and residual range) and by their 
characteristic endings. Since he was primarily interested 


® The ratios determined at the two zenith angles were not 


statistically different 
” Leighton, Anderson, and Seriff, Phys. Rev. 75, 1432 (1949) 
"A. Lagarrigue and C, Peyrou, Compt. rend, 233, 478 (1951) 
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in a mass spectrum of the cosmic radiation at these 
altitudes, he included in his u+/y~ ratio eight n+ mesons 
resulting from r*—>u* decay in the plates. In using his 
results we have omitted these eight locally-produced 
ut mesons. A histogram of the entrance angles of the 
stopped u mesons shows that they were deflected by the 
magnetic field before entering the plates; the angles of 
incidence are consistent with the hypothesis that these 
mesons were not locally produced. Recently, Merlin 
et al.” have essentially repeated Franzinetti’s experi- 
ment at sea level. The statistical errors of both experi- 
ments were large, but the identification was excep- 
tionally good. 

Piccioni'® has performed a delayed coincidence ex- 
periment at 3.5 km under 19.5 in. of lead. Carbon and 
sulfur absorbers were used in a manner similar to that 
employed in the present experiment. Most locally pro- 
duced u* mesons were eliminated by not counting those 
events in which more than a single counter was dis- 
charged in the first tray of his telescope. (This precau- 
tion is necessary at mountain altitudes.) Since his ex- 
perimental arrangement and the present one are similar, 
the same considerations employed in reducing the 
present data apply. 

We have recomputed”™ from Piccioni’s raw data the 
ut/u- ratio for those delayed coincidences unaccom- 
panied by hard shower events and find that 


pt/u-=0.97+0.05 at 2.09 Bev/c (TOA). 


Because of the possibility that locally generated hard 
showers can contribute extra ut mesons to the data, 
this ratio must be considered only as an upper limit. 
There are two other experiments which tend to point 
up the various effects mentioned above, although they 
do not do this directly. In one of these experiments, 
Ticho™ has measured the composite lifetime of the 
natural mixture of cosmic-ray mesons in aluminum both 
at sea level and at 3.5 km. Since the u~ mesons decay 
with a considerably shortened lifetime in aluminum, a 
decrease in composite lifetime with altitude is consistent 
with a decrease in the ut+/u~ ratio with altitude, al- 
though the precision of this experiment does not permit 
definite conclusions to be drawn. In the second, Brode 
has reported a continuation of his sea-level magnetic 
lens experiments at 3.5 km altitude.” Although the 
reported ratios are diluted by an overcorrection (see 
the discussion above) they show that the ratio decreases 
with altitude, and that the altitude variation can be 


represented as a momentum variation, since the addi- 


7 Merlin, Vitale, and Goldschmidt-Clermont, Nuovo cimento 
9, 422 (1952). 

73 Piccioni assumed that the mean lifetime of «* mesons in 
sulfur as well as the composite lifetime of ~ mesons in carbon was 
2.2usec. The carbon/sulfur ratio thus obtained corresponds to 
ut/u~ =1.2. This is actually the ratio for delay times greater than 
1.3usec and only corresponds to the zero-time extrapolated value 
provided that the lifetimes are the same. 

7H. K. Ticho, Phys. Rev. 71, 463 (1947) 

7®>R. B. Brode, Phys. Rev. 78, 92 (1950). 
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tion of 45 cm of lead’® at altitude results in the same 
ratio obtained at sea level. 


C. Other Experiments 


The experiments which were not selected for this 
compilation fall into two categories; first, those which 
cover the same momentum region as the “selected” 
group, but which have poor statistical precision, and 
secondly, those in which the « mesons are not differ- 
entiated completely from other particles in the incident 
cosmic radiation. In the latter group are included most 
of the cloud-chamber and magnetic lens experiments 
performed at altitude. This follows from the large in- 
crease in the proton component (relative to the meson 
component) with altitude, and is considered in detail 
in the following discussion. 

Caro ef al.’ using an air-gap magnetic spectrograph 
have investigated the variation of the u*t/u~ ratio as a 
function of momentum at sea level. The statistical 
precision of this experiment is not as good as that of 
Owen and Wilson.® Furthermore, no correction was 
made for included protons. Nevertheless, the results 
generally indicate the same trend as the ‘selected 
experiments” at momenta below 4 Bev/c (TOA). 

An air-gap m gnetic spectrometer has been used by 
Bassi ef al.® to investigate three points in the sea-level 
momentum spectrum below 4 Bev/c (TOA). They do 
not correct for included protons although the anti- 
coincidence method of event selection which they used 
is very sensitive to protons. Their ratios (corrected by 
the sea-level proton spectrum of Mylroi and Wilson®), 
agree with the ‘‘selected’”’ experiments, but the sta- 
tistical precision is much poorer than that obtained in 
the experiment of Owen and Wilson.® 

Bassi ef al.77 have performed a measurement at 2 km 
using the same apparatus as that used in the above 
experiment. The method of selection in this case was 
changed to a coincidence system in an attempt to 
eliminate protons The two points which were obtained 
at this altitude contain ~20 percent more “positive 
mesons” than do the “selected” experiments. Their 
lowest momentum point agrees with the ratio obtained 
at the same momentum (TOA) by Groetzinger and 
McClure, which experiment, according to the discus- 
sion in Sec. VII (B) was contaminated by ~18 percent 
protons. 

An experiment which has been widely reported with 
other sea-level results is that of Nereson.*! However, his 
experiment was performed in the basement of a building 
(~18 in. of concrete)’* at an altitude of 5000 ft. An 
out-of-line magnetic lens telescope was used to observe 
the positive/negative ratio for those particles which 
stopped in 3 in. of lead after traversing 28 in. of iron. 


3 


76 The lead equivalent of the atmosphere between 3.6 km and 
sea level. 

7 Bassi, Filosofo, Manduchi, and Prinzi, Nuovo cimento 8, 
469 (1951). 

78 V. H. Regener (private communication). 
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Since this ratio is 10 percent higher than that ob- 
tained in plain coincidence at the same time, then 
either u*+/u~ decreases with increasing momentum or the 
protons must have made a considerable contribution to the 
measured ratios. 

Background runs in which the iron lens was not 
magnetized were reported but were not used in calcu- 
lating the ratios (both coincidence and _ anticoinci- 
dence). Thus, no corrections for multiple scattering are 
included. If the appropriate backgrounds are subtracted 
one finds 


1.38-+0.03 
at 3.1 Bev/« 
1.48+0.03 
at 2.9 Bev/c (TOA). 


Coincidence: — plus/minus 
(TOA). 


Anticoincidence: — plus/minus= 


These coincidence values computed above compare 
favorably with the altitude experiments of Groetzinger 
and McClure® (4 km) and Bassi ef al.77 (2 km), but 
do not agree with the “selected” experiments. It is 
apparent that these experiments (magnetic lenses in 
out-of-line coincidence) were contaminated by protons. 

Barbour'’ has reported a series of stratosphere experi- 
ments with vertical photographic plates in the field of 
a permanent magnet. The identification of the particles 
observed in this series of experiments should presumably 
be as good as the results obtained in Franzinetti’s 
experiment; and these ratios should be comparable to 
the ones in Table IV; however, the magnet in this case 
was suspended in such a manner that 69 kg of iron was 
available for the local production of mesons directly 
above the plates. Consequently, the observed at/m 
and ut/p~ ratios bear little relation to the ratios existing 
in the free atmosphere at those altitudes. In fact, 
Barbour was able to find a production mean-free-path 
for m mesons from the separate experiments of this 
series performed at different altitudes. 

Conversi'® has described an iron-core magnetic lens 
experiment which he and Nappo performed at sea level 
in Rome. The counter system used in this experiment 
defined those particles which, after deflection in 28 cm 
of iron, stopped in 7 cm of lead. No correction was made 
for included protons, and sufficient details are not 
available to enable one to evaluate other systematic 
errors which might be involved. 

A series of measurements similar in principle to that 
of the present experiment has also been reported by 
Conversi.!® These measurements, which cover a wide 
range of momenta at sea level and several altitudes, 
were not absolute ratios but were normalized to the 
magnetic lens experiment reported above. No correction 
was made for those ~~ mesons which decay in carbon, 
and all data were extrapolated to zero delay time with 


an assumed lifetime of 2.2usec. The ratios were re 


’ 


normalized to the ‘‘selected experiments” at one point, 
and in general (except the 9-km point) exhibit the same 
momentum variation as the “selected” experiments, 


within the large statistical errors (> 20 percent). 
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Nonnemaker and Street” have used a cloud chamber 
at sea level to study the momenta of singly occurring 
particles which traversed 140 g/cm? and stopped in an 
additional 88 g/cm? below the chamber. This apparatus 
is somewhat similar to that of Correll’s," but no 
“shower plates” were provided in the chamber. The 
momentum cutoff is that of « mesons; however single 
electrons could not be distinguished from y~ mesons 
over most of the region of momentum considered. 


VIII. COMPARISON WITH THEORY 


Interpretation of the well-known 20 percent excess 
of positive mesons observed at sea level is generally 
based” on the model of a primary radiation consisting 
exclusively of protons which produce charged mesons 
upon colliding with air nuclei. Charge conservation 
then leads to the generation of more positive than nega- 
tive mesons. That the simultaneous production in the 
primary collision of charged nucleons may upset the 
charge balance is not usually considered. Thus, it is 
not surprising that this simple picture is not entirely 
compatible with the results reported in the present 
paper. In fact, no theory of meson production is success- 
ful in accounting for the variation of the wt/y~ ratio 
at momenta below 4 Bev/c (TOA). 

One theory, based on plural production of mesons*! 
has been proposed recently by Caldirola et al. The 
theoretical variation of the u+/u> ratio at sea level does 
not fit the experimental points too well below 4 Bev/< 
(TOA). This theory also predicts that the ut/u~ ratio 
should increase with altitude, which is distinctly at 
variance with the present results. 

Other models, based upon multiple-production 
theories ™ give distributions of the ratio which vary 
with the inverse square root **~*? of the meson energy. 
The poor agreement between the experimental results 
and these theories probably lies in the fact that they 
are applicable only at sufficiently high energies. 

7G. M. Nonnemaker and J. C. Street, Phys. Rev. 82, 564 
(1951). 

0 J. F. Carlson and M. Schein, Phys. Rev. 59, 840 (1941) 

8! W. Heitler and L. Janossy, Helv. Phys. Acta 23, 417 (1950). 

% P. Caldirola et al., Nuovo cimento 9, 5 (1952). 

)W. Heisenberg, Nature 164, 65 (1949). 

“FE. Fermi, Prog. Theoret. Phys. 5, 570 (1950). 

86M. Cini and G. Wataghin, Nuovo cimento 7, 135 (1950) 

86 Lewis, Oppenheimer, and Wouthuysen, Phys. Rev. 73, 124 


(1948) 
87 Uri Haber-Schaim, Phys. Rev. 84, 1199 (1951) 
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Puppi and Dallaporta® have attempted to construct 
a phenomenological theory to describe the momentum 
dependence of the ratio at sea level. They assume that 
the positive excess of mesons generated by the pri- 
maries is either uniformly distributed, or a slowly vary- 
ing function of meson momentum. According to their 
picture, the initial excess is diluted by mesons produced 
throughout the atmosphere by secondary nucleons. 
These secondaries consist of approximately equal num- 
bers of protons and neutrons, and, as a consequence the 
second generation of mesons shows no excess. By using 
Sands”* data for the production of slow mesons as a 
function of altitude and choosing 55 g/cm?’ as the mean 
free path for inelastic collisions of the nucleonic com- 
ponent, they obtain a rough fit to the experimental 
points at sea level. They conclude that better agreement 
would be obtained if they considered the small excess 
of neutrons in collisions after the first; this would 
diminish slightly the computed values at low energies 
and bring them more into agreement with the experi- 
mental ratios. Despite the good agreement at sea level, 
this theory must be treated with reserve since the dilu- 
tion parameter would require the positive/negative 
ratio to increase with altitude or at least remain rela- 
tively constant. 

The preponderance of negative mesons in the region 
below 2.25 Bev/c (TOA) can be attributed to the action 
of the incident neutrons contained in the heavy particle 
primaries.” (These neutrons constitute ~25 percent of 
the incident nucleons and are predominantly of low 
energy.) It is difficult to obtain more than a qualitative 
explanation of the observed momentum dependence of 
the u+/u~ ratio since little is known about the relevant 
cross sections and modes of interaction, even at those 
values of momenta which are accessible to present day 


accelerators.” 
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When matter is bombarded by very high-energy nucleons, over 600 Mev in the laboratory system, part 
of the pions produced may be decay products of excited nucleons of ordinary spin and isobaric spin } 
(“baryons’’) produced by the incident nucleons. Assuming charge independence, we discuss the ratios of the 


cross sections for various possible processes creating one or more pions 


1. INTRODUCTION 


‘SEVERAL authors'* have recently discussed the 
relative probabilities for production of positive, 
neutral, and negative pions by nucleon-nucleon inter- 
action, using the principle of spherical symmetry in 
isobaric space,‘ but assuming that the pions are pro- 
duced directly by interaction of the nucleons. On the 
other hand there is now some evidence*~? of a nucleon 
isomer, as predicted by strong-coupling theory.’ The 
properties of this isomer are much different from those 
of the nucleon, its ordinary spin and its isobaric spin 
both being 3, so that it supposedly has four isobaric 
states b++, b+, 6°, and b-, instead of the two isobaric 
states p and » of the nucleon. Therefore, we shall in 
the following adopt for this nucleon isomer a name of 
its own, baryon (=heavy particle), indicating its 
slightly heavier mass (estimated at around 2385m,). 
We shall treat the baryon as an excited state of the 
same nucleoid (=system of a bare nucleon core with 
surrounding pion cloud), of which the nucleon is the 
ground state. This excited state is very unstable, caus- 
ing a widening of the energy level and uncertainty in 
the baryon rest mass of perhaps 10m,, corresponding to 
a life time of about 10~™ sec. This life time may be 
just long enough to make a baryon move out of the 
pion cloud with which it may have been created, before 
it disintegrates into a nucleon and a pion. In that case, 
the production of a baryon and its decay will be inde- 
pendent processes, and the cross section for production 
of a certain kind of pions from baryon decay will be 
given by the product of the probability of baryon pro- 


' A. M. L. Messiah, Phys. Rev. 86, 430 (1952 

2J. M. Luttinger, Phys. Rev. 86, 571 (1952). 

* Van Hove, Marshak, and Pais, Phys. Rev. 88, 1211 (1952 

‘This principle has been called the “charge independence 
hypothesis” by N. Kemmer, Proc. Cambridge Phil. Soc. 34, 354 
(1938). Its combination with the assumption that pions have iso 
baric spin 1 (as contrasted to 0) was called the “symmetrical 
theory” (as contrasted to the “neutral theory”) by H. A. Bethe, 
Phys. Rev. 55, 1261 (1939). K. M. Watson and K. A. Brueckner, 


Phys. Rev. 83, 1 (1951), have generalized the charge independence 


hypothesis, postulating invariance of all nuclear and mesonic 
interactions under rotations in isobaric space. [See also K. M 
Watson, Phys. Rev. 85, 852 (1952).] Compare footnote 12 
5K. A. Brueckner, Phys. Rev. 86, 106 (1952) 
6G. S. Janes and W. L. Kraushaar, Phys. Rev. 90, 341 (1953 
and B. T. Feld, Phys. Rev. 90, 342 (1953 
7G. Wentzel, Phys. Rev. 86, 437 (1952 
*W. Pauli and S. M. Dancoff, Phys. Rev 
°G. Wentzel (private communication) 


62, 85 (1942 


duction, and the fraction of the baryons produced that 
will disintegrate into the pion desired. This fraction 
is determined by the branching ratios between the 
various disintegration possibilities. In the present paper, 
we shall derive relations between these cross sections 
arising from the postulate of charge independence.‘ 


2. NOTATION 


By indices 1, 2 we shall denote the interacting two 
nucleoids. Pions are indicated by indices 3, 4, ---. The 
complete state vector should be antisymmetric in 1 
and 2, and symmetric in 3, 4, ---. The nucleon and 
baryon states of the nucleoid can be distinguished by 
their isobaric spin functions. By [7, 7;] we shall indi- 
cate states of isobaric spin T with “charge component”’ 
T;. The charge is g= (7+ })e for particles with half-odd 
isobaric spin, and it is g= 7;e for particles with integral 
isobaric spin. To avoid here a minus sign, the proton 
instead of the neutron has been ascribed positive 7.'° 

In vector addition of isobaric spins of systems 1, j, «°° 
the normalized isobaric spin functions of the combined 
system corresponding to the various possible values of 
T and 7; are linear combinations of the products of the 
normalized isobaric spin functions of the component 
systems, with coefficients as listed in the Appendix. 
Conversely these same coefficients (taken this time 
from one same column in the tables of the Appendix) 
may be used in the expansion of each such product in 
terms of the isobaric-spin functions of the combined 
system. 

Let y; be the space- and ordinary-spin function of the 
incident nucleon, and y of the target nucleon. The 
initial wave function ¥ is then, if px means protons inci- 
dent on target neutrons, and if ¥’= (WiaWetWavie)/v2, 
¥°= (Wide —WaWi2)/V2 ; 

Vop= (Wa by s)Weald, be 
~Wald, Shveld, $h)/V2=Well, Ihe; | 
Von= Wall, thveld, — 3b 
—Wald, —2)Wield, 2)2}/V2 
= (V3 )[1, Ohiot (VE)W10, OJi2; | 
Vap= (VEWT1, Oie— (VE)W10, Oe; 
Van=¥[1, —1 ie. 


 B. Cassen and E. U 
and N. Kemmer, Nature 140 
Soc. 34, 354 (1938) 


50, 846 (1936); 
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Condon, Phys. Rev 
192 (1937): Proc 


145 





146 


Here, [1, T¢]:z (with 7;=1,0, —1) are isobaric triplet 
functions and [0, O],. is a singlet isobaric-spin function 
for the combined (two-nucleon) system. 

The space- and ordinary-spin wave functions of the 
nucleoids in the final state we shall denote by ¢ and ¢, 
and we put g*:?=(@)¢o+ ¢1¢2)/V2. If one of the 
nucleoids is excited, we shall always denote by ¢ the 
state of the nucleon, and by ¢ the state of the baryon. 
Such combinations as for instance (¢i[$, — 43): ¢2f%, 3]- 

#113, 3hi:¢2[3, —4]2)/v2 we shall then denote by 
[ gi gel}, —3108, 5) ] it both nucleoids are excited to 
states of isobaric spin 3, or if neither one is excited, we 
shall denote by ¢ the state of the particle with the 
largest charge. /n this case, as is easily verified by study- 
ing the coefficients listed in the tables for (1/2) (1/2) 
and for (3/2) (3/2) in the Appendix, the isobaric-spin 
functions of odd total isobaric spin (T=1 or 3) are 
automatically symmetric in both particles, and the iso- 
baric-spin functions of even total isobaric spin (T=0 
so that, in this 


or 2) are automatically antisymmetric, 


case, for instance 


{ gi ¢e[3, OJre ]*= o[3, O)ie, 
1), ” ¢“f[l, Iie, 


¢1¢2[2, 1}, |= ¢"(2, Iie. 
(These relations are of course not true for the [1, 1). 
and [2, 1];. found in the tables for (1/2) (3/2).") 
The spatial wave functions of pions we shall denote 
by y, ¥, ¥, °°:. The final wave function of the complete 
system is denoted by & 


and 
| ¢1¢>[1, 
but 


3. BARYON PRODUCTION 
We consider the following processes: (The first par- 
ticle mentioned is incident. The symbols between 
brackets will be used as labels on wave functions, cross 
to distinguish these reactions.) 
(pp2), 
(ppl), 


sections etc., 


ptpon +b 
ptpop +b 


ptun-n ++ (pn), 
ptu—-p +6" (pnd), 
p+ pobtt+b° — (pp20), ptn-—-btt++b-— (pn2—), 
pt+pobt +b+ (ppll), ptn—-b+ +6 (pni0). 


Processes with initial states n+-n or n+ p are obtained 
from the above by substituting n, p, b>, 6°, b+, b+* for 
p, n, Ot, Ot, Wb Because of the mirror 
property” of nuclear interactions, the cross sections for 
such processes are the same as for the ones listed above. 


" Obviously, the [1, I}i2 used for one-baryon processes and de 
fined by the Table (1/2) (3/2) of the Appendix, and the {1, Vis 
from the Table (3/2) (3/2) for two-baryon processes, are not 
identical and are even orthogonal to each other. Similarly for 
[1, OJi2, etc. In reading such equations as Eqs. (3.1), (3.2), ete., 
this should always be kept in mind. One might distinguish such 
different isobaric-spin functions with identical values of 7 and 
Ty by primes or other symbols. We have not taken the trouble 


, respectively. 


of doing So. 
"We avoid the term “charge symmetry, 
have used it for Kemmer’s symmetrical meson theory 


” 


as various authors 
and as 
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The normalized final wave functions for these proc- 
esses are: (Compare the tables in the Appendix for 
vector addition of the isobaric spins of the final nu- 
cleoids; tables (1/2) (3/2) and (3/2) (3/2), re- 
spectively.) 


?,p2=L¢i¢el?, i an (3, 3 3)2]° 
= $[ Gi Go[2, 1)io)?+3V3L ei ell, the}; ; 
bV3[ ¢i¢2l2, Iie ]}?— dC ereéell, the] 
)¢*[3, Viot+ (v s)y (2, Vie 
+/ (3/10): ¢°[1, thie; 
pe v2) ¢°[3, Iie- (Ve) ¢' at, 1,2; 
Pyni= (V3) Gr Gal2, Oh }? 
+ (V3)[ G1 ¢e[1, Ore]; | 
(V3) [G1 ¢2[2, Ore | 
- (V4) G1 Gef1, Ore}; 
¢°[3, Oie+3 ¢'12, Oh 
+¥/ (9/20)- fl, Ohiet+ 3 ¢'10, Ohie; 
=a/(9 20) - ¢@[3, O)i2+3 ¢°[2, O)ie 
—/(1/20)- g“f1, O),2— 3 ¢*[0, O),e. 


Ppp = 


Py p20 = (v } 


(3.1) 


P ono -_ 
P one 


c - 
Ppnio= 


The differential cross sections for these reactions are 
proportional to the absolute squares of the matrix 
elements M of the scattering matrix (say Ry) between 
the initial states (2.1) and the final states (3.1). (The 
label NV may denote the number of excited nucleoids.) 
Because of the assumed invariance under rotations in 
isobaric space, we have"! 


(L¢i¢-f1, Iie I, Rywf[1, 12) 
=([¢i¢e[1, O12], 
(¢°[1, Iie, Roll, 1),2) 
=(¢°[1, OJ, Rul, Ohi)=B; 
(¢°[0, O)12, Ruw’[0, 0,2): 


(3.2) 


Rw*[l, O}ie)= = A 1 
[ 


matrix elements between different 7 values 
Thence 
M p= IV3A, 
M o> 1A, 
M pp20=V/ (3/10)-B, 
M ppu= —V (2/5) -B, 
Mom= 34; 
M pn0= _ 4 . 
M pno-=/ (9/40) - B+ (WEIC; 


M pnw= —V (1/40): B— (WBC. 


while 
vanish. 


The differential cross section for scattering into the solid 
angles dw and dw is then given by da=@|M |*dada, 
where @ is independent of the charge state of the par- 
ticles. The matrix elements A, B, and C depend on 
energies and directions of the final wave functions ¢ 
and ¢ and contain delta functions to take care of con- 
Watson and Brueckner have occasionally referred to their postu- 


late of invariance under rotations in isobaric-spin space as the 
“hypothesis of charge symmetry.’”’ Compare footnote 4. 
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servation laws. The total cross sections are given by 


o= ff daase| at 
1 
Trp= > J feecaise| a 2 


where the factor } is due to the indistinguishability 
of the two final single-charged baryons in the reaction 
p+ pbt+ br. 

The differential cross sections dopa and dopnaio 
contain terms proportional to Re {B*C}. These terms 
do not contribute to the total cross section. This is 
most easily seen by calculating the differential cross 
section for the process, in which the final space- and 
ordinary-spin states of the two baryons are inter- 
changed.* This is equivalent to a change of sign of ¢%, 
thence of B and of Re {B*C}, so that contributions of 
Re {B*C} to the differential cross sections for inter- 
changed directions of the final baryons cancel each 
other and {dada Re{ B*C} =0. 

Putting Se! Al*dadi=360a, Sf! B\*dada 
= 360 B?, Sf 'C|*dadas= 360 ce, we thus find for the 


total cross sections 


except 


Spp=270a7, pp = 90.2", 
F pp20= 108 6°, 


81 6°+45 ¢’, 


F pn =90 a’; 
FT ppll>= 72 6, T pnd = 90 a’; (3.5) 


T pnio= 9 b?+-45 ¢. 


Tpnt-= 


4. BARYON DECAY 
We now consider the decay of the baryon produced, 
(OO) 


(O— ) 
(——). 


"n+ 7 
spt 


+1 


(2+) 
(1+) 
(10) b 


bt + >p+at 
"n+? 


w ptr 


6° 


In order to find the branching ratios for the 6+ and 
the 6° decay, we write down the initial and final wave 
functions. We may as well leave out the space- and 
ordinary-spin functions Yi, ¢1, and y;, which all pro 
esses have in common. Then (compare the tables 
(1/2) (1) in the Appendix), 

Wi=([2, 2h; 
#1,=[3, —2hf, 1) 
this— (V9)EB, this; 


M3, 3)rs+ (WE, dhs. 


(v3) 03, 
2 


i9=[3, 2h11, Ols= (v3 


¥o=[3, 
Poy = [3, 


—$h; 
~ 2h[1, 0); 

= (V5)13, — 2h 
$o.=[3, dhl, —1)s 


= (v4) 03, 


bis; 


WOE, 
‘ 2h + (WE, = Shas. 


The only matrix elements different from zero are 


((2, hs RG, 2)0= (02, —2hs' RB, — 2h), 
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so that we find the branching ratios 


014.:030:000:00-= 4:4:4:}. 


(4.2) 


The mass of the baryon may be just large enough 
to make two-pion decay (b++->p+a++7", etc.) ener- 
getically possible. Here, we ignore this possibility as 
probably an improbable process. If, however, a baryon 
would decay into a nucleon and two pions, the tracks 
of these particles would lie very close together because 
of the small amount of kinetic energy available in the 
center-of-mass system. 


5. CREATION AND DECAY OF HIGHER-EXCITED 
NUCLEOIDS 
The next excited state of the nucleon is supposed to 
have a (5/2) isobaric spin.* If we denote a particle in 
this state by 6, and a nucleon by .V, the reaction 
V+N—N+6 is forbidden by conservation of isobaric 
spin. Also, the decay b-+\V+_ is forbidden. These 
spin (5/2) nucleoids can however be produced according 
to V+N—-b+5) or V+ N->b+ 5. We shall consider the 
former process only. The calculations run analogous to 
the ones given above. This time one needs the formulas 
for vector addition of spins 3/2 and 5/2. (See the tables 
in the Appendix.) We list the reactions to be considered 
and the matrix elements for the corresponding differen- 
tial cross sections, in terms of a matrix element D de- 
fined similar to A in Eq. (3.2) but for the occurrence 
of a different operator R for the present reactions: 
ptpobttt+o, M y3= — (v$)-D; 
pt+pobtt +0, M p=+v (3/10)-D; 
ptpobt +5*, M n= —V (3/20)-D; 
pt+p-b® +b, M p=+,r 20)-D; 
ptn—obtt +h, M w= —vV (1/10)-D; 
ptn bt + f°, M ws= ty/ (3 20)-D; 
ptn >h° 1 b+, M wo a’ (3/20)-D; 
pt+n—-b fb, M, ty/(1/10)-D.) 
The baryon 6 disintegrates as discussed in chapter 4. 
The spin (5/2) particle 6 can either decay stepwise by 
b—b+ (1, 2, or 3 pions), b-+N-+7, or directly by 
b—N-+ (2, 3, 4, or 5 pions). (See Sec. 6 for discussion 
of energy available.) Either way for conservation of 





isobaric spin at least two decay pions appear. 

Of all these possibilities we shall discuss here only the 
ones of the form 6—+.\ +2. The final wave function 
must be symmetric in the pions. We obtain the isobaric 
spin functions of the pion system from the (1) (1) 
table in the Appendix, and we use the (1/2) (2) table 
to find the part of the isobaric spin function of the 
whole (.V+ 2m) system belonging to isobaric spin (5/2). 
In this way only one single unknown matrix element, 


1 ~, 8 rcs 1 
2), > hsseiy*| RL (5/2), 2 liv 
([ (5 2), 3 |issery" R|(.(5/2), 3 |i 
(| (5 2), (5 2) I eiy" R [ (5 zy (5 hw 


(with y*= {¥s¥at 7374) v2), 
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TABLE I. Total cross sections @ for pion production by decay of 
baryons produced by incident protons. The brackets group 
together particles from a single decay. N is the number of charged 
particles after the collision. The constants a, b, c, d depend on 
unknown matrix elements 


Reaction 


oss section 


a(p;p+) 
a(pyn+) 
a(p;p0) 
a(pn+n+) 
a(p;pOn+-) 
a(p;p+n0) 
a(p;p+p—) 
a(p; pO po) 
a(p;n+-On+-) 
a(pin++n0) 
a(pin+— p+) 
a(pin ++p-—)= 
a(p;p+—n+)= 
a(p;p++n—)= 


a (p;n0O0p+ ) 

a(pn+O0po) = 
a(p;pO0On+) = 
o(p;p+On0) = 


a(p;p0— p+) = 
a(p;pt — pO) = 
a(p;pt+0p—) = 
a(p;p00po) = 


a(n:n+) 
a(n;pO) 
a(n;n0 
a(n;p—) 


m+ (p+ 
*p+(n+n' 

p+ (pt rn 
*(n-+m*)+ (n+ 
*(p+n)+(n+n* 
»(p+at)+ (n+ 7° 
(p+ 

(pt 


NN hd 


NM & Mh Nw 


(n+ 

>(n-+ 

*(n-+ 

>(n-+ 

*( p+ 

(pt 

(n+ n+ n°) + (p+r* 
(n+ n° +n") + (pt+r® 
(p+ w+ 9) + (n+ n' 
(ptat+n) + (n+n°) 


> Bw PD 


50 


2 d? 
4d? 
2d? 
16 d? 


2d 
2d? 
8d 
4d 


30 a? 
60 a? 
60 a? 
30 a? 


2P+10¢ 
81 b?+45¢ 

B+ 5¢ 
4#+20¢2 
2+10¢ 


(p+r +m )+(p+r*) 
(p+a +m )+(p+r 
(p+art+n)+(p+r 

(p+ w+ 9°) + (p+ a) 


Nm & oe ho Nh ho ho 


m+ ( 
on +- ( 
p+ ( 
p+ ( 
(n+ 
(n+ 
(n+ 
>(n-+ 
(p+ 


a(nsn+n0) 
a(n;n— p+) 
a(n;n+ p—) 
a (n;n0 pO) 

a(n;p— pO) 
>(n-+- n+ W)+ (n+! 


a(n:n0On-+ ) 2@ 
(n+ mt +9) + (n+ r° a(n;n+-On0) 4a 
\+ (n+mr") a(n;sn+—n-+-)= d? 
tin+an o(nn++n—)= 2d 


a(n;n0— p+) 8d 
a(nyn+—p0) = 2d 
o(nn+Op—) = 2d 
a(n;p0—n+) = 2a 
a(n;p+—n0) = 2a 
a(n;p+On—) = 8a@ 


a(n;n00p0) = 42 
a(n;p00On0) = 4d? 
on; p——pt+)= 2¢ 
o(n;p+—p—)= d? 
a(n; pO— pO) 42 
a(n; pOOp— ) 2a 


‘(n-+an' +7 
‘(n-+a' +n’ 


(n+ )+ (p+r* 

s(n+mnr'4 )-+- (p+ n®) 

(n+ )-+-(p+n 

*(p+ +-(n-+m*) 

(pt + (n+ 9°) 
+ (n-+-n 


)+ (p+ r®) 
)+ (n+ n° 
+ (p-+ar" 
+ (p+ 
+ (p+) 
t+ (p+ 


is introduced. Integrating the differential cross sections 
over angles, we must add a factor 4 whenever the two 
pions are in the same charge state. Thus we find for 
the disintegration probabilities A, in terms of one un- 
SSS C'| E|*dwydw3dw,, 
parte, A+" 
bt+ —n4+ant4+ant, Any y= 
bt+ ptatt+er, Aryo= 
bt smtatter, Ano= 
bt Ptr +n, A wo=2 

p+ e-e, An 


known constant e? 


jt 


BELINFANTE 


Decay probabilities for 6-~, b-, and 6° are equal to the 
above by the mirror property.” 
6. PION PRODUCTION FROM BARYON DECAY. 
Discussion 


We calculate total cross sections for pion production 
by protons from decay of produced baryons and spin- 
(5/2) nucleoids by combining our results (3.5), (4.2), 
(5.1), and (5.2). We put {fe"’e?| D|*dwi;dw2= 20 a. 
The results are shown in Table I. In the listings of the 
reactions, the brackets group together the particles 
from each single decay. The number of charged par- 
ticles arising from the collision (/7) is also shown. 
Because of the short life time of the baryon, all tracks 
seem to come from the same point. 

The threshold" for the one-baryon processes is about 
600 Mev for the incident proton in the laboratory 
system; the threshold for the two-baryon processes of 
chapter 3 is about 1285 Mev in the laboratory system. 
Just above the 600-Mev threshold, processes (p;p+) 
and (p;n+) at the top of Table I can be distinguished 
by the energy distributions of the protons, as the first 
nucleon is (with the baryon) about at rest in the center- 
of-mass system, and thus at the threshold has almost a 
fixed energy of nearly 140 Mev in the laboratory sys- 
tem. The second nucleon arising from the decay of the 
baryon has its energy in the laboratory system spread 
between approximately 43 and 290 Mev. Similarly, 
the processes (n;p0) and (;0) are distinct. Near the 
1285-Mev threshold,'* the processes (p;p0n+) and 
(p;p+n0) could be distinguished only by taking also 
the directions of the tracks of the proton and the pion 
into account; similarly, the processes (n;7— p+) and 
(n;n+p—). About differential cross sections for such 
processes, compare also the remarks at the end of 
Sec. 3 on the unknown quantity Re{ B*C} not appear 
ing in Table I. 

The nucleoid state of spin (5/2) according to strong 
coupling theory® would lie about 23 times as high above 
the nucleon ground state as the baryon state. This 
would place the mass of the spin-(5/2) nucleoid at 
around 3300 m,c? and the threshold’ for the processes 
(5.1) at over 2.6 Gev for the incident proton in the 
laboratory system."' The next higher threshold,” for the 
p+ p—b+ b reaction, lies then a little below 4.2 Gev. 

Only the two-pion decay of the spin-(5/2) particle 
was taken into account. There is enough energy for up 
to five pions from decay of 6. These possibilities in- 
crease the number of unknown matrix elements to be 
taken into account; we have ignored them hoping for 
the best. Thus, in the energy region 0.6-1.3 Gev only 
a’ does not vanish in Table I; for 1.3-2.6 Gev protons 
also 6* and c* become important; from 2.6 Gev up to 

'8The word “threshold” as used in this paper should not be 
taken too literally. As these “thresholds” have been calculated 
neglecting proper motion of the target nucleon, the actual thresh 
olds may lie considerably lower for heavy target nuclei 


41 Gev=109 ev. See for instance Phys. Today 4, No. 11, 31 
(1951); and F. J. Belinfante, Am. J. Phys. 21, 474 (1953 
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4.2 Gev many more constants enter the theory, of 
which we mentioned only d’; and above 4.2 Gev the 
number of processes becomes too large for a brief 
survey." 

Besides the processes discussed by us, there are of 
course the competing direct single and multiple pion 
productions by nucleon-nucleon interaction discussed 
by others,'~* which include the processes in which the 
baryon disintegrates before it escapes from the pion 
cloud created with it; and there are also the processes 
involving more than one target nucleon in the nucleus. 
There is, however, at least a possibility that the baryon 
reactions discussed in this paper may be predominant 
for energies above the 600-Mev threshold" for baryon 
production. 

SUMMARY 

In this paper we have proposed the hypothesis of 
predominance of baryon production over direct pion 
production as a possible simplification of the theory. 
lor the validity of this hypothesis we cannot give at 
this time any binding @ priori arguments. Experimental 
verification of our hypothesis by a comparison of the 
various total (or better differential) cross sections as 
functions of the energy in the 0.6-4.2 Gev region should 
become possible in the near future as machines pro- 
ducing protons over 600 Mev will go into full operation. 


APPENDIX ON VECTOR ADDITION OF SPINS 


In the following tables, signs have been chosen in 
such a way that the matrix elements of the total iso 
baric spin T are 
(1", Te | T:+iT, | T, Tz) 

=6(7", T)-6(T;’, T;+1) 
V{(TFT;)(T#T;+ 1}, 
(1, Ty'|T;| 7, Ts) =8(T", T)-6(Ty', Ty) Ty, | 


(A.1) 


where 6(m, 2) are Kronecker symbols. 
By (T),X (7"); we shall indicate a listing of the coeffi- 
cients in the expansion of isobaric-spin functions, for a 


system 7j composed of component systems 7 and 7 of 
isobaric spin T and 7”, respectively, in terms of products 
of isobaric-spin functions of the single systems 7 and / 
separately. We save space by omitting the trivial coeffi- 
cients 1 in expressing the two states 7,;=+(T7%);; 
=T;+7; in terms of the products of states with 


(T;y)=+T7; and (T;);=+7;. (For instance [1, 1);; 
=[2, 2102, 2]; and [1, —1)5=[, —31)0, —2]; for the 
(1/2) (1/2) case.) We have also left out the trivial 
addition of an isobaric spin 0 of system 7 to the isobaric 
spin T of a system j, in which case the functions of the 
combined system ij are simply [0,0]; times those of 
system /. 

For every given pair of isobaric spin values T and 7° 
for the component systems, we group together the 
coefficients for fixed total T;. As each such table forms 
an orthogonal matrix, the tables may then also be used 
for expressing the old products of separate-system iso- 
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baric-spin functions in terms of the new combined- 
system isobaric-spin functions of different possible 
values of Tj; (as listed by (---)i&(---)j&--- in the 
table heading), with coefficients taken from the columns 
of the matrices. 


(1/2); (1/2); = (1);; &(0),;: 
s=0 | 1, 210, — 31 bil}, 3 


(1, O),, 
{0, 0] 


(Interpretation : 
(1, OJu= (V2), 3h, —2b+ V2, — 2h, 3b 
(3, — 310, b= (V0, O)s— (V2) 10, O],;; ete.) 


(3/2),, &(1/2),;: 
b)[1, 1] 


2)ixX (1), 
> | (3,3).01,0) 0, 


b)[1, O}, 


1 1 1 
> 101, —1) 0, 


(2),;; &(1),;: 
>, 2113, 31, 


(1/2); (3/2),;= 
[3 41,63, 3 


2, — 21, 


(1/2), (2); = (5/2); &(3/2),,: 
4, 4):f2, 1); 4, —4).2, 2], 


(3, —2).(2, 1], 


ve 


—vi 


(3, 31.12, 0]; 
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l 2),; &(1),;; &(0),;: 
Ty=1 | [1,0).01, 1); (1, 1).{1, 0], 


(2, 1}., V2 Vi} 
(1, 1).; Vv) ~ v3 


1.1, 1), 1,0) f1, 0}; (1, 1.1, — 1), 


l 1 
6 V6 
1 1 
2 V2 
1 1 
3 V3 


1}.1, 0]; (1, 0).1, — 1], 


1 
V2 
1 
V2 


x (3/2);= (5/2),; &(3/2),; &(1/2),;: 


(1, 1).03, 31 0, O18, 31 


(1, 0). 3), 
3 
V5 
—/ (1/15) 
i 
V3 
(0.8, 3b W, -1 ab 
3 V (3/10) 


V5 
/ (1/15) ~/(8/15) 
“es vi 


(1,0).0, —3] 
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3/2); X (3/2); = (3); & (2) 4; &(1):; &(0);;: 


2 | (3,313, a1 (2, 2103, 21, 


4 vi 
RB 


\ 
V: —V\ 


T;=1 | (3,313, —-a1 0, 3108, 41 


(3, 1]; | vi vi v} 
[2, 1]., v} 0 —§ 


? 


\/ (3/10) afl / (3/10) 


(2,3103,-31 0,3103,-31 1, — 2h, als » — 2).03, 3) 


[3, O];; V/ (1/20) / (9/20) / (9/20) Vv (1/20) 
1 1 al 


[2, O).; } ) 
(1, O):; \/ (9/20) —/ (1/20) —/ (1/20) 
[0, 0}; 2 2 


(2, 21:12, — 21, 


> > , 


/ (9/20) 


1 
V5 
1 


Vo 
/ (3/10) 


| (3, —2)03, — 31; 
“5 — 2); 
2, — 2); | 


(3/2), (5/2); = (4) «; & (3) ;; & (2); &(1)4;: 


T:=3 | 2, 31M65/2), 3 0B, SMS/2), (5/2)1 


[4, 3]. | vi 


(5 


[3, 3]i; | Fr “=e 
2, 2]:(5 


V/ (15/28) 
—+/ (1/12) 
—4/ (8/21) 


(3, 2):1(5/2), 2], 


VJ/ (15/28) V/ (15/56) 
V/ (1/60) V/ (49/120) 
—4/ (25/84) v/ (1/42) 
—/ (3/20) V/ (3/10) 


(3, 2)1(5/2), — 2). 3, — 2105/2), 2), 


/ (3/7) V (3/7) 
il os V} 


[3, O].; V5 5 
—/ (1/14) —/ (1/14) 


[2, 0). 
1,05 | ~/ (3/10) v (3/10) 
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/ (15/56) 


s/ (49/120) 
/ (1/42) 
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~ 2115/2), — 2]; 


v/ (15/28) v/ (5/28) 
~4/ (1/60) V (9/20) 
Vv (25/84) Vv (9/28) 


(2, — 21.16 


v (15 


Vil 
\ 


-4/ (1/20) 


2), - 3]; 


28) 
12) 


Addition of more than two vectors may be performed in steps. For instance, for a system of one nucleon and 


two pions, 


(1/2): (1)3* (1)4= (1/2) € (2) 34& (1) 34& (O) 34} 


{(5 2) 1348 (3 2)issh &E(3 


where for instance (3/2 
(3/2), but form a total pion isobaric spin 1 in (3/2)’. 
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2) 1348 (1 2)'iaa} & (1 2); i 


)' 124 differs from (3/2)i34 by the fact that the isobaric spins of the two pions are parallel in 
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rhe result of the previous calculation on the scattering of mesons by a single nucleon has been extended 
to the case of multiple scattering by nucleons in nuclear matter. Methods familiar in the dispersion theory 
in physical optics are used, and the index of refraction of meson wave has been formally calculated. The 


absorption and diffraction scattering cross sections are computed and relation with the results of the recent 


experimental observation is discussed 


I. INTRODUCTION 


HI interactions of high-energy particles with 

complex nuclei have been discussed theoretically 
by several authors in the recent years. Fernbach, 
Serber, and Taylor! considered nuclear matter as a 
continuous optical medium characterized by an index 
of refraction and an absorption coefficient with respect 
to the incoming neutron waves. Recently a detailed 
quantum-mechanical theory of the interaction of high 
energy m mesons with nuclear matter based on the 
optical model has been given by Watson.” He introduced 
phenomenological interactions for the scattering and 
absorption of m mesons by individual nucleon into a 
many-body Schrédinger equation and showed that the 
solution of the equation has the structure of a multiply 
scatter wave. 


' Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 


2K. M. Watson, Phys. Rev. 89, 575 (1953). 


In this paper an attempt is made to discuss the 
interaction of mesons with complex nuclei in a manner 
similar to that of Fernbach, Serber, and Taylor for 
high-energy neutrons. While the index of refraction 
there was obtained by simply ascribing a uniform 
potential well for the nuclear matter, in our case we 
pay a special attention on the calculation of the index 
of refraction? by the methods familiar in physical 
optics. We consider a nuclear matter of a large extent 
and assume that the mesons with which we are con- 
cerned are of sufficiently low energy that their wave- 
lengths are large compared with the average inter- 
nucleon distance. 

lor the scattering of a meson wave by the individual 
nucleon we make use of the results of the previous paper 
on the subject.4 The fact that the nucleons within a 

3See M. Lax, Revs. Modern Phys. 23, 287 (1951), for the 
extensive literature on the subject. 


‘W. W. Wada, Phys. Rev. 88, 1032 (1952). This will be referred 
to as I. Also D. Feldman, Phys. Rev. 88, 890 (1952). 
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nucleus are bound should not make the scattering 
amplitude differ appreciably from that by a free 
nucleon, since the energy of the incoming meson is so 
much larger than the binding energy. 

Under these circumstances it is a comparatively 
simple matter to deduce a wave equation for the 
multiply scattered meson field, from which one obtains 
a complex propagation vector and a complex index of 
refraction. In order to discuss the whole of the inter- 
action of mesons with the nuclear matter, however, 
one must add the true absorption coefficient® to the 
imaginary part of the index of refraction, since the 
former is known to be the most important effect in the 
attention of the meson beam. 


II. OPTICAL MODEL AND THE AVERAGE 
POLARIZATION MOMENT 
According to I, Eq. (13), the field of the scattered 
meson by a free nucleon may be written as follows: 


Ga’ (r)=i(2y/m)" fV (R)RE (uM, To, a 
+ (@o-N,) To, a}r' explikr]+ce.c. (1) 


Here op and @,, are the undisturbed and the gyrating 
(with frequency w) components of the spin vector of 
the nucleon, respectively. t) and +, are the corre- 
sponding components of the isotopic spin vector. a runs 
from 1 to 3 corresponding to the three charge states of 
the meson. n, is a unit vector in the coordinate space in 
the direction of the scattered field. k= (w?—,p?)!. For 
quantities f, V(k), w, and wu see I, Sec. IT. 

Working with complex functions, Eq. (1) may be 
written 

¢a'(r)=div,(Mar™ exp[ikr]), 

where 


M.- 


The parameter 7 is introduced at this point to express 
the effect of binding of individual nucleon on the 


n(2y/m) Tf V (R) (@n70, at GT, a); (3) 


scattering amplitude. 
The incident field is expressed by (see I, Sec. IIT) 


Ga! (Fr) = XP ra explik(m;-r)—iwt |+c.c. (4) 


Here x is the amplitude of the incident field and Pra 
is the a component of the unit vector P; in charge 
space describing the charge state of the incident meson. 
The vector field of the incident meson wave is obtained 
by taking the gradient of ¢,/(r). The amplitude of 
the incoming vector field is then given by 

F,°@ = ixkn; Pra. (5) 
Introducing Eq. (5) and #, and +, [see I, Eq. (12) ] 
into (4), one obtains 


M ,°= —i2 fn V (Rk) Po! (1— R*)[ e279, a To, poo?’ gp € 
tiR{ 00°00" 0, aTo, pl'g— To, ao, gl'g*} 

+ €a8yTo, 00° yl, -+-1tR{ oy%G0"T0, aTo, als 

oo%a0°F ©} |. (6) 


5 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951) 
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For the definition of R, see I, Sec. III. Roman letters 

refer to the components in the coordinate space and 

Greek letters to those in the charge space, respectively. 
se e3= —1, etc. One may call M,* the 


€123> € 1, €132 


“polarization moment” of the nucleaa, because it is 


proportional to the vector field. 

Assuming that nucleons are uniformly distributed 
throughout the nuclear matter, we may now go from 
the discrete nucleon distribution to that of continuum 
by introducing the notion of “average polarization 
moment” defined in the vicinity of a coordinate point 
r as follows: 


(M .*)(r)= LB M ,°(r) Ndv(r). 


dv(r) 


Here dv(r) designates a “physically small volume”’ in 
the vicinity of r and N the density of nucleons in the 
nuclear matter. By the “physically small volume” one 
implies a volume element smaller than the wavelength 
but large enough to contain in it some number of 
scattering centers. 

Since @ and %» are classical vectors in our theory, 
we may assume that they are oriented completely at 
random throughout the nuclear matter. Then, under 
the assumption of uniform distribution of nucleons the 
volume average implied in (7) may be taken as the 
average over all directions of @ and t» in coordinate 
and charge space. Then we obtain 


(M *)(r)=yF.(r), (8) 


where 


y= — (8/9) f'n V (k) Po! (1— R*) IR. (9) 


III. DERIVATIVE OF THE COHERENT WAVE EQUATION 


From Eq. (2) the field vector for the scattered wave 
at point r arising from a nucleon at r’ may be written 


F,(r)=Q(r, r’)M,(r’), (10) 


where {2(r, r’) is the following linear operator: 


Q(r, r’)=(¥ div),W(r, r’), 


W(r, r’)=p'explikp], p=| 
Note that 

(A,+2)W (r, 2’) =0. (12) 

When a meson wave goes through the nuclear matter, 

the field at a nucleon q may be regarded as the sum of 

the external field and the field scattered by all other 


nucleons q’, 


F.(q) =F (gt + By 2(q, q’)M(q’) 
~ 


This type of equation constitutes the basis for multiple 
scattering theory.?* In our case of continuum approach 
we generalize this equation by replacing }°y’ by a 
volume integration which extends over the entire 
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nuclear matter but excludes a small volume in the 


vicinity of the nueleon at r. Then, we obtain 


- 
F,*(r) =F, (r)-4 vf dr'Q(r, r’)(VWg*)(r’). (13) 


Here, the lower limit S(r) designates a small sphere 
whose center is located at r. The upper limit V desig- 
nates the entire nuclear volume. The radius of the 
sphere s(r) will later be reduced to zero in the limit. 
The so-called self-consistent field method* implies that 
we replace F,*(r) in Eq. (8) by Fat(r) given by 
Kq. (13), 


(M ,*)(r) 
Vv 
vf dr'Q(r, r')(M,%)(r’) }. (14) 


s(r) 


| F,2(r)+4 


This is an integral equation for (M,*)(r). For the 
purpose of obtaining a wave equation for (M,*)(r), 
we make use of the following equations :° 


0 v 
dr’ W (p)(M ,*)(r’) 
OX o>) 


ov 7] 
} dr'——-W (p)(M,%)(r’), 
OX; 


a(r) 


ihe V 
dr’ W (p)(M,*)(r’) 


OX OX jo (7) 


Vv wu (p) 4dr 
dr’ (M ,*)(r’) (M 4°) (1) 5;;. 


) OX, OX; 3 


By means of Eq. (16), Eq. (14) now becomes 


4dr 
( Vy (MAY 
' 


yF,(n+Ny(9 div) f dr’ W (p)(M,)(r’). 


a(1) 


(17) 


Since curl,F (r)=0, we obtain curl,(M,.)(r)=0 from 
Eq. (17). Applying operator (A+?) on Eq. (17) the 
first term on the right-hand side drops out. Using 
Iq. (16) and the vanishing curl condition, one then 
obtains the following wave equation for the average 


I. Wavelength, index of refraction, 
and propagation vectors. 


PAasut 


1.4 f 2.( 
64 é x Hef 
1.45 0.26 
0.52 1.08 
1.22 0.83 
0.21 0.66 


6H. Hoek, doctoral dissertation, University of Leiden (1939) ; 
i, Rosenfeld, Theory of Electrons (Interscience Publishers, Inc., 


New York, 1951 


WADA 


polarization moment: 


1— (49/3)Ny 
[a =(), (18) 


1+ (87/3)Ny 
This is a modified Gordon-Klein equation with index of 
refraction n given by 
1— (49r/3)Ny 


9 
n? = - - 


~ (19) 
1+ (82/3)Ny 


This equation may be called the analog of the Lorentz- 
Lorenz relation in the electromagnetic case. It can be 
shown easily that the total scalar field inside the nuclear 
matter constructed in analogy to Eq. (13), 


Yall) = ga (r) tv f dr’ div, W(p)(M.)(r’), 


a(r) 


Lf 


also satisfies the wave equation similar to (18), namely 


(A,-+ nk?) ga (r) =0. (20) 


IV. COMPLEX PROPAGATION VECTOR 
Writing y=yitiy2, where y; and y»2 are both real, 
and introducing R= + if [see I, Eq. (12) and (14) ] 
into y; and y2, one obtains 


. -F-*) freer 
laa a 


(1— # es {3)2 $4¢? (1— g2—52)24 4p? 


where 6= (8/9) (fu)?n[ V (k) Pu? (uw). Note that 6 has 
the dimension of a volume. 

Decomposing the modified propagation vector k’ 
into real and imaginary parts, 


k'=nk=k(S,+iS.), (21) 


one obtains 
Si= (P+ m’)' cos(3 tan“ (m/1)), 
S2= (P+ m’)' sin(§ tan (m/)), 


where / and m are real and imaginary parts of n?. In 
Table I we have computed A (de Broglie wavelength), 
l, m, S; and S» at various energies of the incoming 
mesons. In computing these numbers we used (fu)? 
=(0).32, [V (k) P= 1.6 (see I, Sec. V), u=0.71X 10" cm™, 
and the density of nucleons .V=0.87X 10*8 cm~*. Al- 
though the value of the parameter n (Sec. II) which 
designates the influence of binding of each nucleon in 
the nuclear matter on the scattering amplitude is not 
well known,’ it may be considered to be of the order 
of unity since the binding energy per nucleon is very 
much smaller than the energy of the mesons involved. 
Tentatively we took »=1 for our calculation. If one 
takes w!= 1.45 10~" cm as the average internucleon 
separation, the number of nucleons per cube of the 
wavelength turns out to be about 125 at 85-Mev 
kinetic energy of mesons. This number goes down to 
about 30 in the vicinity of 200 Mev. We are under the 


7 N. C. Francis and K. M. Watson, Phys. Rev. 89, 328 (1953). 
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assumption that these numbers are sufficiently large to 
justify our continuous medium approach to the multiple 
scattering problem. It may be worth noting that the 
imaginary part of the propagation vector goes through 
a single maximum in the vicinity of the resonance 
maximum in the scattering cross section of mesons by 
a free nucleon (see I, Sec. V). The real part, on the 
other hand, goes through a maximum and a minimum 
in the same vicinity, as is expected. 


V. DISCUSSION 


From Eq. (21) it is clear that while the coherent 
waves constitute the forward beam of the mesons 
traveling through the nuclear matter with effective 
index of refraction §), it is continuously being atten- 
uated by the imaginary part of the index of refraction 
So. The power attenuation coefficient is 2k,=2kS:. A 
physical interpretation of the energy dissipation implied 
by this attenuation effect may be given in the following 
way. Classically speaking, as the field strikes at the 
individual nucleon, the spin and the isotopic spin of 
the nucleon absorb the energy from the incident 
radiation and go into gyrational motions. It is possible 
then to consider that the energy thus absorbed by the 
nucleon is not given back to the radiation field, but 
rather passed on to the nuclear matter due to collision 
and binding of the nucleons. In this manner one may 
regard the imaginary part of the index of refraction as 
the cause for the inelastic scattering of mesons by the 
nuclear matter. This is to be distinguished from the 
true absorption of mesons by two or more nucleons,° 
which is known to be the real cause for the removal of 
mesons from the beam. The absorption of mesons will 
in general excite the nuclear systems (formation of 
stars, etc.), which effect may be regarded as a further 
attenuation of the forward coherent wave. 

Writing k’=k+k” [see Eq. (21) ], the change in 
the propagation vector inside a nucleus becomes 
kh" =k(s;—1) +ikso=k,+ike. If one designates the true 
absorption coefficient by a, then k’’=k,+i(k,+a/2) 
=k, +iK, where 2K =2k.+a is the total power atten- 
uation coefficient. Then, according to Fernbach, Serber, 
and Taylor,' the angular distribution of the wave 
scattered by a sphere endowed with material constants 
K and k;, is given by 


R 
jo=kf [1—e'-A +240") Jo (kp sind) pdp, 
e 0 


where 2s is the distance through the sphere that the 
portion of the wave at a distance p from a line through 
the center of the sphere traverses. Hence, S’= R?—p’ 
R is the radius of the sphere (= 1.37 10~-"X A! cm). 
We disregard here also the surface refraction effect, 
since it is of the order k,°(RkR)“'. 

At 100 Mev, k=1.25u, which gives RR= 1.22 A}. 
Thus, at this energy for comparatively heavy nuclei it 
may be a reasonable approximation to suppose that 
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TABLE IT. Absorption and diffraction cross sections. 


—0.011 K10"%cm"'!, & 0.595 X108% cm™, a =0.250 X10" cm™~) 
A =64 1 = 208 
,/wRt 0.968 0.973 
cR? 0.797 0.820 
1 =0.035 K10" e1 , ke = 0.308 &K 10" om a 0.250 X10" em 
A =64 4 = 208 
s/wR?t 0.912 0.926 
as wR? 0.590 0.622 


kR>>1, then the above formula becomes 


ckR 


l+}< 
fO=2k Dw 


l= 


(21+-1)(1—e +241) 8") P, (cos@), 


where S,=[ k?R?— (/+-4)? }/k. 

The total absorption and diffraction scattering cross 
sections, o, and ay, that arise from Eq. (22) are given 
in Eqs. (5) and (6) of the paper of Fernbach et al.' 
oq involves not only the true absorption but also the 
inelastic scattering discussed before. We have calculated 
oq and og for two nuclei (A =64 and 208). The value 
for the true absorption coefficient @ is not very well 
known, but we take a plausible value 0.25 10" cm", 
corresponding to the mean free path of 4X10~" cm. 
oq and og are calculated for two different values of 7 
[see Eq. (13) ] at 100-Mev kinetic energy for mesons. 

The absorption cross section is smaller than the 
geometrical area, as is expected. The diffraction cross 
section may be either larger or smaller depending on 
the amount of phase shift involved in traversing the 
nucleus. Both o, and o, increase with larger nuclear 
size. These numbers should of course be taken with 
reservation because of the general nature of our classical 
approac h to the probiem. 

The recent experimental observations® on the total 
absorption and inelastic scattering cross section (a4) of 
mx mesons in the vicinity of 100-Mev kinetic energy by 
various elements show that the absorption plus inelastic 
cross section is closely equal to the geometrical area of 
the nucleus. If one takes the true absorption coefficient 
alone for A, then for a= 0.250 10" cm™', o,/xR? turns 
out to be 0.80 and 0.82 for the two nuclei. If one doubles 
the value, i.e., a=0.50*10" cm~'!, then the true ab- 
sorption alone gives 0.90 and 0.92 for o4/R*. However, 
the mean free path becomes rather short (2 107" cm). 
Thus, it appears that both absorption and inelastic 
coefficients are equal to or somewhat larger than these 
numbers given in Table II. In the experiments men- 
tioned the diffraction scattering is concentrated at such 
small angles with the beam that its contribution’to the 
attenuation is considered very small. 

The author wishes to thank Dr. M. M. Shapiro of 
the Laboratory for discussing with him the papers on 
the experimental observations. 

* Chedester, Isaacs, Sachs, and Steinberger, Phys. Rev. 82, 
958 (1951); G. Bernardini and F. Levy, Phys. Rev. 84, 610 
(1951); Martin, Anderson, and Yodh, Phys. Rev. 85, 486 (1952). 
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Standard Ilford G5 plates were exposed in the 122-Mev external negative pion beam of the Chicago 


cyclotron. Scatterings of the pions by the hydrogen in the emulsion were observed by 


protons and examining the proton beginnings for 


<n incoming and a scattered pion 


scanning for recoil 
Energy-momentum 


conservation permits separation of similar looking nonhydrogen events from the pion-proton scatterings. 
Both 400- and 600-micron plates exposed to about 10° mesons/cm? were area scanned under 830% magni- 
fication. A scanning efficiency test composed of the events most difficult to see gave a lower limit of 90 percent 


for scanning efficiency. An average pion energy of (118+-2) Mev was determined from 23 events where the 


recoil proton stops 


in the emulsion. A total cross section for nonexchange scattering of (9.6+2.0) millibarns 


has been obtained based on 59 events. The differential cross section obtained can be fitted with the formula 


do dw 


(0.49 +0.15) + (0.16+0.21) cosy + (0.85+0.45) cos?x millibarns per steradian. x is the scattering 


angle in the center-of mass system. This is consistent in shape and magnitude with the results of the Chicago 


scintillation counter experiments 


I. INTRODUCTION 


oe the past two years pion-nucleon scat- 
tering experiments have become feasible. Three 
techniques have been used so far: detection of the 
scattered pions using counters;'~4 observation of the 
scattering in hydrogen-filled diffusion cloud chambers ;° 
and observation of the scattering in nuclear emulsions 
by hydrogen contained in the gelatin.*~* Angular dis- 
tributions have been determined for the following three 


proc esses: 


Fic. 1. Experimental setup for exposure (not drawn to scale 


* This work was supported by the joint program of the U.S 
Office of Naval Research and the U.S. Atomic Energy Commission 
The work was carried out in partial fulfillment of the requirements 
for a Ph.D. degree at the University of Chicago. 

! Anderson, Fermi, Martin, and Nagle, Phys. 
(1953). 

2 Martin, Fermi, and Nagle, Bull. Am. Phys. Soc. 28, No. 3, 43 
(1953). 

3 Bodansky, Sachs, and Steinberger, Bull. Am. Phys. Soc. 28, 
No. 3, 43 (1953) 

4A. Roberts and J. Tinlot, Phys. Rev. 90, 951 (1953). 

§ Fowler, Fowler, Shutt, Thorndyke, and Whittemore, Phys 
Rev. 86, 1053 (1952); 91, 135 (1953) 

6 (. Goldhaber, Phys. Rev. 89, 1187 (1953) 

7 Weaver, Lord, and Orear, Bull. Am. Phys. Soc 
(1953). 

5G. Goldhaber and is 


Rev. 91, 155 


28, No. 3, 42 


Lederman, Phys. Rev. 90, 343 (1953). 


Up to now mw angular distributions have been ob- 
tained only by the counter technique of Anderson et al.! 
In this technique the scattered negative pions from 
process (2) and decay gammas from the neutral pions 
of process (3) are observed together in the same 
counters. The percentage of gammas is determined by 
repeating the experiment using a lead plate of known 
thickness in front of the counters. The probability of 
counting a pair produced in the plate by a 7° gamma 
is then calculated. This procedure introduces some 
uncertainty and it is therefore useful to have an inde- 
pendent determination of the w~ elastic scattering. The 
nuclear plate determination reported here helps to 
confirm the counter results of reference 1. 

The experimental results given in the references are 
consistent with each other when they are fitted by a 
phase-shift analysis where conservation of total isotopic 
spin is postulated. If it is assumed that at these pion 
energies scattering of d waves and waves of higher 
angular momentum is insignificant, the scattering 
results of all three processes can be analyzed in terms 
of the six phase shifts corresponding to the S;, Pj, 
and P; states with total isotopic spin either } or 3. The 
angular distribution would be of the form 


da/dw= a+b cosx+c cos*x, (4) 


where x is the pion scattering angle in the center-of-mass 
system. Reference 1 treats this subject in more detail 
and gives the expressions for the nine coefficients a, 6, 
and ¢ for all three processes in terms of the six phase 
shifts. It is of considerable theoretical importance that 
the scattering results obtained up to now for all three 
processes can be described in terms of only six phase 
shifts. 

In this experiment Ilford G5 plates were exposed to 
about 10° mesons/cm* in the 122-Mev external m~ beam 
of the Chicago cyclotron. Details of exposure and 
processing are given in Sec. II. As described in Sec. II 
the plates were area scanned under 830X for single 
proton beginnings. Then each proton beginning was 
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examined for an incoming and scattered pion. Three- 
pronged events of this type, but not due to hydrogen, 
were rejected on the basis of two tests: coplanarity of 
the three prongs, and angular correlation of the two scat- 
tering angles to satisfy energy-momentum conservation. 
The scanning efficiency of such a technique is also dis- 
cussed in this section. Limits of accuracy and their 
application to rejecting similar looking nonhydrogen 
events are discussed in Sec. IV. In this section the 
background level is determined to be about 3 per- 
cent. In Sec. V determinations of beam intensity, 
energy, and composition are discussed. The resulting 
total cross section of (9.6+2.0) millibarns based on 59 
events is calculated in Sec. VI. The angular distribution 
is shown in Fig. 6. 








+5° 


0 
HISTOGRAM OF 200 TRACKS 


Fic. 2. Histogram of 200 random tracks showing angular dis 
tribution of 122-Mev m~ beam in the vertical plane. Half-width 
=0.8". 


II. EXPOSURE 


The object is to obtain monoenergetic, parallel 
tracks passing through the emulsion at a small glancing 
angle. Parallelism is desired so that a large flux of such 
light tracks can be used without making it difficult to 
resolve a particular track from its neighbors. With the 
Chicago cyclotron these conditions can best be accom- 
plished by exposing in an external m~ beam. Figure 1 
shows the geometry of the 122-Mev (nominal value) 
external m~ beam. A deflecting magnet consisting of a 
45° magnetic wedge is used. Such a wedge will focus a 
parallel, monoenergetic beam in a vertical line at a 
focal distance equal to the radius of curvature. In an 
effort to obtain tracks whose projections in the plane of 
the emulsion are parallel, the plates were exposed ver- 
tically and tilted at an angle of about 4° to the center 
of the beam. Figure 2 shows the amount of parallelism 
obtained. In this figure the angles relative to an arbi- 
trary zero direction of 200 successive beam tracks were 
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Fic. 3. Drawing of actual (r~, p) event showing other beam tracks 
same field of view. Plate background not shown. 


measured using a goniometer eyepiece. The histogram 
is plotted in 0.5° intervals and shows a half-width at 
half-maximum of about 0.8°. 

With some sacrifice in intensity, a cleaner geometry 
can be obtained by placing a one-inch wide collimator 
at the focus and exposing the plates at a distance of 
about two feet in the beam defined by the collimator. 
The plates were processed by a method similar to that 
given by the Brussels group.’ Plates 6004 thick were 
obtained in which the bottom can clearly be seen even 
when the plate contains 10° mesons/cm’. 


III. SCANNING 


The scanning technique is similar in some ways to 
that reported by Goldhaber.* The entire volume of 
emulsion is covered by scanning overlapping strips. 
The width of each strip is defined by a whipple disk 
mounted in one eyepiece of a binocular eyepiece. Under 
830, the whipple disk defined a square area 1134 113. 
Strips could be located reproducibly to within one 
micron using a method which consists of impressing 
index marks every 100u on the emulsion surface by 
rolling a fine-toothed wheel along one edge of the plate. 

Figure 3 is a drawing of a pion-proton collision 
(event A in Table Il). The neighboring pion beam 
tracks which were in the same depth of focus along the 
horizontal center line are also shown. Plate background 
is not shown. This event is one of the 23 where the 
proton stopped in the emulsion. In this case the proton 
range is 1594, and the center-of-mass scattering angle 
is 31°. In scanning, pion and other light tracks were 
ignored. Only single proton beginnings were sought. 
Whenever such a heavy track beginning was found, the 
heavy track was examined to see whether or not it 

*C. C. Dilworth et al., Bull. centre phys. nucléaire univ. libre 
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10 Jay Orear (to be published). 
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hic. 4. Three-pronged events plotted vs F (deviation from co 


planarity) and vs 4@ (deviation from angular correlation). Dotted 
line rectangle indicates limits used in accepting events as pion 
proton scatterings 


could be rejected because of obvious inconsistency with 
the range-angle relation for recoil protons. All backward 
and many short, forward protons could be immediately 
eliminated in this manner. Then the proton beginning 
was examined for an incoming and scattered pion. All 
such three-prong events were recorded. Those which do 
not satisfy energy-momentum conservation will be 
called background events. 

Events which occur near the surfaces of the emulsion, 
or are close to being seen edge on, or are close to being 
straight forward or backward scatterings are somewhat 
more difficult to see, and are thus excluded from the 
final data with the appropriate geometrical corrections 
being made. The regions excluded are those within 15y 
of the surfaces of the emulsion, events within 15° of 
being seen edge on, and scatterings within 20° of being 
straight forward or backward scatterings. 

In this experiment scanning efficiency was established 
by two independent means. 

First, a large region was independently rechecked. 
The checker found three background events which the 
scanner had missed out of 120. 

The second method was to make up a scanning 
efficiency test. This was done by picking out of 200 
background events plus 40 good events, 20 of the most 
difficult to see. A list of the strip coordinates of these 
20 events was given to the testee. Events per strip 
zero to four. The testee’s timeclock 


ranged from 


ALL EVENTS 


WHERE IF] <.07 Fic. 5.” All events ac- 


cepted as coplanar (where 

F’| <0.07) plotted in 5° in 
tervals of 46. Dotted line is 
empirical background level 





OREAR 


records were checked to make sure he was scanning at 
his usual rate. Numerical grades for this test were 88 
percent, 90 percent, and 100 percent, for the three 
persons who have done scanning on this project. 
Since these 20 events were much more difficult than 
average, these grades should give « lower limit to the 
actual efficiency. 
IV. BACKGROUND 


(a) Selection Procedure 


All events which are not obviously noncoplanar are 
measured for coplanarity. Those which are coplanar 
within reasonable limits of accuracy are then checked 
for correlation of the pion and proton scattering angles. 
These remaining events showing such correlation within 
the limits of accuracy are then classed as pion-proton 
collisions. The probability that a nonhydrogen event 
accidentally meets these conditions is discussed under 


(d). 


(b) Measure of Coplanarity 


A function F of the five angular measurements is 
devised as a quantitative measure of coplanarity. The 
volume of a parallopiped defined by three unit vectors 


TaB_e I. Number of events in four equal units of solid angle. 


118° to 
160° 

No. of events 20 13 8 18 
(da /dw) K 107? 1.0140.23 0.664019 040+0.15 0.91+40.21 


Limits of x 20° to 62 62° to 90° 90 118° 


(their triple scalar product) corresponding to the three 
tracks of the event is defined as F, 


F = cosap COSa, COSay[ tana, sind, 
+ tana, siné,+ tana sin (9,+ 6,) |. 


@», @, and ay are the dip angles of the recoil proton, 
scattered pion, and incoming pion, respectively. This 
function has the feature that it is zero for coplanar 
events and that it varies as sina for a track at an angle 
a from the plane of the other two tracks. Thus F is 
directly proportional to the solid angle available for the 
third track. Another feature is that / is invariant to 
rotations. The maximum value F can reach based on 
three times the standard deviation of the errors due to 
multiple scattering and measurement of angles is 0.06. 
|F | <0.07 was set as a safe limit for accepting all 
coplanar events. Figure 4 shows that this limit is 
adequate empiricially. 
(c) Measure of Angular Correlation 

A function Aé@ is devised as a measure of the degree 
of angular correlation. A@ can be obtained graphically 
from the curve of 6, vs 4). Classically this relationship is 

sind, 


tané, ’ 
(M,/M,)—cos6, 
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At 120 Mev there is a small relativistic correction. The 
curve used was calculated relativistically for an in- 
coming pion of 120 Mev. The distance from an experi- 
mental point (6,, 6,) to the curve is defined as A@. Each 
point on the curve corresponds to a different value of x. 
The nearest point on the curve from the experimental 
point determines the value of x which was used. The 
limit of A@ which was chosen as a criterion of angular 
correlation is |A@|<5°. This limit takes into account 
the sources of error in measurement, multiple scattering, 
and distortion, and is empirically reasonable as can be 
seen in Fig. 4. Figure 4 is a two-dimensional plot in 
which all good and all background events which have 
|F| <0.12 are plotted against both F and Aé. There is 
a strong clustering about the origin of 59 events which 
on this basis are classified as good events. Sixteen other 
events which are classified as background events are 
fairly randomly distributed over the remaining area. 
The dotted line rectangle shows the limits of F and 46 
which were decided upon. 


(d) Background Level 


An estimate of the background level can be made by 
determining the average number of background events 


] 
Fic. 6. Differential cross a t PRESERT REE s 
section do/dw in mb/sterad | en SN 
corresponding to dividing 
the data into four equal 
units of solid angle. The 
three experimental points of 
Anderson ef al (reference 1) 
are shown for comparison. 
The curve is do/dw=a+b 
cosx+c¢ cos*y, using the 
least-squares values for a, b, 
and ¢. 


ANDER‘ 


found in an area which is equal to the area of the dotted 
line rectangle. This gives a background level deter- 
mination of 1.0 accidental events assuming a random 
distribution over the entire area. In order to test the 
possibility that there might be a sizable angular corre- 
lation in nonhydrogen events, all events which meet 
the coplanarity condition are plotted vs A@ in Fig. 5. 
This plot indicates a fairly uniform background dis- 
tribution. This would not be the case if a strong angular 
correlation existed. Figure 5 gives the value 1.5 acci- 
dental events which is used for the background level. 

Additional evidence for this low level of background 
is given in the following section where the 23 events 
involving a stopped proton are studied. In no case was 
an event found within the limits of F and A@ where the 
proton range was inconsistent with the scattering angle. 


V. BEAM DETERMINATIONS 
(a) Beam Intensity 


Beam intensity was determined by actual counting 
of tracks crossing the whipple length while scanning in 
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TaBLe II. The 59 (x~, p) events which were used plus seven 
additional stopped proton events. Range R is given in cases 
where proton stops in emulsion. 7, is the corresponding energy 
of the incoming pion. 


No x (deg) R(u) T (Mev No x (deg) R(w) Ty (Mev) 


23 61 120 36 94 
34 188 113 97 
37 318 129 E 102 
37 187 96 104 
40 333 113 108 
42 610 133 

400 116 

530 129 


605 132 


SIO Me Wr 


740 117 
915 


1088 
1072 


1350 
1350 


AUanunnnnw wn 
CN DAMNSWNR— 


= 


Additional stopped 
proton events 

31 159 

38 330 

44 527 

47 400 

47 601 

49 704 

57 1130 


depth between the limits of 154 from either surface. 
Samplings were taken at uniformly spaced points over 
each of the three regions which had been scanned. The 
value obtained for the 400y plate is J = 3.36X 10* tracks 
per cm. This corresponds to 1.10 10® tracks per cm’. 
The values of J for the two regions of 600u plate which 
were scanned are 5.00X 104 and 5.95 & 104 tracks per cm. 
Let A be the area of the region scanned. Then the track 
length scanned is 


3 
L=> 1,A;=2.66X 105 cm of track. 


tl 


This figure is based on a total sampling of 1615 tracks 
and should thus have a statistical error of +2.5 percent. 
Since absorption curves taken in this pion beam show 
that 7 percent of it is a nonpion component,' the total 
pion track length scanned is reduced to L,=2.48X 10° 
cm. 


(b) Beam Energy 


Beam energy was determined in each of the 23 events 
where the proton stopped in the emulsion. The proton 
energy and x completely determine the pion energy. 
The 23 values so obtained are listed in Table Il. The 
23 energy values are distributed with a standard devia- 
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ation of 9.6 Mev. A spread of 6.2 Mev can be accounted 
for due to the rms value of A@ which is 1.34°. This 
would reduce the true energy spread of the pion beam 
in the emulsion to about +7 Mev. Actually this reduced 
spread was used in calculating the modification of the 
mean energy by the energy dependence of the cross 
section and probability of finding a stopped proton in 
a given thickness of emulsion. The weighted average so 
obtained is (118+2) Mev. 


VI. RESULTS 


The differential cross section is determined by the 
number of events per unit solid angle dV /dw; the total 
length of pion track scanned Z,; and the number of 
hydrogen atoms/cm’ of emulsion ny. Then 


dN ‘day L,nyda/dw. (4) 


At the relative humidity used (~30 percent), [ford 
spec ifies 

ny = 3.34 10” protons/cm’. 
If we use the value of L, as determined in the previous 
section, Eq. (4) becomes 


da/dw=0.124X 10-77 dN /dw. 


The region 20°<,<160° includes a solid angle of 
11.8 steradians. However, since events within 15° of 
being edge on were not included, the total solid angle 
available is 2 of this, or 9.85 steradians. This is then 
divided into four equal units of solid angle Aw= 2.46 
steradians. Table I lists these four regions of solid angle, 
the number of events found in each, and the corre- 
sponding differential cross section. In the first region 
AN;=20 events. The calculation of the cross section 
for this region is 


0.124(AN,/Aw) =0.124(20/2.46) 


1.01-+-0.23 mb/sterad. 


do /day| I 


The four values for do/dw are plotted along with their 
statistical errors in Fig. 6. The dotted curve in Fig. 6 
is the function a+ cosy+c cos*x fitted by the least- 
squares method to the four points. This gives the values 
(0.49+-0.14), (0.164-0.21), and (0.84+-0.45) for a, 8, 
and ¢, respectively. In computing the total cross section 
the experimental data is used in the region 20°< x 
< 160° and the dotted curve for the outside regions. The 
result is o= (9.6+2.0) millibarns. The +2.0-miliibarn 
error is estimated by combining the statistical error of 
59 events (+1.4), the error in beam intensity (+0.3), 
and errors involved in correcting for scanning efficiency 
and the background level. Since scanning efficiency 
which can be taken as 9545 percent is not known to 
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better than 5 percent, these two errors which are 
opposite in direction are assumed to cancel and are 


assigned an error of +5 percent. 

The three experimental points obtained by Anderson 
et al.! for 120-Mev elastic scattering are also shown in 
Fig. 6. Their value for the total cross section at 120 Mev 
is (11.3+1.6) millibarns. 

Since information is lost when represented by a 
histogram, Table II lists the center-of-mass angle for 
each event. Proton ranges R and the corresponding 
incoming pion energy 7, are also given for those 
events where the proton stops in the emulsion. Seven 
other stopped proton events, which were found before 
the high scanning efficiency was established, are also 
listed in Table IT. 


VII. CONCLUSIONS 


Although obtained by completely different methods, 
these results and those of Anderson ef al.' for elastic 
(x, p) scattering are consistent with each other. The 
technique described is particularly useful in experi- 
ments where counter techniques are either impossible 
or very difficult. Examples of this are high-energy at 
which do not come out of the cyclotron, the region of 
small angle scattering which could be explored to 
determine the signs of the phase shifts from the Coulomb 
interference, and scattering at low pion energies. In this 
experiment the technique was developed to give about 
one pion-proton scattering every two hours of scanning. 
A parameter which is useful in comparing techniques 
and projects is the scanning rate divided by the cross 


section. In this case, 


(1/0) (.V/T)=0.05, 


where .V is the number of events found, o is the cross 
section for those events in millibarns, and T is the 
scanning time in hours. In the applications mentioned 
this parameter would probably be less due to restric- 
tions on intensity and magnification. One disadvantage 
of this technique is the great care that must be taken 
in order to achieve a high scanning efficiency. In this 
application is takes an above-average scanner several 
weeks of training to reach a grade of 90 percent on the 
scanning-efficiency test described in Sec. III. 

At this appropriate point the author would like to 
express his gratitude to Paul Taylor and Ray Filarski 
for their excellent job of scanning. In addition Mr. 
Taylor and A. H. Rosenfeld contributed many helpful 
suggestions. The author is most indebted to Professor 
Enrico Fermi, not only for his*encouragement of this 
work, but for his continuing guidance throughout the 
course of the author’s graduate studies. 
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E. Fermi, M. GLicksMAN, R. Martin, and D. NaGiet 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received June 24, 1953) 


The scattering of negative pions by liquid hyd,ogen has been studied with the 450-Mev synchrocyciotron, 
using the pion beams of energy 169 Mev, 194 Mev, and 210 Mev. Angular distributions for ordinary scatter 
ing and for photon production are presented for each of the three primary energies. The differential cross 
sections for ordinary scattering and for charge-exchange scattering are computed for the center-of-mass 
system. The charge-exchange cross sections when plotted as a function of the energy appear to go through a 
maximum at about 180 Mev. On the other hand, the ordinary scattering cross sections appear to increase 
steadily with the energy. The charge exchange cross sections, which at lower energies are predominantly 
backward, become rapidly forward as the energy increases, and are strongly forward at the highest energy 


HE scattering of negative pions by hydrogen has 

been investigated in this laboratory using the 
pion beams of the 450-Mev synchrocyclotron. In the 
present paper, the results of previous measurements! 
are extended to a higher energy range. With our present 
technique this is possible only for negative pions be- 
cause the intensity of the external positive pion beams 
from the cyclotron becomes extremely small at high 
energy. In the work here reported, the elastic and the 
charge-exchange scattering of negative pions on hydro- 
gen have been investigated for primary pion beams of 
169 Mev, 194 Mev, and 210 Mev. The equipment and 
the experimental technique used in this measurement 
are essentially the same as those already described in A. 
A beam of pions of the desired energy passes through 
two scintillation counters No. 1 and No. 2 and after 
that traverses a thin-walled liquid hydrogen Dewar. 
The scattered particles are detected by two other 
counters No. 3 and No. 4. The double coincidences of 
No. 1 and No. 2, indicated by D, give a measure of the 
number of primary particles. The quadruple coin- 
cidences of the four counters, indicated by Q, give a 
measure of the number of scattered particles that are 
detected by the detecting counters No. 3 and No.4. 
For an average rate of cyclotron operation correspond- 
ing to 20 watts on the target, the double coincidences 
per minute were approximately 190000 at 169 Mev, 
53 000 at 194 Mev, and 35 000 at 210 Mev. 

For the details and geometry of this arrangement, 
we refer to Sec. I of A. One difference in the present 
experiments was in the construction of counters No. 1 
and No. 2, which had the same diameter of 2 in. as in 
A, but were much thinner. Counter No. 1 in these ex- 
periments was a liquid scintillator with an over-all 
thickness of } in., and counter No. 2 was a plastic 
scintillator } in. thick. The background due to star 
production from the collisions with counter No. 2 is 
thereby reduced very considerably. In the previous 
experiments the thickness of the detecting counters 


* Research supported by a joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Ene 

t Aided by a grant from the Guggenheim Foundation. 

1 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 
(1953), quoted here as A. 
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was sufficient to prevent the detection of the recoil 
protons even for the measurements at 45° scattering 
angle. In the present measurements at higher energies, 
it was necessary in some cases to insert some additional 
absorber in front of counter No. 4 in order to make 
sure that no recoil protons could be detected. Such ad- 
ditional absorbers were used only in the measurements 
at 194 Mev and 210 Mev and only for scattering angle 
of 45°. In the measurements at 194 Mev an extra 
absorber of 3-in. aluminum was inserted in the runs 
without lead radiator. In the measurements at 210 
Mev, an extra absorber of }-in. aluminum was used 
when the lead radiator was in place; without lead 
radiator, the extra absorber was j-in. aluminum. 
Otherwise the procedure followed in the calculation 
and reduction of the data is identical to the one de- 
scribed in Sec. VII of A. 

Scattering measurements are taken for the laboratory 
scattering angles 45°, 90°, and 135° and at each po- 
sition four measurements of the ratio O/D between 
quadruple and double coincidences are taken with and 
without liquid hydrogen in the Dewar and with and 
without a lead plate of 7.36 g/cm? placed in front of 
counter No. 3. The difference of the measurements 
with and without liquid hydrogen is taken as the effect 
due to the presence of the liquid hydrogen. The lead 
plate increases the sensitivity of the detecting counters 
to the photons produced in the decay of the neutral 
pions in the charge exchange process. Table I sum- 
marizes the observed values of the ratio 0/D obtained 
in the present measurements. This table is the analog 
of Table VI of A. 

In order to compute from the data of this table the 
numbers of scattered pions and photons entering the 
detecting counters No. 3 and No. 4, one needs the 
efliciencies with and without lead radiator for the two 
types of particles. The procedure for calculating these 
efficiencies is described in Sec. 8 of A. The only differ- 
ence is the extra absorption due to the aluminum 
absorbers which were put in some of the measurements 
in front of counter No. 4 in order to stop all the recoil 
protons. The efficiencies adopted in the calculation 
are summarized in Table IT. 
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Pas_e I. Observed values of (0/D) X 108 for negative pions. 


169 Me 94% pions) 


Without 


Lead With hydroger hydrogen 
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194 Me 
295+ 11 
1124 
176 
638 
278 
344 


59+ 7 
85+ 9 
469+ 18 
215+12 
252+ 8 


10 Me 


288+ 14 
146+ 9 
171+-11 
633420 
222412 


263413 


"% pions) 


121+8 
72+6 
89-47 
155+9 
6346 
9347 


For each primary energy and each scattering angle, 
one computes with these efficiencies, from the data of 
‘Table I, the numbers II and I’ of pions and photons 
entering the solid angle subtended by counter No. 4. 
This is done by solving two equations with two un- 
knowns as described in A. 

The numbers II and I’ can immediately be converted 
to cross sections per steradian for the two processes. 
In order to do this, they must be divided by the product 
of the following factors: (a) the number of pions per 
million doubles. ‘This number was obtained as in A, 
from a study of the absorption curve. The percentage 
of pions in the beam of the various energies is given in 
Table I. (b) The solid angle subtended by counter No. 4. 
This was as in A, 0.083 steradians. (c) The number of 


Tase II. Efficiencies of the detecting counters. 


Efficiency 


for photons 
(percent 


Efficiency 
for pions 
(percent) 


97 
9? 
97 
90 
97 
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90 
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TABLE III. Differential cross sections for negative pions 


Laboratory system of-mass system 


Diff. cro Diff. cross 


scattering section 
angle 10°>27cm? ang 
degree terad degrees) 
1.82+0.25 
0.7340.17 
2.31+0.34 
6.05+0.71 
5.65+0.66 
8.37+1.01 
2.30+0.35 
1.16+0.21 
2.54+0.42 
7.24+0.90 
5.87+0.79 
9.29+1.12 
2.43+0.37 
1.59+0.31 
2.61+40.57 
6.83+0.92 
3.19+0.70 
4.88+ 1.14 


56.6 
105.4 
145.2 
54.9 
102.8 
143.4 
57.3 
106.0 
145.6 
55.6 
103.7 
143.9 
57.9 
106.7 
146.0 
56.1 
104.4 
144.4 


45 2.56+0.35 
90 0.69+0.16 
135 1.51+0.22 
45 0540.94 
90 37+0.63 
135 5.95+0.72 
45 3.28+0.50 
90 1.08+0.20 
135 1.62+0.27 
45 9.8741.23 
90 5.53+0.74 
135 6.414+0.77 
45 3.49+0.53 
9% 1.47+0.29 
135 1.64+0.36 
45 9.43+1.27 
90 2.99+0.66 
135 3.31+0.77 
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hydrogen atoms per cm? traversed by the beam. As in 
A, this number was 5.910". (d) A correction factor 
due to the attenuation of the primary beam while 
traversing the hydrogen cell. For the three energies 
these correction factors were estimated to be 0.988, 
0.986, and 0.990. 

The differential cross sections so obtained and their 
conversions to the center-of-mass system are collected 
in Table III. The errors listed in this table are com- 
pounded out of the statistical error plus a 10 percent 
error that we estimate may be due to our imperfect 
knowledge of the sensitivity of the detecting equip- 
ment. 

From the differential cross sections in the laboratory 
system one obtains immediately by integration the 
total cross sections listed in Table IV. In columns 2 
and 3 are given the total cross sections for elastic 
scattering and for the photon producing process. The 
contribution of this last process to the total cross 
section is only half the cross section listed in column 3, 
because each disintegrating neutral pion yields two 
photons. For this reason, the total cross sections given 
in column 4 are obtained by adding half the cross sec- 
tion for photon production to the elastic scattering 
cross section. A small amount of approximately 0.5 mb 
has been added in order to take into account the con- 
tribution of the inverse photoeffect. In the last column 
the values of the total cross section from transmission 


TABLE IV, Integrated cross sections of negative pions (10-%cm?). 


Total from 
transmission 


Energy 


Me, 


64+6 
660+6 
61+6 


169 
194 
210 
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experiments are listed for comparison. They are ob- 
tained by interpolation from data already published.? 
On the assumption that only s and p levels con- 
tribute to the interaction, one expects that all the cross 
sections in the center-of-mass system should be of the 
form 
a+b cosd+« cos’. (1) 


The assumption that the contribution of d scattering is 
negligible becomes, of course, less and less plausible as 
the energy increases and it is very questionable whether 
it is correct for pions of approximately 200 Mev. A 
check on this assumption and formula (1) that derives 
from it would require a more thorough study of the 
angular dependence of the scattering than has been 
possible until now. Assuming formula (1) to be correct, 
one can compute from the data of Table III the values 
of the coefficients a, b, and ¢ that represent the experi- 
mental data. These values are collected in Table V. 


CONCLUSIONS 


In Fig. 1 we have plotted the observed differential 
cross sections in the laboratory system listed in Table 


TABLE V. Coefficients ot da/dw=a+b cosd+c cos*d 
for various processes (10~*"cm?/sterad). 
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III versus the energy of the primary pions. For com- 
parison also the cross sections obtained in A at the 
energies of 120 and 144 Mev have been included. Ex- 
amination of this figure shows a rather striking differ- 
ence in behavior of the cross sections for the elastic 
scattering and for the photon producing process. The 
former cross sections increase steadily with energy 
without any apparent sharp feature. On the other 
hand, the cross sections for photon production appear 
to go through a maximum at approximately 180 Mev. 
A second feature of these cross sections is the very 
rapid increase of the forward cross section with respect 


2 Anderson, Fermi, Long, Martin, and Nagle, Phys. Rev. 85, 
934 (1952). 
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Fic. 1. Differential cross sections in the laboratory system for 
negative pions on hydrogen as functions of the primary pion 
energy. (a) Elastic scattering. The three curves correspond to 
laboratory scattering angles 45°, 90°, and 135°. The curves are 
graphical interpolations of the data. (b) Cross sections for photon 
production at the same angles. 


to the others. Due to this increase, the scattering which 
is mostly backward at the low energies becomes mostly 
forward at the high energies. This feature is recognizable 
also from the data of Table V which show a change in 
sign from negative to positive in the coefficient 6 for 
the exchange scattering. 
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High-energy proton-proton scattering is calculated for a static interaction which includes coupling to 
excited nucleon states. The spin and isotopic spin dependence is taken from the strong coupling approxima 
tion of the charge-symmetric pseudoscalar meson theory; for the space dependence the Yukawa potential 
is used. The parameters of the interaction are chosen to fit the low-energy p-p scattering data. The calculated 


high-energy 


results 


1. INTRODUCTION 


NUMBER of attempts have been made!~® to 
construct an interaction potential which will 
explain the observed proton-proton scattering. In spite 
of the large choice of possible potentials it is very hard 
to fit the scattering data over the entire energy range; 
most potentials which are adjusted to the low and inter- 
mediate energy data do not lead to the observed large 
isotropic cross section at high energies (between 3 and 
5 mb/sterad in the energy interval of 100 to 350 Mev).® 
Let us consider the triplet and singlet contributions 
to the cross section separately. In the absence of a 
tensor force, the triplet cross section must vanish at 90° 
in the center-of-mass system. Thus only a tensor force 
could possibly give rise to an isotropic triplet cross 
section. One might postulate a strongly singular tensor 
potential, since its effect would become more pro- 
nounced with increasing energy. Such a_ potential, 
originally proposed by Christian and Noyes! and 
recently re-examined by Goldfarb and Feldman‘ and 
Swanson,® does not lead to very good agreement with 
the observed results. 

The “usual” potentials give rise to a strongly aniso- 
tropic singlet cross section at high energies. For a 
potential which is attractive at all distances both S and 
D phase shifts are positive; in the cross section this 
leads to destructive interference between S and D 
waves at 90° because P?o(cos}m) is positive and P:(cos}m) 
is negative. Jastrow® has suggested a potential which 
becomes infinitely repulsive at a small distance. With 
such a “hard core” model, the S phase shift becomes 
negative at high energies, leading to constructive inter- 
ference between S and D waves at 90°. This model fits 


the known p-p scattering best. 


* This paper is based on a thesis submitted in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy at the 
of Chicago. A summary of this work has been pub 
lished [Phys. Rev. 89, 1295 (1953) ]; there the words “‘positive”’ 
and “negative” should be interchanged 
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2 R. Jastrow, Phys. Rev. 79, 389 (1950); 81, 636 (1951) 

‘1K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950). 

41. J. B. Goldfarb and D. Feldman, Phys. Rev. 88, 1099 (1952). 
> D. R. Swanson, Phys. Rev. 89, 740 (1953). 

6 See, for instance, the review article by R. S. Christian, Repts. 
Phys. 15, 68 (1952 
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scattering Cross section is strongly anisotropic and thus in sharp conflict with the experimental 


A more general p-p interaction than ordinarily con- 
sidered can be obtained if nucleons are postulated to 
have excited isobaric states characterized by different 
spin and charge values.’ Such an interaction is used in 
this paper. In order to narrow down the large choice of 
possible interactions, we shall limit ourselves to one 
type suggested by meson theory. 

In the strong-coupling approximation of meson 
theory® (where the meson-nucleon coupling is assumed 
to be large) one does obtain an isobar model of the 
nucleon. In particular, according to the charge-sym- 
metric pseudoscalar theory, a nucleon can exist in 
isobaric states with any half odd-integral spin and 
isotopic spin, the spin and isotopic spin being equal in a 
given state. The energy of an isobaric state is propor- 
tional to s(s+1), where s is the spin (and isotopic spin). 
The interaction energy of two nucleons is of the form® 


QV (r)+T'U(r). 


Here 2 and 7” operate on the spins and isotopic spins 
of the two nucleons; 7” also depends on the orientation 
of the relative position vector with respect to the spins; 
V and U are functions only of r, the distance between 
the two nucleons. For nonexcited states of the nucleons 
(spins and isotopic spins equal to 4), the interaction 
reduces to that obtained in the weak coupling approxi- 


mation. 

A model of this type (with V and U square well 
potentials) was applied by Villars!® to the neutron- 
proton problem. Villars found that if the parameters 
of the potentials were chosen to yield the correct 
deuteron binding energy and quadrupole moment, the 
excitation energy & of the first-excited isobar had to 
be of the order 300 Mev in order that there be no bound 
7 Several suggestions of this nature have been made: G. Breit, 
Proceedings of the International Conference on Nuclear Physics and 
the Physics of Elementary Particles (Institute for Nuclear Studies, 
Chicago, 1951), p. 107; R. B. Raphael and J. Schwinger, Phys. 
Rev. 90, 373 (1953); J. Iwadare, Progr. Theoret. Phys. (Japan) 
9, 94 (1953); B. Feld, Bull. Am. Phys. Soc. 28, No. 3, 30 (1953). 

8G. Wentzel, Helv. Phys. Acta 13, 269 (1940); 14, 633 (1941); 
16, 222 (1943); 16, 551 (1943); A. Houriet, Helv. Phys. Acta 
18, 473 (1945); W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 
(1942); R. Serber and S. M. Dancoff, Phys. Rev. 63, 143 (1943); 
W. Pauli and S. Kusaka, Phys. Rev. 63, 400 (1943). 

9 We are using the notation of M. Fierz, Helv. Phys. Acta 17, 
181 (1944); 18, 158 (1945) 

10 F. Villars, Helv. Phys. Acta 19, 323 (1946). 
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'S state. We apply the same type of model to the 
proton-proton problem, taking = 265 Mev and letting 
V and U be Yukawa potentials"! with the same para- 
metric range. The depths of the potentials and the 
parametric range are chosen to fit the observed low- 
energy p-p scattering data. Then the cross section is 
calculated for a high energy (300 Mev in the laboratory 
system). 

The results obtained with the isobar model described 
above are quite similar to those obtained with most 
conventional interactions: The high-energy singlet 
cross section is strongly anisotropic due to S-D wave 
interference; the triplet cross section is flatter, but 
much too small to yield the observed cross section. We 
must conclude that at least the particular isobar model 
of nucleons used in this paper conflicts with the ob- 
served p-p scattering. 


2. THE MODEL 


The two-nucleon scalar and tensor interaction ener- 
gies, QV(r) and 7’U (r), derived in the strong-coupling 
charge-symmetric pseudoscalar theory can be repre- 
sented as matrices in the following variables: 


$1, S2, spins of the nucleons; 
K, total isotopic spin; 
S, total spin; 
1, orbital angular momentum; 
J, total angular momentum. 


Q and 7’ are diagonal with respect to A and J, 2 also 
with respect to / and S. For given K and J, in the 
center-of-mass system, the Schrédinger function com- 


ponents F'sisys2(r), satisfy the set of equations, 


2 (1+-1) 
, r ) 


; 


ps2(%) 


3 
2 


{ (sise Q| $1'52)6s sb V (r) 


+ (SIs 55 T’| S'U'sy's2!) U(r) } Fs't'sy'09"= EFS1s1s9; €2:3) 


here M is the proton mass, & the excitation energy of 
the first-excited isobar, and F the total energy. The 
isobaric energy term represents the energy difference 
between excited states and the ground state (s;= s2=}$). 
The matrix elements of 2 and 7” in this representation 
have been given by*Fierz.? They obey the selection 
rules, 


wv . 

S’—S=0, +2; 
"In both strong and weak coupling approximations meson 
theory yields V(r)~e"4#"/r; U 24 y2y-le-*?. Even 
if one wanted to take meson theory seriously, one would have to 
modify U(r) to eliminate the r singularity. 


‘ 
r)~ (3944+ 3yr 
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In addition, the vector inequalities, 


$13—S2| <S, K<(sitse); |l-—S| <J< (+S) 


and the Pauli principle must be satisfied. The latter 
requirement can be showr. to be equivalent to 
(S+ A +/) = odd integer. 
When the excited states are neglected, the interaction 
reduces to that obtained in the weak coupling approxi 
t — 


mation; i.e., for 5;= S2= S;’= $2’ =} 


’ 


Q= (1/9) (e,-22)(@;-02), T’= (1/27) (21+ 42)Si2, (2.2) 


where }@;,2=spin of nucleon 1, 2; }#:,2= isotopic spin 
of nucleon 1, 2; and S}.=3(e,-r)(e.-:r)r~ 


The two potentials V(r) and U(r) are assumed to 


CO. Os. 


differ only by a constant factor, 


V=Vof(r/ro), U=Uof(r/ro), 


where ro is the parametric range of the potentials. 
Equation (2.1) can now be written in dimensionless 
form 


(< l(l+1) 
| dx? x ) 


+ def 51 (si +1) +52(s2+1)—3 |p Pst r) 


+ { = (Slsiso| A | S’U’sy’s2") f(x) 
S’l’s,'s2’ 


X F's't'sy's9'(x)} = RF Sisys2(x), (2.3) 


with 
e= (Mr7/h?)6, k?=(Mr?/h*)E, 
1Uo/Vo, 


x=r/To, 

A= §(Mr?/h?) Vo, 
and 

A=\(924-27y7"). 


The constants are defined so that for nonexcited 
triplet p-p states A=A(1+~ySi2). The values of the 
parameters obtained from low-energy scattering (Sec. 4) 
are \=0.35, y=1.4, and ro=2.0X10-" cm. With this 
value of ro, one obtains «25, k°—=14 for 6= 265 Mev, 
E=150 Mev. 

In the following, only the ground state (s;=52=}) 
and the first-excited states (s;=4, s.=3 and s,;=3, 
S2=}4) of the system will be taken into account. The 
neglect of higher states seems reasonable if one con- 
siders that the excitation energy of the second-excited 
state (s;= 5» 530 Mev and that the 
calculations are here carried out for a kinetic energy 
E=150 Mev. Estimates indicate that this approxima- 
tion is really justified. We shall use the following nota- 
tion: g for the ground state, (s;=4, s.=4); e for the 
symmetric combination of the two first-excited states 
2-"/C (si= 4, 52= 3)+ (s1=3, 52=}) ]. The corresponding 


3) is already 26 
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J=0 


even J #0 


odd J 


components of the Schrédinger function are 
F Slg 


(1/ V2) (F sic/2) (3/2) r F g1¢3/2) 72) 


F siay2)a/2); 
Fsu 


In the g state, S is restricted to the values 0 and 1, in 
the e state to 1 and 2. 

Since we are interested in p-p scattering, we want 
to consider the case K=1. Then the Pauli principle 
demands that (S+/) be even. We obtain the scheme of 
linked states shown in Table I. This table indicates that 
for J=0 and odd J there is a coupling between two 
states; for even J #0 there is coupling between four 
states. For instance, if J/=0, S=1 (triplet), the com- 
ponents /*;,;,, and /*;,;,. satisfy a pair of coupled differ- 
ential equations; for even J #0, S=1, the components 
Fig-1.9 Fivs-1.e Fi, 41.9, and Fi, 741,¢ Satisfy a set 
of four coupled differential equations. When there is 
coupling between just two states, Eq. (2.3) reduces to 


l(l+-1 
eae He) Py 
x 


Ag) fFigt (lg|A \l’e) fF ve, 
( @ ['(l'+1) 
dx? x 


> (l'e| A | lg) {Fy + (Vel All'e) fF ve; 
here x?= e—k?, and the index S may be dropped without 
ambiguity. The extension to cases of four coupled 


¥ (lg 


equations is straightforward. 
The relevant matrix elements of 2 and 7” are given 
in Appendix I. 


3. METHODS OF CALCULATION 


Two approximation methods, the uncoupling method 
and the Born approximation, were used in the integra- 
tion of the sets of coupled equations. In the uncoupling 
method, the set of equations is replaced by a single 
equation with an “effective potential,” which can be 
integrated numerically. This method was used in the 
treatment of the low-energy problem. For the high- 
energy scattering, the second Born approximation was 


found satisfactory. For several cases, the approximation 
methods were checked by exact numerical integration. 


A. Numerical Integration 


The point by point irtegration method of Manning 
and Millman” can be extended in a straightforward way 
to the case of two coupled equations. For any well- 
behaved function «(x) we can express the second dif- 
ference in terms of the second derivatives at 3 points, 
u(xt+h)+u(x—h)—2u(x) 
= Phu’ (xt+h)+u" (x—h)+10u" (x) J+O(h*). (34.1) 
If we let F,=y, Fv.e=2, (2.4) takes on the form 

y (x) =a(x)y(x)+b(x)z(x), 

2!" (x)=b(x)y(x)+c(x)2(x). (3A.2) 
Applying Eq. (3A.1) to y and z in Eq. (3A.2), we can 
express the values of y and z at the point x,4; in terms 
of their values at the points x,_; and x,. Solving the 
two_equations for yn4; and 2,4; yields 


1 
— “(xnCay i+ EnBn 1) ) 


A nj iC n+l 


1 


ies 
Vn4 i= 


7 (f,A n+1 +xnBnj 1) > 


A n+ Gar 
Xn= (12—10A n) yn +10 Bnen— A n—1Vn-1 t+ Br_i20-13 
£,= (12—10C,)2n+10Bnyn—Ca—12n-1+ Ba—Wn-1, 


A & 
on+1— 


(3A.3) 


where 
Cy= 1 pyle 0); 


Ba=pxh"b(x,). 


A a= 1 — ib ha (x,,) ) 


The solutions were started at the origin by power 
series." 


B. The Uncoupling Method 


The method here referred to as the uncoupling 
method has been used by several authors. Fierz and 
Wentzel'‘ applied it to a problem closely related to the 
one treated here; they refer to it as the adiabatic 
method. Christian and Hart" used it to obtain effective 
potentials in the problem of the triplet n-p system; 
they apply the WKB method to the effective potentials 
and refer to the whole procedure as the WKB method 
for coupled equations. 

The uncoupling method consists in transforming a 
set of coupled differential equations into a less strongly 
coupled set, and then neglecting the coupling. It has 
been found to give quite a good approximation even 


2W. F. Manning and J. Millman, Phys. Rev. 53, 673 (1938). 

13 A very similar example of power series integration is presented 
in detail in reference 5. 

4M. Fierz and G. Wentzel, Helv. Phys. Acta 17, 215 (1944). 

%R.S. Christian and E. W. Hart Phys. Rev. 77, 441 (1950). 
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when it was very hard to justify analytically. It will be 
shown later how the procedure can be justified in a 
certain special case. 

Given a set of functions, u(x) =[;(x), -- 
satisfying the differential equations 


+, un (x) ], 


ad 
—u(x)=V(x)-u(x), 
dx* 


(3B.1) 


ry : . ‘ . y 
where V(x) is a symmetric matrix. For u=(%), 


v=(5 


let us transform u with an orthogonal transformation 
S(x) which brings V(x) into the diagonal form W(x), 


S7.V-S=W, S7.S= 1, (3B.2) 


where S” is the transpose of S. The transformed set 
of differential equations is 


? 


i" Eq. (3B.1) reduces to Eq. (3A.2). Now 


u=S-v; 


-V= U-v+ W-v, 


1x? 
d d ad 
( s) +(. s)| 
dx J dx dx? 


The diagonal elements of U can be simplified with the 
help of the orthogonality condition on §S, 


(3B.3) 


where 


2 


(3B.4) 


d 2 
TumEa(5Sur). 
dx 


now 


The uncoupling approximation consists in 
neglecting the off-diagonal elements of U; this leads 


to the uncoupled set of equations, 
i 


Un(X) = (Wan(x) + U nn(x))0n(x). 
dx* 


(3B.5) 


The boundary conditions on the v, follow from those 
on the up. 

For the case of two coupled equations, the two eigen- 
values of V(x), W,(x) and W2(x), are 

W1,2= 3(Viit+ V 22) F[} (Vo2— Vii)?— Vi." }! i (3B.6) 


If the inequality 


(V22— Vi.) >| Viel (3B.7) 


is satisfied, then it follows that 
Wi=Vir-— Vi22(V2e2e— Vir), 
Wo V 20+ Vie? (V22— Vin) ’ 
Sn=Se=1, Sy=Sa=Vie(Vo2—Vis). = (3B.8) 
Now consider the following example: 
Vinr=Ane7— FR’; 
V 22= aoe *— k?+ €; 


V 19=A2€7 a 


(3B.9) 
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Assume that the coefficients Ay, Aw, Ai introduced 
here are all of the order of some constant XA; also 
assume 

(3B.10) 


e>k?; €>A; €?>1. 


Then the expressions (3B.9) satisfy the condition (3B.7). 
We can show that the transformed Eqs. (3B.3) are less 
strongly coupled than the original Eqs. (3B.1). A 
reasonable criterion of the strength of the coupling is 
provided by comparing the off-diagonal elements with 
the difference of the diagonal elements. A rough esti- 
mate gives 

U42| /(We—W)) Sd/ 2, 
whereas 

|Vie|/(V22—Vir)~d/e. 


Therefore the uncoupling method is justified here. 
Note also that the diagonal elements of U, Eq. (3B.4), 
are of the order (A/e)? and can therefore be neglected 
in Eq. (3B.5). 

This example is hypothetical. In the cases arising in 
this paper, the situation is complicated by the ap- 
pearance of centrifugal potential terms and by the use 
of Yukawa potentials rather than exponential poten- 
tials; in these cases the previously stated criterion for 
the uncoupling approximation is not satisfied for small 
x. Nevertheless, comparison with exact numerical 
solutions showed that the uncoupling approximation is 
satisfactory except when the potentials cross (i.e., 
when there is a value of x for which V;,;= V2.2; in the 
neighborhood of such a point the above analysis breaks 
down completely). The uncoupling approximation is 
actually only needed in the treatment of the low-energy 
1§$—®D system, where the potentials do not cross. The 
second Born approximation can be applied to all other 
states, since they only enter at higher energies. 

For sufficiently high energy (large k*), the Born 
approximation can supply another check for the validity 
of the uncoupling method (see below). 


C. The Born Approximation 


It was found satisfactory for high-energy scattering 
to treat the terms (lg/A[l’g) f(x) of the interaction 
in first Born approximation only, and the terms 
(Ig|A|l’e) f(x) in second Born approximation. The 
formal development of the method follows. 

Consider the Green’s functions G;'”, G,, 
the differential equations 


@ I(l+1) 
( _ + BGs, x’) = 
dx x 


a@ dI(l+1) 
( ~ - Gis, x’) = 
dx? s 


and the boundary conditions 


sat isfying 


GC, (xe =0) =G, (4%-=0)=0; 
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It is convenient to represent G,“, G,™ in the following 


way: 


(1/k)gi(kx—-)mi(kxs) ; 


£ 


G,§) (x, x)= (2 nf dp p° +-K?) 'o1( px)gil px’), 
{ 


where 


gulp) = (mp/2)'"S iy cyj2)(p), milp)=(—1)"*"g_1-1(p), 


£i\ p> @ ) sin (p -4nl); 


note that g:(p)/p= ji(p) is the /th order spherical Bessel 
function. 
Using 


coupled integral equations, 


(3C.1) we can rewrite Eq. (2.4) as a pair of 


£ 


F g(x) = g1(x) f dx’G, (x, x’) f(x’) 
0 


KL (lg | Alle) Py (x') + (le | Alle) Fv. (x’) J, 


4 


Fyu,.(x) f dx'G, 6") (x, x) f(x’) 


0 
X[ (el Alle) Fi (x')4+- (Vel Alle) Fy e(x’) }. 
Using (3C.2) we find 


Sarl +61), 


Fiy(x—>~% )~sin(ka 
where 
Zz 


—k tand, f dxg (kx) f(x) 
0 


«L(g | Allg) Fig(x)+ (lg| Alle) Fv. (x) J. 


In the approximation specified previously, we obtain 
£ 


—k tand,& (le{A{l¢) { dx{_gi(kx) P f(x) 


0 


-(Ig|A{l’e) f J dxdx'G, | (x, x’) 


« g(kx)gi(kx’) f(x) f(x’). (3C.4) 


Introduce the notations 
* 


Tiv(k, p) dx f(x)gi( kx) gv (px) ; 
Ti vtk) Ti v(k, k); 
a (k) f dx| A x) Pe (kx) gr (Rx) ; 


(Wye 4 (k) (2 nf dp(e + p’ - k?) Ty v (k, p) P; 
(3C.5) 


x 


(Br v’ (Rk) = (2 nf dp(e+ p’—k*)"! 


XTi (ky p)lv.v(p, k), 
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With the help of Eqs. (3C.2) and (3C.5), Eq. (3C.4) 
can be written as 


—k tand,= (lg) Allg)Iy i(k) — (lg| Al l’e)*Biv(k). (3C.6) 
In the singlet J even (#0) case, a g-state component, 
Fy,, is linked to three e-state components, F'y~2,., 
F,., and Fy, -; the immediate extension of the above 


method gives 

k tandby=—(J, g|AlJ, g)Tz, 7(k) 
+ (J, g|A|J—2, e)?By, s-2(k) 
+ (J, gl Al J, e)?By, s(k) 


+ (J, g|A|J+2, e)?By, s42(k). (3C.7) 

In the triplet even J( #0) case, the four components 
Fy-1,9, Fy41.9, Fs—1,e, and Fy4:,. enter into a set of 
four coupled differential equations. There are two 
independent proper solutions, i.e., solutions for which 
all four components vanish at the origin, and Fy_,,, 
and Fy,;,. vanish asymptotically; Fy1,, and Fy41,, 
will be sinusoidal for large x. The problem of calculating 
the triplet cross section is the same as that for an 
ordinary tensor force, since only the ground-state com- 
ponents, Fy_;,, and Fy,;,,, appear in the asymptotic 
wave function. For the purpose of calculating the cross 
section it is convenient to choose the two independent 
solutions so that in each solution both ground-state 
components have the same phase shift; i.e., the asymp- 
totic behavior of one solution will be given by 


Fy_,,,->sin[ kx —}a(J—1)+6, ], 


; (3C.8) 


| ore ons sin| ku—4a(J+1)+6,]; 


ny is called the admixture parameter, 5, the eigenphase 
shift. The other solution will have the same form but 
The previously used 


different values of ny and 6y. 
approximation can be applied to this case in a straight- 
forward manner; the ny and 6, are then expressed in 
terms of the integrals (3C.5). 

The integrals J; and 9; defined in (3C.5) can be 
evaluated in terms of elementary functions if f(x) is 
the Yukawa function (see Appendix II). @®: 7 and 
@,y’ cannot be so evaluated and must in general be 
calculated by numerical quadrature; however, in 
certain cases one can find approximate expressions for 
these integrals. Consider, for instance, 


of dp(e+ p?—k*)"! 


LD 


x! f dx f(x) sinkx sinpx|, k<e. (3C.9) 


0 


(Bo, of k) = ( 2 


9 


If k?>>1, the integral in the curly brackets is sharply 
peaked about p=. Then the term (e+ p?—*)~' in the 
integrand can be approximated by e~'; for given k this 
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approximation improves with increasing e. 


Bo, o( k)Se*(2 nf aol f dx f(x) sinkx sinpx 
0 0 
x| f dx’ f(x’) sinkx’ sinpx’ 
0) 


In this expression, the integration over p gives a 6 
function, and we have 
0 
Bo, o(k)e f dx{ f(x)? sintkx. (3C.10) 


0 


The same arguments hold for @®,; in general, although 
the approximation deteriorates with increasing /, 


(By (k) Se f dx{_ f(x) Pg. (kx) P 


0 


=€ dat. (3C.11)) 
This approximate expression for (®;,; is closely related 
to the uncoupling approximation applied to the equa- 
tions coupling Fy, and F;,; it is the contribution of the 
e state to & tané,, when the first Born approximation is 
applied to the effective potential. We have thus con- 
firmed that, when both the uncoupling and the Born 
approximation are justified, they both lead to the same 
result. 
4. DETERMINATION OF THE PARAMETERS 
2, 7, AND ro 

lor the determination of low-energy scattering, only 
the ‘4S component, Fso,1<0,,, of the Schrédinger 
function enters directly; it is, however, coupled to 
Fs»... The effect of this coupling was considered in the 
uncoupling approximation by means of the appropriate 
effective potential W(x). Writing #o(x) for the solution 
of the problem at zero energy, and introducing the p-p 
Coulomb interaction,'® we have 


ad? To 1 
( —— ) (2) =W (a), 
de? Rx 


2 cm, (4.1) 


where 


R= (h®/Me?) =2.88X 10 
W (x) = 3A(Sy—3) f(x) +30-7+ he 
~ {LgN(Sy t+) f(x) +32 + Fe P+ [12dy f(x) PY”, 


2 


f(x) =e7%/x, x=r/ro. 
16 A consistent way of introducing the Coulomb term would 
be to add to the nuclear interaction, QV (r)+7°U (r), a Coulomb 
interaction, V.= (e?/r)(K3°+4)(K3%+4), where Ay", A,? 
are the third components of the isotopic spins of the two nucleons. 
The interaction is now no longer independent of the direction of 
the total isotopic spin K. The p-p system is represented by the 
state (A =1, A;=1, g); for the case K=1, A,;=1, one has 
Velg)=e2/r, (g f , 


- e)=0, (e Vie sie f. 


The incorporation of these matrix elements into the original 
Schrédinger equation and the application of the uncoupling 
method leads to Eq. (4.1) with a W(x) differing by a negligible 
amount from the one there given 
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Use has here been made of Eqs. (2.4) and (3B.4) and of 
the matrix elements in Appendix I. 

For a given set of values A, y, ro, Eq. (4.1) can be 
integrated, and the solution # can then be used to 
determine the scattering length a, and the effective 
range rer (See Jackson znd Blatt"). 

The experimentally determined values are 
a= —7.67+0.05 10-8 cm, 


rop¢= 2.65+0.07 X 10-8 cm. (4.2) 


Since there are three parameters, they are not com- 
pletely determined by the given values of a and freq. 
This arbitrariness should be disposed of so that the 
best possible agreement is attained for high-energy 
scattering. It is clear that y must be fairly large; for 
when y=0, i.e., when the tensor force term is absent, 
the scattering cross section vanishes at 90° in sharp 
contradiction with experiment. 

The following set was found to lead to values of a 
and r.s¢ quite close to the experimental values (4.2), 


A=0.35; y=1.4;  r9o=2.0X10-" cm. (4.3) 


The parametric range ro turns out to be much larger 
than that obtained for an “ordinary” Yukawa potential 
(i.e., the potential in the absence of linking to the Fs »,, 
component). The reason for this can be understood by 
study of the effective potential W(x) in (4.1); if we 
expand the radical, considering the last term small, we 
obtain 


e (12Ay)? 477? 
W (x) =—-3A—- ( -), x=r/ro. (4.4) 


x e+6x?7\ x 


In the absence of the second term in Eq. (4.4), W(x) 
would be the Yukawa potential, and the value of the 
parametric range ro which would give the correct 
effective range would be 1.1310-" cm.” Since the 
second term in Eq. (4.4) is a steeper function of x than 
the first term,'* its presence results in shortening the 
effective range r.¢ for a given parametric range fo; 
therefore, in order to get the correct value of rerr, 79 Must 
be taken larger than 1.13 10~-" cm. 
5. RESULTS 

Both singlet and triplet phase shifts were calculated 
up to J=2. The singlet J=0 phase shift was calculated 
by the uncoupling method; all the others were calcu- 
lated in the second Born approximation. At a c.m. 
energy of 150 Mev, and with the parameters given in 
(4.3), the results were 
0.505, 
0.344, 
0.0094,  tand,? 

n2* = 0.985; 


0.147; 
-0.175, 
0.062¢, 


(Singlet) tand,o tandy 


(Triplet) tandy tand, 


tand,* 


17 J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950). 

‘8 More precisely, the magnitude of its logarithmic derivative 
is larger everywhere except for very small x, a region not important 


for the low-energy scattering. 
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Differential p-p cross sections at 300 Mev obtained 
with the isobar model. 
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here the subscripts denote the total angular momentum 
/. 

In the calculation of the cross sections, the effect of 
the higher phase shifts was taken into account by means 
of the first Born approximation.” The resulting dif- 
ferential cross sections are presented in Fig. 1. 


6. DISCUSSION OF RESULTS 


The high-energy cross section obtained here (Fig. 1) 
is in sharp conflict with the observed cross section. The 
theoretical cross section is strongly peaked in the 
forward and backward directions, and at 90° it is too 
small by a factor of about 8. Let us examine the results 
in detail. 

First it should be noted that coupling to excited 
states always increases the phase shifts. (In the un- 
coupling approximation, the excited states make a 
negative contribution to the effective potential, and 
this results in a positive contribution to the phase 
shifts. ) 

The singlet section almost vanishes at 90° 
because of S-D wave interference. The S- and D-phase 
shifts are, in fact, quite close to those obtained with an 
ordinary Yukawa potential adjusted to produce the 
observed low-energy scattering. The S-phase shift is 
determined by the effective potential given in Eq. (4.4). 
Although the second term in Eq. (4.4), representing 
coupling to the excited state, is important, the effective 
potential (#?/Mr,?)W (r/ro) is roughly the same function 
of ras an ordinary Yukawa potential, if both potentials 


are adjusted to the same low-energy scattering data; 


CTOSS 


therefore it is not surprising that both potentials lead 
to approximately the same high-energy S-phase shift. 


In the approximation which we have used, the D-phase 


shift is given by Eq. (3C.7). All four terms in Eq. 


19 See, for instance, reference 5, for details. 


(3C.7) are positive, the last three terms because they 
represent coupling to excited states, the first term 
because (J, g|A/|J, g)= —3A is negative and the integral 
I, is necessarily positive. The D-phase shift resulting 
from the sum of the four terms in Eq. (3C.7) turns out 
to be slightly larger than that obtained from an ordinary 
potential adjusted to the iow energy data. 

The triplet cross section at 90° (about 0.6 mb/sterad) 
is larger than the singlet cross section but still much too 
small to lead to agreement with the experimental data. 
The discussion of the triplet case is not so simple as 
that of the singlet case because of the complexity of the 
expression for the cross section. First it should be noted 
that although the phase shifts 6,%, 6.7 (corresponding 
to J=2) are much smaller in magnitude that 59 and 6, 
(the phase shifts corresponding to J=0 and J=1), their 
effect is not negligible. However, one can say roughly 
that the smallness of the cross section at 90° is due to 
the smallness of the phase shifts 6) and 6;. A stronger 
tensor force T’U(r) would be needed to increase 59 and 
6, in magnitude. 

As was pointed out in Sec. 4, the low-energy scat- 
tering data are insufficient to determine uniquely the 
three parameters: parametric range ro, depth of scalar 
potential A, and depth of tensor potential Ay. The ratio 
y of the depths of the tensor and scalar potentials was 
fixed more or less arbitrarily. It is clear that a change in 
y cannot affect the singlet results radically ; since S- and 
D-phase shifts are necessarily always positive, there will 
always be destructive S-D wave interference at 90°. 
On the other hand, the triplet cross section at 90° would 
increase with y. Estimates indicate, however, that even 
in the absence of the scalar term (i.e., y= ©, A=O0, Ay 
finite), the triplet cross section at 90° would still be 
much too small. 


7. CONCLUSIONS 


The particular isobar model of nucleons used in this 
paper does not lead to agreement with the observed 
p-p scattering.” The present investigation also seems to 
indicate that in general no agreement can be attained 
so long as highly singular interactions are excluded. 
This may be seen roughly as follows: For the most 
important states, |S, *Po, *P1, the influence of coupling 
to excited states can be expressed fairly accurately in 
terms of effective potentials. ‘Thus the problem is ap- 
proximately reducible to a conventional potential scat- 
tering problem. For nonsingular interactions, the 
effective potentials are also nonsingular; hence one 
would expect disagreement with the observed p-p scat- 
tering. In other words, the presence of excited states 
does not simulate anything like a hard core or a strongly 
singular tensor force. In this sense, isobar models offer 
no advantage over the conventional types of interaction. 


A similar disagreement with experiment has been found by 
J. Iawadare (private communication), who used square-well 
potentials for V(r), U(r). 
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APPENDIX I. MATRIX ELEMENTS 
Triplet 
(giQlg)=1/9; (giQle)=8/9; (ej/Qle)=11/18. 
For given J, 1’, 
(g|7’|g)= —(g|T’\e)= —8(e|T’ le). 
T odd: 
xf’= J, (g|/7’|g)= 2/27; 
J even: 


1 2(J—1) 
j='=J—-1, (g|T’|g)= 


27 (2J+1)’ 


j= f= J+1, (g|7"|¢) = 


27 (2J+1)' 
l=J—1, ’!=J+1, 


l=J+1, ’=J—-1, 


2(y+1)}" 
or = . e 
(27+1) 


Singlet-Quintet 
(g|2| g)= —4, 
(0, 0, g| 7” 
(2, 2, e|T”| 
(0, 2, g|T’| 2, 2, e)= —4v2/9,/7, 
(0, 2, g|7’|2, 0, e)=4/9V5, 
(0, 2, g|T’|2, 4, e)=4V2/3y/35. 


APPENDIX II. EVALUATION OF BORN INTEGRALS 


The integrals /7,:(k, p), 911(k) can be evaluated 
simply by means of Gegenbauer’s addition theorem 2! 
Given two vectors k and p, @ the angle between k and p, 
then 
sinjk—p|r 1 

- Di (2+ gilkr)g( pr) Pi(cos#). (11.1) 


\Ik—plr = kpr’ 


Multiplying by Py and integrating over cos@, 


l 
gi(kr)g.(pr)=3kp dxPi(x)r(k?+ p?—2kpx) 
“ll 


Xsinr(k?+ p’—2kpx)'*. (11.2) 


1G, N. Watson, A Treatise on the Theory of Bessel Functions 
(Macmillan Company, New York, 1941), second edition, p. 366. 


sep f dx P(x) (R? + p” : 2k px) i/2 
at l 


xf dre~" sinr(k?+- p?—2kpx)'" 


if dxPi(x){L1+k+ p”)/2kp |—x} 


=40f (1+k + p*)/2kp |; (11.3) 


x 


here Q, is the /th order Legendre function of the second 


kind.” 


ju, (k) = f dr(e'/r)*{_gi(kr) PF 


vl 
be | dxPj(x)[2k2(1—x) [7 
as 1 


xf dr(e*’/r) sinr 2k?(1— x) }!? 
0 


1 


= re f dxPj(x)[ 4k (1—x) J" 
1 


X tan $?2(1— 2x) ]'?, 


or, by change of variable, 


k 
su) f dyP,(1—2k~y") tan~'y. (11.4) 
0 
If P;(1—2k~y*) is expressed as a polynomial in y, each 
term in Eq. (II.4) can be integrated in an elementary 
manner. 

For 141’, Ii,v(k, p) can be evaluated in the following 
way: if />/', express gy(px) in terms of sines and 
cosines, i.€., 

go(px)=sin(px), gi(px)=(1/px) sin(px) 


ete. 


-COS( px), 


Then J, 1(k, p) reduces to a sum of integrals of the 
form 


a 


f dx(e*/x™*!) 9)(kx) sin( px), 
0 


z 
f dx(e* ‘x™t!) 9) (Rx) COS( px), O<m<l’, 


0 


(11.5) 


Now consider the identity” 

f dx(e~*/x)gi(x) = (1) "0, (ia), for R.P. a>O. (11.6) 
0 

2. T. Whittaker and G. N. Watson, Modern Analysis (Cam 


bridge University Press, Cambridge, 1927), fourth edition, p. 320 
g ’ , ’ 
* Reference 22, p. 317, and reference 21, p. 385. 
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Successive integration of (11.6) yields 


v 


f dx(e — yr") a, x 


x x) 


am f di | aa" | 


If the explicit expressions for Q,(ia’) are used, each 
integral on the right side of (11.7) is elementary. Now 
note that the integrals (11.5) can be expressed in terms 
of the left side of (11.7), 


. | sinpa 
f dx(e~*/x™*!) 9)( kx) 
\ | cospx 


I P x 

nf dx(e~ ee x). 
) ) 
a ' 


where a= (1—ip)/k 
Several special cases which were required in this 


da’O,(ia’), 


(11.7) 


m <l. 


(II.8) 


paper are listed below: 


3 3 
p pltan '(p+k) tan '(p—k) ] 
Db ) p2 


I, a! k, p) 


SOL Mi TzZ 


! 
Ta.1(k, p)=—[ — (S+#) +159" ] 
Sk? 


5 
pltan”'(p+k)—tan(p—k) | 


I 
| | 
32 pk’ 


15p*] 
- 
1+ (p—k)? 


(5+ 6k?+ k*)+ (30 + 6k?) p? 


xin 


k 
J1.1=- tank 
3 


k 
»>=-— tan 
5 


k 


10 
- ) In(1+£), 
7R® 


1445 35 


t + 
18k! Ok? 


35 
) In(1+&?). 
ORs 
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For the one-nucleon problem in the neutral PS-PS theory, a strong coupling method is developed which 
in the limiting case of a static nucleon reduces to the conventional PS-PV strong coupling theory for 
mesons in p states, and to the scalar pair theory for mesons in s states. While retaining the nonrelativistic 
cut-off procedure, the method allows to correct the theory for nuclear recoils of nonrelativistic order 
One of these correction terms gives rise to a d-phase shift in meson-nucleon scattering, besides the s and p 
phase shifts obtained already in the static approximation. Some comments on the charge-symmetric theory 


are added in the final discussion 


1. INTRODUCTION 


TRONG coupling methods in meson _ theory, 
desirable as they obviously are, have never been 
developed beyond a static approximation ; the nucleons 
were assumed infinitely heavy and fixed in space. The 
neglect of nuclear recoils may mean a serious deficiency, 
particularly so in the PS-PS theory (pseudoscalar 
mesons, pseudoscalar coupling). Indeed, the relativistic 
features are essential in such a theory for its being 
“renormalizable” in the framework of a weak coupling 
treatment. In the conventional strong coupling theories, 
the renormalization is replaced by a nonrelativistic 
cut-off procedure which quenches the interaction of 
high-energy mesons with nucleons. To justify such a 
procedure, the existence of heavier mesons, besides 
pions, may be invoked: a one-meson theory is neces 
sarily incomplete with regard to high-energy mesons. 

The present work does not aspire to tackle the 
difficult, if at all soluble, problem of the relativistic 
strong coupling case (although a discussion with M. 
Goldberger and M. Gell-Mann on such a theory was 
the starting point); it rather wants to raise the much 
more modest question of how the conventional strong 
coupling theory can be corrected for nonrelativistic 
nuclear recoils, the improvement being of such a kind 
that for very large values of the nucleon mass one 
comes back to a familiar “static” strong coupling 
theory. This implies that the cut-off procedure is 
retained. Indeed, as may be expected, a rather drastic 
cut-off (well below the nucleon mass) is needed if 
strong coupling conditions are to subsist, even though 
merely in a qualitative or marginal manner. 

Evidently, in a theory of this character, the emphasis 
has to be on qualitative, rather than quantitative, 
aspects. Accordingly, it is not considered important 
whether, in reality, the coupling is “very strong,” or 
only “moderately strong” (as seems more likely from 
previous work). 

For the sake of brevity, the neutral, rather than the 
more involved charge-symmetric, PS-PS theory will 
be presented in detail to explain the method. In view 
of experimental tests, some results of the charge- 
symmetric theory will be reported, without complete 


proof, in Sec. 4. 


2. MATHEMATICAL PRELIMINARIES 
A system containing a single nucleon and an arbitrary 
number of (neutral pseudoscalar) mesons may be 
described by the relativistic wave equation 


[y,0/dx,+ m+ igysd(x) W=0. (1) 


The state function Y depends on the space-time and 
spin coordinates of the nucleon and, say, the occupation 
numbers of the various meson states which are acted 
upon by the (space-time dependent) emission-absorp- 
tion operator ¢. In a plane-wave representation, we 
may write (in familiar notation, w= (u?+ k?)', Lax, ax* ] 
1, etc.) 

(x) = VAIS, (Qwg) Hay expli(k-x—w,t) | 

+a,* expli(—k-x-+wxt) |}. (2) 


The single-nucleon Eq. (1), as it stands, does not 
take complete account of processes involving virtual 
nucleon-antinucleon pairs. But “hole theory” modifi- 
cations will prove to be unnecessary in the approxi 
mation we want to achieve. This becomes even more 
evident if Eq. (1) is interpreted as Goldberger’s and 
Gell-Mann’s equation in which y¥ and @ have slightly 
different meanings (referring to a 4-dimensional set of 
meson states) and where Feynman diagrams involving 
pair processes, except for closed loops, are automatically 
included. Indeed, the Goldberger-—Gell-Mann equation 
can equally well serve as a starting point of the following 
calculations. For practical purposes we prefer to use 
(1), (2). 

By applying the operator (—7,0/0x,+m) to the left 
of (1), one easily derives the second-order equation 


[ — (2+ m?+ gb? (x) + igysy.db(x)/dx, W=0. (3) 
Let 
v= (expli(—G-x+ vr, 
where 
H rs w,d,* dy, G = ar ka,*a;, (4) 
signify energy and momentum of the meson field. ‘Then 
a, {expLi(k-x—wyl) Jy = {expli(—G-x+ Ht) Jaw, 
and similarly for the a,* term. The resulting equations 


for ¥; allow solutions of the form 


vi={expli(P-x—Et) ]}~2,  Ap2/dx,=0, 
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where EF and P stand for the total energy and momen- 
tum of the system. We use always the center-of-mass 
frame P=0. The lowest (positive) eigenvalue of FE 
must be identified with the rest mass of the isolated 
nucleon M, whereas m is a fictitious mass subject to 
“renormalization.” 

From (1) and (3), we have the following equations 


for Ps: 


[~—(E—H)— a-G+Bm-+ igsysp W2=9, (5) 


[—(E—H)?*+-G+ m+ ’¢?+ gB(o- Vb— 5d) W2=9, (6) 
where , V¢, and d= 0¢/dl, are’meant to be taken at 
x=(), 1=0. ; 

The cutoff, so far ignored, is introduced now by 
inserting a form-factor u, into the Fourier amplitude 
in (2); u, shall be a (real) function of k=|k] only, 
such that «= 1 for k-0, and 1, =0 for w,>>a. Thereby, 
the field operators occurring in (5) and (6) are modified 


as follows: 
b= VID, up (Qu)! (ay+a,*), 
VG=VID: u;.(2w,) ik (a,—a,*), 
d VS, uy (wy /2)4i(a,—ay*). 
Next, we introduce the hermitian variables 


+ 


qk (2w,)~41(a,—a,*), pi (ws ‘2)¥ (ay + rag 


which obey canonical commutation rules. Then 
H=IDilpet+orge 

G= 350; Koy 

= VIS, tw Pr, (9) 

Ve Mwnge. (10) 


Other representations will also be needed, analyzing 
in terms of spherical harmonics rather than plane 
waves. The transformation used will be of the general 


Qe= OU a, Pr=Le PU a, 
De UVa Dk Ua Vu=bui 
(U,x real). We note 
H=3(D. PP+ Da CuO.Or- Li wr), 
Cu=D UV wu; 


G=3D (PPX Uakow Ua 
t OO U niko. x); 


Wk), (7) 
“(D." | WK Qh? Wk), (8) 


Vo=V > uxkg., d 


form 


(11) 


Ska, 


(13) 
(14) 
(15) 
(16) 


o= V >a Ps Uj} UT) ok, 
s, Ok UxKU gx, 


V > Ok UU gr. 


Vo=V 


In consequence of the spherical symmetry of «4, the 
operators @ and ¢ affect only mesonic s states (U4, 
isotropic in k space), and ¥¢ only p states. The meson 
momentum operator G couples s with p states, p with 
d states, and so on. 
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3. STRONG COUPLING APPROXIMATION 


We intend to work with the second-order Eq. (3), or 
the equivalent Eq. (6), at first focusing the attention 
on the “pseudovector coupling” term g8e-¥q. Fol- 
lowing the usual routine of pseudovector (static) strong 
coupling theory,'! we choose the three components of 
V¢ (except for a constant factor) as variables (1, Q2, Os, 
which means that three of the functions of the ortho- 
normal set U, in (11) are chosen as 


Uiun=nV— uk; (i=1, 2, 3), 
g?=VID >, w2kZ= (3V) "DL, uek? 
(n>0). Then from (15), 
Vidb=1'0i. 


(17) 


(18) 


Introducing polar coordinates 


O;=rei, eit+ie,=sinde'?, e3;=cosd, (19) 


and performing a rotation by the unitary transformation 
v2=SYs, 
S=([cos(¢/2)—ia3 sin(¢/2) | 

X[cos(8/2)—ias sin(8/2)], (20) 


one obtains 


gS (Bo Vo)S = gn 'Bozr. (21) 


Here Bo; may be chosen diagonal, with eigenvalues 
+1, —1, —1, +1, say, the latter two being assigned to 
“negative energy” states of the nucleon which can be 
disregarded until the term ~ $y5¢ is taken into con- 
sideration. 

It is the essence of the strong coupling method to 
study the small vibrations of the field oscillators around 
equilibrium positions which are displaced from the 
origin (J,=0) by virtue of the interaction term (21), 
with Boz= —1 (if g>0O). The equilibrium displacements 
are determined by the variational problem 


él — (E— Set C0 01)?— gn ly] =). 


where the vector Q (19) may be taken in a given 
direction e(3, g). (Note that S commutes with all Q’s.) 
The solution is of the form 


Q2= Li eV ie 

Y = >: U or UV tx 
and the parameter y is determined by the equations 
E= E'+}7’Y, (24) 


(22) 


(23) 


(for all s), 
co Cre ot=Sr1), 


g=2mE, 


where Y=Y;; (t=1 or 2 or 3). In particular, the 
equilibrium value of the variable r= (3°; 02)!=0; Ove; 
is 


Puy! , (25) 


requiring y>0O. (y will play the role of an effective 
coupling strength.) Writing 
VU, i 0°+(,’, r (26) 


‘The neutral PS-PV theory was first studied by R. Serber 
and S. M. Dancoff, Phys. Rev. 63, 143 (1943). For other literature, 
see G. Wentzel, Revs. Modern Phys. 19, 1 (1947), reference 24 


+r’ 
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we summarize the result of the “translation”? (26) as 
follows: 


[—(E-—S“HS)?— gn Ws 


[(— E?— gn-'yV)+2E'H' — (yr'+H') Ws, 


where 
IT’ - 1S > wr P2S+ boost COO" — par Wk 


Note that, owing to the 3, g dependence of Q,° (22), 
the variables canonically conjugate to the Q,’ are not 
the P, but certain linear combinations of them. Detailed 
formulas need not be given here since H’ is precisely 
the Hamiltonian appearing in the conventional (static) 
strong coupling theory (for PV coupling), and all 
further transformations of //’ can be carried out as 
described in the literature.’ 

Before stating the result we want to inquire under 
what conditions the small vibrations will be stable and 
harmonic. In the first place, we require 2’, appearing as 
coefficient of //’ in (27), to be positive. This is necessary 
if we want the theory to go over, in a continuous 
fashion, into the static approximation by letting EF 
tend to infinity [see (24); the case E’=0 is badly 
singular |. Thus 


(28) 


E'>0, VV <2E. (29) 
Secondly, since the negative quadratic term — (yr’)? in 
(27) endangers the stability of the lowest-frequency 
mode, it must be demanded that the quadratic form 


| oe C,0/0¢ -~ (>; e0,/)* 
be positive definite (under the constraint Q; 
which, however, turns out to be irrelevant). Trans- 
forming back to k space, one finds easily that the 
eigenvalues ¢ of this form are the roots of the equation 
F(¢)=Dd Uit2—-§) =y7E’. (30) 


The condition prohibiting negative roots is F (0) <y7E’, 


/ , 
re; 


or 


VV<E', or YV<3E. (31) 


This is somewhat more restrictive than (29).2 On the 
other hand, a lower bound for y?¥ results from the 
usual ‘‘strong coupling condition.” The radial displace- 
ment ? =) should be larger (at least by a factor 2, say) 
than the amplitude of the radial-zero point vibration 
because otherwise the boundary condition at r=0 


2 Actually, we should go even further and postulate 


lim lim F(y?—6«) <y?F’ (3la 
eee 


€-—++0 

Otherwise, Eq. (30) would have a root ¢<y?, indicating that 
mesons can be bound to the nucleon with a binding energy 
u—ftt. The resulting “isobaric states’”’ would have spin 4 (and 
isotopic spin } in the charge-symmetric theory), and the second- 
excited state would cause resonance effects in meson-nucleon 
scattering (large py, phase shifts at energies we<2u), contrary 
to observation. As regards orders of magnitudes, the new condition 
(31a) is, however, completely equivalent with (31), because 
limF (wu?) differs from F(0) only by terms of the relative order 
(p/w)?. 


CORRECTIONS 


IN MESON THEORY 


would impair the harmonicity appreciably, 


y2V2>( (+ 


Y ar ei’)? 2 (2V) 'y, U 75370; - 


If we define the cut-off energy ® quantitatively by 


setting 
Dx Vino p UR wo, 
(29 
(92) 
.- 


hows 


> 
> 


U xu hk Uy" k*w, 


we may rewrite the strong coupling condition as saying 


vV>}a. (33) 


»/ 


The anharmonic perturbations caused by the terms 
2yr'H’'—H"” in (27) are also weak under these con 


ditions? The inequalities (29), (31) and (33) are 


compatible if 


@<2EF’, and a<(4/3)F. (34) 


Clearly our method can provide a good approximation 
only if the cutoff [represented by the function u,? in 
(32) ] is drastic enough to make @ distinctly smaller 
than the (experimental) nucleon mass [see also (44), 
(45) ].4 

Returning to Eq. (27), we can now state the result 
of the strong coupling method as applied to H’ (28). 
There are three predominant terms: the “free meson” 
energy H for which essentially the original expression 
(7) may be used provided that qx, px now denote 
certain new canonical variables; a term >>, mainly 
describing a meson-nucleon scattering effective for 
mesons in p states only; and the “isobar energy’? H, 
resulting, generally speaking, from the rotational 
motion in the spherical potential valley r=r’, 


Hy;=ej(j+1), j=4,3,°°:, 


é (35) 


€ (2¥>°. U iPox) 


(for discussion, see Sec. 4). Ignoring further terms of 
minor importance, we shall in the following identity //’ 


§ The whole term yr’ +H’)? in (27) has obviously the char 
acter of a relativistic correction and, in a nonrelativistic theory, 
it must be treated strictly as a perturbation. If one wanted to 
take the term literally, it would possibly imply an instability 
with regard to an “escape through a potential barrier,” although 
the customary strong coupling methods, being confined to small 
values of r’, would actually not be applicable in the pertinent 
region of the Q’ space. Similar remarks apply to the third-order 
terms contained in G? [see Eq. (37) below] s another 
relativistic correction in Eq. (6) 

‘If one admits negative values of £’, in conjunction with a 
change in sign of Bao; in (21), both conditions (29) and (31) can 
be relinquished. One might then be to let the cut-off 
energy @ tend to infinity while keeping the strong coupling 
condition (33) satisfied [E’ = E— 4y7V¥-+— , according to (24) ]. 
In this case, however, the term gf? in (6) corresponds to an 
attractive force, and solving the eigenvalue problem for mesons 
in s states, similar to (30), one finds that, for 2>£, the lowest 
root ¢ is negative, indicating instability. Other s-scattering terms, 
like (41) below, are incapable of restoring the stability. Note 
added in proof Under such conditions, the system would settle 
in equilibrium positions of an entirely different kind. Mesons 
would interact most strongly in s states (forming “‘ in the 
charge-symmetric case). For various reasons, this version of the 
theory does not look very promising 


] which 


tempted 


} ” 
isoba;rs 
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with the sum of the three main terms: 


H’ =H;+H+Z>. (36) 


Next, we want to investigate how the remaining 
terms in Eq. (6) [i.e., those not comprised in (27) | are 
affected by the translation (26). First of all, it is clear 
from (22), (23), and (17), that, if the states “‘s’”’ are 
chosen as eigenstates of angular momentum, Q,° van- 
ishes except for p states. Therefore, in @ (16) (operating 
on s states only) O,=Q,', and also in @ (14) P,=P,’. 
The same is not true, however, for the operator G (13) 
which couples s and d with p states. Substituting the 
equilibrium values (22) for both Q, and Q; in (13) 
yields the term 


aT €:€j)_k U kw, 80 x 


which vanishes for symmetry reasons. But there are 
terms bilinear in V° and (’, expressible as 


V1 OD edo, Vicko, Un, 


which operate on s and d state mesons. For the whole 
operator G we therefore write 


G=G,+G,+G’, (37) 


where G’ comprises the terms quadratic in Q’ and P’. 
The part Go referring to the s states may be written 


Go e(y n 3) oe u,k ws, 10k, (38) 


where ge=>01Qil’u (only s states contribute). The 


terms G,? and G,’ contained in G’ give rise to s- and d- 
scattering phase shifts,® the former in conjunction with 
the term g’¢’ in (6). If one compares the matrix elements 
for scattering, resulting from the terms G,? and g’¢? 
respectively, their ratio is found to be k*(6w,4’)~ for 
mesons of momentum &, indicating that the s scattering 
is mainly determined by the g’¢? term whereas G* 
represents a “relativistic correction” only. Note that 
all these terms commute with §S (20). (For further 
discussion of G2, see Sec. 4.) 

It remains to be explored under what conditions the 
term — gBys5¢ in (6), which was neglected so far, can be 
considered a weak perturbation. The matrix Bys com- 
mutes with S, but anticommutes with Bog in (21), thus 
mixes the eigenvalues — 1 and +1 of Bo3. In the approxi- 
mation that r in (21) is replaced by its equilibrium 
value y)’, and ignoring all other terms for the time 
being, the perturbation calculation can be carried out 
in closed form. Let 


a= 1, 


T = cosh(x/2)+ 503 sinh(x/2), 


tanhy = n(yV)"'¢; 


then 


g1-'(Bosn 'yV —Bysd) T = gBoal (n-'yV)?— ¢* |', (40) 


§ 2Go:Gz can contribute only to nonelastic scattering with 


isobar excitation 
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where Bo; can again be replaced by —1. Of course, the 
square root in (40) stands for an expansion into powers 
of ¢* whose leading (constant) term is already con- 
tained in (27). The following term, namely, 


(41) 


rgn(yV)'¢’, 
represents a new s-scattering term, according to (10). 
However, such terms also arise from the higher powers 
of ¢’, and for a rapid convergence of the perturbation 
“ 


expansion it is obviously necessary that the “vacuum 


expectation value” of ¢° be sufficiently small, 


(db) w< (ny V)?. (42) 


A calculation of (¢°)4 by the normal modes method, 
with the main s-scattering interaction g’¢* taken into 
account, has been carried out by C. Goebel. The fact 
that a sizeable contribution comes from the high-energy 
end of the spectrum (w>@, even>M) which cannot be 
taken seriously in our nonrelativistic approximation, 
makes the result somewhat ambiguous. Ignoring this 
high-energy contribution (or applying a “‘cutoff” once 
more), one finds for (¢”),, a value considerably smaller 
than the “free field’”’ value (g—0), 


($?)wK(2VIS 5 w2wr<$n?V a. (43) 


The last inequality follows from (32) (k?<w,’). To 
satisfy (42), it should therefore be sufficient to demand 


VV > 3e. (44) 
This is virtually equivalent with the strong coupling 
condition (33), and may be interpreted as a more 
quantative formulation of it. Instead of (34), following 
from (31) and (33), we can then write 
< (4/9) E. 


-2 


a<fE’, a 


(45) 


The scattering term (41), judging by the magnitude of 
its matrix elements, is then smaller than g’¢? by a 
factor <w,2(6@E’)~', but larger than G,? by a factor 
> 9(w, k)*. 

Here we summarize the result of the transformations 
S (20) and T (39) as applied to Eq. (6), making use of 
(27), (36), and (40), 
[— E24 m?+TS'@ST— gf (yn yV)— 

t2E (Wy t+-TOHT+S +27 eT 


yr'+H14+TOHT+S») Ws=0. (46) 


It is understood that in the terms of the form 7-'FT 
the appropriate diagonal matrix element is to be taken, 
unless one wants to achieve higher accuracy by first 
transforming away the nondiagonal parts® in successive 
steps. In view of (42), it should be sufficient to break 
off the expansion of 7 (39) after the second-order terms, 

TFT =F+in(y¥) (LF, 6], é]J+---. (47) 
7), for the states Bos= +1, must 
See A. Houriet, Helv. Phys. 


6 In doing so, note that Eq. (2 
— 


be amended (by adding 2¢n ry 


Acta 18, 473 (1945), Appendix 
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No “hole theory” subtractions are needed in this 
approximation (like in Dirac’s theory of Compton 
scattering). 

4. DISCUSSION 


Let us apply Eq. (46) to the “meson vacuum,” 
replacing all field operators by their vacuum expectation 
values, whereas 7; may have any of the values (35). 
The resulting equation is of the form 


— E?+2E' (H,;+A)—(H;+ A+ B=0, 
A and B being constants. In solving for EF’, 
F’=+B+A+H,, 


we have to discard the smaller root because the theory 
does not apply to “states of negative energy.” Then, 
according to (24), 


E=}7V+B+A+A1. 


The fictitious mass m, contained in B, can now be 
adjusted such as to make £ for the ground state (j= 4) 
equal to the actual nucleon mass M. The higher isobar 
states, then, have the mass values 


E;=M+e(j+})?—-1], (48) 


with e given by (35). The first-excitation energy Ey— Fy 
has the value 3e; its order of magnitude is a (y?)')~', 
which means <M/3, according to (44), (45). The 
result (48) agrees completely with that of the con- 
ventional static PS-PV theory, except for a “renormal- 
ization”’ of the coupling constant (g or y) entering in e€ 
[see (24) }. Incidentally, the same is true in the charge- 
symmetric theory, where 7 in (48) denotes both spin 
and isotopic spin of an isobar state (in € and elsewhere, 
the numerical factors appearing are then somewhat 
different). 

For the case of one meson present, Eq. (46) allows 
to calculate the scattering cross section in terms of s-, p-, 
and d-phase shifts. With regard to s and p states the 
main features are determined by the static approxi 
mation, namely, the resonance in p scattering caused 
by the isobar state 7=},’ and the potential-like s 
scattering produced by the “scalar pair” interaction® 
g’¢?. Various nonstatic correction terms [such as 

(yr’)?, G’, and (41) ] can have no significant effect on 
either p or s scattering. The outstanding new feature 
is the appearance of d scattering, resulting entirely 
from nonstatic corrections. Although the responsible 
term G,? [see (37)] is small, the d-phase shifts are 
expected to become quite comparable with the s-phase 


‘ 


shifts for higher meson energies. The reason for this is 
that the s scattering is strongly quenched by reaction 
effects;> for mesons with momentum k(w,<@), one 


7K. A. Brueckner, Phys. Rev. 86, 106 (1952); G. Wentzel, 
Phys. Rev. 86, 437 (1952). There is still no reliable estimate of 
the resonance width; a method developed for the scalar theory by 
A. N. Kaufman (to be published) may be helpful in this problem 

8G. Wentzel, Helv. Phys. Acta 15, 111 (1942); Phys. Rev. 86, 
802 (1952) 


CORRECTIONS IN 


MESON THEORY 
finds roughly 

tand, k/o@ (49) 
as the order of magnitude of the s-phase shifts. In d 
scattering, on the other hand, the reaction effects are 
small enough for the Born approximation to give the 


correct order of magnitude, 


tanda akky,?, a=(yvV/E)a%. (50) 


cannot be chosen much smaller than 
w 3, and 


Actually, y7V'/ EF’ 
unity [see conditions (31), (44) ]; therefore a 
tandy~ tanéd,X k*(w,@)*. For energies w, approaching 
@, this is no longer negligible. 

G, being a linear function of the unit vector e, the 
spin dependence of (elastic) d scattering is determined 
by the matrices e,e;, or rather by the respective sub- 
matrices referring to the ground states j=} as both 
initial and final states. With this restriction, however, 
ee is equivalent to 6,,-/3, and from this, one concludes 
easily that the d-phase shift is independent of the total 
angular momentum (meson plus nucleon), in the 
neutral theory. The situation is, however, quite different 
in the charge-symmetric theory, where e; is replaced 
by certain bivectorial quantities e;, whose second 
suffix refers to the charge space. Here there are two 
types of nonvanishing submatrices (j= }): (e;,)? which 
is equivalent to 4, and e;,¢,, with i# j, p#o, which is 
equivalent to + 4e,, (the sign can be inferred from the 
identity €;p€j5- te,,). It then follows that the d 
phase shift depends on both the total angular momen 
tum J(=2+34) and the total isotopic spin 7(=1+}4), 
namely, in such a manner that @ in Eq. (50) is to be 
replaced by 


Cia€ jp 


a a&(1+4[ (J+3)? 7 (+3)? 3]). (51) 


In confronting the theory with the experimental 
evidence, the first question to be asked is whether the 
data can be interpreted as bearing out the resonance 
behavior in p scattering. While this remains doubtful, 
one specific criticism can already be made, with regard 
to the dependence on J of the s-phase shifts. Actually, 
this dependence appears to be quite strong, according 
to Fermi’s analysis of pion-proton scattering observa- 
tions,’ whereas in the strong coupling (charge-sym 
metric) theory, only the recoil corrections can cause 
such an effect. Indeed the largest /-dependent s-scat 
tering term seems to be 2Gy)-G’, contained in G [see 
(37) |, the pertinent terms in G’ being those involving 
the variables P,, [see (13) ]. Although the sign of this 
term is the one desired, its absolute value is definitely 
too small to afford a quantitative agreement in this 
instance. This may be taken as one more indication 
that the coupling is not really “strong” and that the 
theory should be used rather for extrapolating toward 
intermediate coupling cases. A more complete investi 
gation of the charge-symmetric theory is in progress. 


9 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
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A phenomenological formulation of the interaction of nuclear 
vith the transverse electromagnetic field is developed, 
and expressions for the nuclear photoeffect matrix elements are 
The dey based on the differential charge 
conservation law and the hypothesis that the charge and current 
density operators for a nuclear system can be expressed in terms 
even though virtual mesons may play 
in the interaction of the system with the electromagnetic 
field. The charge and current density operators are expressed as 
the sum of one-particle, two-particle, etc., terms in analogy with 
the phenomenological treatment of potential interactions between 
sufficiently general to include velocity 


systems 


obtained elopment is 


of nud leon variable $ only, 
a role 


nucleons. The treatment i 


dependence of interaction charges and currents, but is essentially 


INTRODUCTION 


HE problem of unraveling the structural and 

dynamic properties of nuclear systems through 
the study of their interaction with electromagnetic 
radiation has proved to be more difficult and more 
complicated than the corresponding problem in atomic 
physics. The source of the difficulties is twofold: Firstly, 
since the electromagnetic interactions of nucleons are 
inseparable from their mesonic interactions, and since 
we are not in possession of a satisfactory meson theory, 
we do not know the precise form of the interaction of a 
nuclear system with the electromagnetic field. Secondly, 
we do not have very satisfactory models of nuclear 
structure on which we can base quantitative calcula- 
tions. In quantum mechanical terminology, we may 
state these difficulties We are hindered in 
the calculation of radiative transition probabilities by 
the lack of reasonably good wave functions to represent 
the initial and final states of the nuclear system and 
also by a lack of knowledge of the proper interaction 
Hamiltonian to be employed in calculating the matrix 


as follows: 


elements for such transitions. 

While explicit calculations of the electromagnetic 
effects of meson-nucleon interactions have been made 
with some of the currently popular forms of meson 
theory, the results have not proved quantitatively 
dependable. The reaction to this unsatisfactory situ- 
ation has been a greater concentration on (1) analyzing 
the available experimental data for such universal 
features~ selection rules, for example--which might be 
expec ted to be present irrespective of the detailed form 
of the meson-nucleon interaction, and (2) developing 
phenomenological formulations of the interaction of 
nuclear systems and the electromagnetic field which 
have sufficient breadth to include at least many of the 


* This work has been supported by the U. S. Atomic Energy 


Commission 


nonrelativistic. Methods of explicitly constructing the most 
general forms of the charge and current density operators are 
given, taking into account general invariance and symmetry 
conditions to which they are subject. A new feature found in the 
present treatment is the possible existence of interaction effects in 
the charge density operator which imply that long-wavelength 
electric dipole matrix elements can be affected by interactions 
between nucleons (contrary to recent statements in the literature) 
The effects of the principles of charge symmetry and charge 
independence on nuclear-electromagnetic interactions are dis 
cussed. The form in which the photoetfect matrix elements are 
presented is such as to allow computation of all multipoles in an 
already summed form 


characteristic features arising from meson effects.! The 
contents of this paper belongs to the second class of 
these endeavors. 

The philosophy behind this latter approach to the 
problem may be formulated as follows. Let us assume 
for the moment that we possessed a completely satis- 
factory theory of the interaction of nucleons, mesons, 
and the electromagnetic field. Within such a theory it 
should be permissible to inquire as to the value of 
certain transition probabilities relating to transitions in 
which no real mesons are present in either the initial or 
final state of the system. The transition, viewed from 
the vantage point of quantum perturbation theory, 
would involve transitions through intermediate states 
in which virtual mesons are present. The final transition 
probability will not have any direct reference to the 
dynamical variables referring to these mesons and 
should be specifiable in terms referring only to the 
initial and final states of the nuclear system and the 
electromagnetic field. One should then be able to 
determine an equivalent interaction operator involving 
only nucleonic and radiation-field dynamical variables 
whose matrix elements for any such transition are the 
same as those calculated with direct reference to the 
mediation of the meson field. Actually this procedure 
can be formalized through the application of canonical 
transformations to the original Hamiltonian for the 
system of nucleons, meson field, and electromagnetic 
field, such that to any order in the meson field coupling 
the intermediary role of the meson field in a transition 
of the type described is eliminated. The specific manner 
in which this procedure may be executed is now well 
known.’ 

Once the above possibility is admitted, one can 

'R. G. Sachs, Phys. Rev. 74, 433 (1948); R. K. Osborn and 
L. L. Foldy, Phys. Rev. 79, 795 (1950); Blanchard, Avery, and 
Sachs, Phys. Rev. 78, 292 (1950); J. H. D. Jensen and M. Goep- 
pert-Mayer, Phys. Rev. 85, 1040 (1952) 

2See, for example, S. Borowitz and W. Kohn, Phys. Rev. 76, 
18 (1949). 
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approach the problem in another manner. From the 
invariance and symmetry properties of the original 
Hamiltonian one can infer the existence of associated 
invariance and symmetry properties for the equivalent 
Hamiltonian from which meson variables have been 
eliminated. It is then possible to ask: within the bounds 
prescribed by these invariance and symmetry proper- 
ties, what is the most general form which the resultant 
equivalent interaction between the nuclear system and 
the electromagnetic field can take? It is to at least a 
partial answer to this question that we here devote 
ourselves. The reason for seeking only a partial rather 
than a complete answer is easily evident to anyone who 
approaches this problem. One encounters immediately 
exceedingly difficult problems which have not yet per- 
mitted a satisfactory resolution. To quote an example, 
one should obtain a completely Lorentz-covariant 
formulation of the equivalent Hamiltonian, yet, to our 
knowledge, it has not yet been possible to construct a 
completely Lorentz-invariant equation for the inter- 
action of even two particles without introducing 
explicitly an intermediary field through which the 
interaction is propagated. Thus we have been forced to 
bypass the requirements of relativity in our treatment 
and hence to limit the applicability of the resultant 
theory to such cases where the nucleons move with 
nonrelativistic velocities. 

However, beyond these difficulties of a methodo- 
logical character, there is an additional problem in 
application of the theory arising from the tremendous 
manifold of possibilities which arise in the investigation 
of this problem. If a complete treatment of all these 
possibilities were necessary to a satisfactory conclusion 
of the problem we have set ourselves, one would soon 
be forced to concede that there is no more virtue in a 
phenomenological approach to this problem than in an 
extensive program of meson theoretical calculations 

It is therefore obvious that one must employ dis- 
cretion in selecting from this manifold of possibilities 
those which might be expected to be of dominant 
importance. Such selections based on conjecture could 
easily turn out to be false, and in such a situation we 
can only hope that empirical evidence will draw our 
attention to their falsity at an early stage. As an 
example of the application of such a selection principle, 
we may refer to the analogous phenomenological theory 
of the potential interactions between nucleons, where 
one makes the simplifying assumption that velocity- 
dependent and many-body potentials are of subordinate 
importance to two-body, velocity-independent inter- 
actions for nonrelativistic velocities of the nucleons 
involved. In the same manner, while we shall attempt 
to keep our phenomenological treatment of electro- 
magnetic interactions of nucleons sufficiently broad to 
include the possibilities of velocity dependence and a 
many-body character for these interactions, in prelimi- 
nary applications of the formalism one might assume 
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that such complicating aspects of the problem are of 
secondary importance. 

The work which follows is very closely related to that 
recently published by Sachs and Austern* and covers 
much the same ground. The principal differences arise 
in connection with the starting point. Sachs and Austern 
begin basically with the condition of gauge invariance 
for the Hamiltonian, while we prefer to begin with the 
differential charge conservation law.‘ The latter ap 
proach has perhaps some advantage in the way of 
physical perspicuity, but basically the formulations are 
equivalent. The method of Sachs and Austern lends 
itself readily to consideration of interactions of arbi- 
trarily high order in the electromagnetic field. Our 
method can be extended to such cases but we restrict 
our present considerations only to terms linear in the 
electromagnetic field. We go somewhat further than 
these authors in the direction of studying explicit forms 
for the electromagnetic interaction. We may note also 
that the treatment of Sachs and Austern employs a 
restricted definition of gauge invariance which involves 
the assumption that the charge density associated with 
a nucleon is a point charge. By an appropriate general- 
ization® of their definition, one can take account of the 
real possibility that the charge distribution associated 
with nucleons is spatially extended. However, as a 
consequence of their restriction to this special case 
they are led to the conclusion that the long-wavelength, 
electric multipole matrix elements are unambigously 
determined by gauge invariance alone and are un 
affected by the interactions between nucleons.® Our 
treatment recognizes the possibility of spatial extension 
of the charge distributions associated with nucleons 
from the start and shows that interaction effects may affect 
even the long-wavelength, electric dipole matrix elements. The 


possible importance of this conclusion with respect to 

3R. G. Sachs and N. Austern, Phys. Rev. 81, 705 (1951 
N. Austern and R. G. Sachs, Phys. Rev. $1, 710 (1951 

4G. J. Kynch, Phys. Rev. 81, 1060 (1951) 

5 The definition of gauge invariance usually that for 
a particle carrying a point charge. However, it is quite inadequate 
to describe the gauge invariance of theories describing particles 
with which there is associated an extended charge distribution 
A more general definition than that employed by Sachs and 
Austern in Eqs. (7) and (8) of their paper [Phys. Rev. 81, 705 
(1951) ] consists in replacing their expression ¢ by 


quoted 1s 


i ; 
{ o(x G(x, b)dx, 
he. 


where p(x) is the charge density operator for the system and may 
involve other variables referring to the nucleons than their 
position alone— their spins for example. It should be remembered 
that gauge invariance of a theory requires only that after a gauge 
transformation on the electromagnetic potentials, there exist a 
unitary transformation which restores the Hamiltonian to its 
original form. No limitations need be imposed on the form of 
the unitary transformation. 

With respect to short-wavelength electric multipole 
elements, see, however, J. G. Brennan and R. G. Sachs, Phys 
Rev. 88, 824 (1952). It should be noted that A. J. F. Siegert in 
an early consideration of this question [Phys. Rev. 52, 787 
(1937) ] was cognizant of the possibility of modifications of the 
electric dipole matrix element at long wavelengths by interaction 
effects and states carefully the conditions under which the so 
called “Siegert Theorem” I 


matrix 


would be expected to be valid 
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the breakdown of certain selection rules is pointed out 
at an appropriate place. 

We now turn from the question of the methodology 
involved in solving the problem we have set forth 
above to some practical considerations of its application. 
It is well known that in many applications of the theory 
of electromagnetic interactions, the practical solutions 
of the problems involved is facilitated by an expansion 
of the electromagnetic field into multipoles. This is 
particularly true when one is dealing with radiation 
whose wavelength is long compared to the dimensions 
of the radiating system, since in such cases the contri 
butions of higher multipoles to any radiative process 
which occurs is much smaller than the contribution 
arising from the lowest multipole order in which the 
transition can occur. The latter is determined by the 
angular momentum and parity changes of the material 
system involved in the radiative transition, and it is 
just this fact which makes spectroscopy a valuable 
tool by which one can obtain information about the 
states of a material system. Now, since the ratio of 
system dimensions to photon wavelength is the param- 
eter which measures both the relative importance of 
higher multipole contributions as well as the importance 
of retardation effects,’ as long as one is in the long- 
wavelength region it makes little difference whether one 
employs a rigorous multipole expansion based on 
irreducible representations of the rotation group or a 
simple expansion in inverse powers of the wavelength 
(or direct powers of the wave vector) whose terms are 
related to reducible representations of the rotation 
group.? The error involved in terminating the latter 
expansion at some term is always of the same order as 
that arising in the termination of the multipole expan- 
sion at the corresponding term. Either series becomes 
less useful as one moves to shorter wavelengths where 
either many multipoles or many terms in an expansion 
in powers of the wave vector of the photon must be 
retained. 

Now if one is interested in formulating a radiation 
theory which will be useful even when the wavelength 
of the photon is shorter or of the order of the system 
dimensions, it is useful to avoid formulating it explicitly 
in terms of an expansion either in multipoles or powers 
of the wave vector since such an expansion is then onls 
slowly convergent. We may offer as an advantage of 
the formalism which we develop below the fact that it 
is not based on such an expansion and therefore (if no 
other limitations intervene) it can equally well be 
applied to the interactions which involve short-wave- 
length photons as long-wavelength photons. Wherever 
one wishes to employ a multipole or wave vector 
expansion one may do so by the appropriate expansion 
of certain exponentials occurring in our formulation. 
Our formulation still employs a pseudoseparation into 

7 We use the term retardation here in a special sense to describe 


all but the first nonvanishing term in an expansion of a given 
multipole matrix element in powers of the wave vector. 
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electric and magnetic interactions exactly of the form 
of Sachs and Austern® but each of these is given in a 
summed form. The utility of this formulation will be 
demonstrated in a paper on the photodisintegration of 
the deuteron which will appear shortly. 


PRELIMINARY CONSIDERATIONS 


We consider the emission or absorption of a photon 
by a nuclear system consisting of Z protons and (A-Z) 
neutrons. The nucleons will be treated nonrelativisti- 
cally and each nucleon will be characterized by a 
position vector x,, a momentum p,, a spin vector @,, 
and an isotopic spin vector t,. Since the treatment is 
nonrelativistic, we may introduce the center-of-mass 
coordinate R, 


R=> .x,/A, 
and relative coordinates r,, 


x,—R, 


rn 


as well as the momenta conjugate to these coordinates 


P=>° 


Zn Pn 
representing the total momentum of the system, and 


tnr=pnr—P/A. 
The Hamiltonian for the svstem may then be written 
in the form 

i To4 H, 


where 


P?/2AM 


is the kinetic energy associated with the motion of the 
center of mass and // is the internal energy of the 
nuclear system. The latter is a function of the z,,1,,@n, 
and ¢, and may be written in the form 

H=T+V, 
with 


T=Dn72/2M. 


We now turn our attention to the operators p(x) for 
the electric charge density of the system and J(x) for 
the current density. These will be required to satisfy 
the differential conservation law for charge, which in 
our case will take the form 


div) (x)+iL Hn, p(x) |/hce=0. (1) 


The fundamental premise on which the following 
development is based is the assumption that these 
operators can be represented completely in terms of 
variables describing the nucleons. Since some of the 
charges and currents in the nucleus are associated with 
the exchange of charged virtual particles (mesons) 
between nucleons, it is by no means obvious that one 
can eliminate the variables relating to these particles 
from the expression for the charge and current density. 
However, on the basis of the discussion in the intro- 
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duction one might expect that such a representation 
should be possible at least to the same degree to which 
one can phenomenologically represent the potential 
interaction between nucleons in terms of the variables 
describing the nucleons alone; this is exactly what one 
attempts to do in constructing a phenomenological 
theory of exchange and interaction currents in nuc‘ei, 
and we shall proceed on the assumption that such a 
representation is possible. 

It is quite clear that p(x) and J(x) will depend only 
on the relative separation of the point x from the 
positions of the nucleons. Hence in this case one may 
define what might be called the external convection 
current density of the nuclear system as 


J°(x)=[Pp(x)+p(x)P]/2AM, (2) 
and it will have the property that 
divJ©(x)+i[ To, p(x) |/hc=0. (3) 


Hence, if we divide the total current density into the 
external convection current density and the internal 
current density j(x), 


J (x) = J°(x)+j(x). (4) 


Then combining Eqs. (3) and (1) we obtain a differential 
conservation law involving only internal coordinates of 
the nuclear system, 
divj(x)+7LH, p(x) |/hc=0. (5) 

While we do not know the exact forms for either 
p(x) or J(x) in view of the participation of charge- 
exchange effects, we will later effect a further decompo- 
sition of both operators into a part about whose form 
we are quite certain, and a remainder, about whose 
form we do not have much information. We now pass 
to the problem of the interaction of the nuclear system 
with the radiation field. 

In the presence of interaction of the nuclear system 
with the transverse electromagnetic field, the Hamil- 
tonian for the combined system will have the form 


R=Ay,t+A+H,. (6) 


We have already discussed the form of H/,,. H, repre- 
sents the Hamiltonian of the free radiation field, 


where 
&(x) = — 0A(x)/cdt, 


K(x)=curlA(x), [divA(x)=0]. 


With the transverse field expanded in plane waves in a 
volume V, 


2rhc\ 4 
A= ( ) [Ay et A OOP Jee**'=, (7) 
ke\ RV 


rHE 


NUCLEAR PHOTOEFFECT 


it takes the form 


Hi; =4 > [Ag An. tA, An lhke, 


se 
€ 


where Ay, and A, ,.* are the usual destruction and 
creation operators, respectively, for a photon of mo- 
mentum k and unit (electric) polarization vector e. 
The transversality condition is e-k=0. 

The term //, represents the interaction of the nuclear 
system with the transverse electromagnetic field. In 
order to describe the absorption or emission of one 
photon by the nuclear system, it is sufficient to consider 
only terms linear in the vector potential of the trans 
verse field; the interaction can then be written as 


H;= ~ fx) Noa. (8) 


On introducing the expansion of A in plane waves 


this becomes 


rhe } 
H = x ( ) (Ax etA wot) f Ha) ee *dx. (9) 
keX RV 


MATRIX ELEMENTS FOR EMISSION AND 
ABSORPTION OF A PHOTON 


We shall construct the matrix element for the absorp- 
tion of a photon of momentum dk while the nuclear 
system makes a transition from an internal state 
represented by the wave function y, to a final internal 
state represented by the wave function y. The matrix 
element will be computed in the reference frame in 
which the total momentum is zero. The matrix element 
for the emission of a photon of momentum /k while 
the nuclear system makes a transition from the state } 
to the state a will be given by the complex conjugate 
of the absorption matrix element. 

In the center-of-mass system, the initial and final 
wave functions of the nuclear system, in the case of 
photon absorption, will be given by 


$,= V be ik RY (rn), ?,= V hy), (r,,). 


On inserting J“(x)+j(x) for J(x) in (9) and evaluating 
the matrix element, one finds that because of the trans- 
versality condition k-e=0, the external convection- 
current density makes no contribution and the required 
matrix element is given by 


2rhec 4 | 
Tba= -( ) (0 fit -ee ‘dr a), (10) 
kV 


where we have introduced the variable r=x— R. 

We shall now separate this matrix element into two 
parts which we shall refer to as the electric matrix 
element and the magnetic matrix element though these 
do not correspond precisely to the usual division into 
electric and magnetic multipoles. The separation is 
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based on the identity 


l 
og*-t ff terad(errems isrX [kX e Je'**"}ds. 
0 


Introducing this into Eq. (10), we have 


T; a Tba° + Tie, 


2rhc\ 
( ) (0 f fio 
kV 0 


sgrad(e-re™)deds| a), 


CCL fe 


-LkrXe’ Jei** insta), (14) 


where 


Tbe" 


Here e’ represents the unit magnetic polarization vector 


[kXe] 
The expression for the electric matrix element may 
be simplified by an integration by parts and the use of 


the differential charge conservation law (5), 


2rhc\'/ | ¢' 
Tha? ( ) (0 f [ sivjieye- reminds a) 
kV 0 © 


] 


t f2rhc,? ! | 

( ) (0 n, [enone ‘drds s) 
hi kV 0 © 
1 2rhc\ 3 

(€, «a ) 
hi ki 

| 1 
«(2 fero(neiserded 2), (15) 


where €, and e& represent the internal energies of the 
nuclear system in the initial and final states (a= €aWa, 


H,= ey). We may note that conservation of energy 
for the transition requires 


hk (€y— €a) , hp? 2AM. (16) 


The last term is generally negligible for photons of 
energy less than 100 Mev. To keep in mind this differ- 
ence, however, we shall write Ak’c= €,—€4. Then 


Qrhi 4 
T ba? iv( ) (ble-Bla), 
kV 


2rhe } 
vie” i( ) (b| eM] a), (18) 
kV 


lz 
ff frie ‘*-tdrds, 
0 
l 
f frximes ‘drsds. 
0 


(17) 


where 


(19) 


(20) 
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It will be noted that for k=0, 8 is just the electric 
dipole moment of the nuclear system while M is just 
the magnetic dipole moment of the nuclear system. 


CHARGE AND CURRENT DENSITY OPERATORS-— 
GENERAL CONSIDERATIONS 

To apply the results obtained in the last section one 
must have further information concerning the specific 
forms of the charge and current density operators for 
the nuclear system. The succeeding three sections are 
devoted to the question of constructing the most general 
nonrelativistic forms for these operators on the basis of 
the assumptions outlined earlier. In the present section 
we will discuss briefly certain general properties of 
these operators. 

Certain generally accepted invariance conditions 
restrict the form which the charge and current density 
operators must possess. Actually we have already made 
use of some of these in our previous development but 
it is now necessary to consider them in more detail. 

(1) Invariance with respect to translations.—The first 
invariance principle which we shall apply requires that, if 
the nuclear system is subject to a certain spatial trans- 
lation, the charge and current density distributions shall 
undergo the same translation. Since these quantities 
are functions of x and of the spatial coordinates of the 
nucleons x, the satisfaction of this invariance condition 
requires that they be a function of these variables only 
through the combinations x—x,. 

(2) Invariance with respect to rotations. 
require that if the nuclear system undergoes a rigid 
rotation, then the charge and current distributions 
associated with the system shall undergo the same 
rotation. This requires that the charge density be a 
scalar function of the vectors x—x, and @,, while the 
current density operator shall be a vector function 


Similarly we 


formed from these same vectors. 

(3) Invariance with res pect to space inversion. 
ance of the equations for the nuclear system on passing 
from a right-handed to a left-handed coordinate system 
(implying conservation of parity) requires that under 
the transformation x,—>x,, x->—x the charge density 
operator remain invariant while the current density 
operator reverse sign. This means that the charge 
density operator must be a true scalar (as opposed to 
a pseudoscalar) function while the current density 
operator must be a true (polar) vector function (as 
opposed to a pseudovector or axial vector function). 

(4) Invariance with respect to time reversal.—The in- 
variance of the nuclear system with respect to time 
reversal requires that under the transformation p,—pn, 
0,——@n, TrY—>—T,”, the charge density operator 
remain invariant while the current density operator 


Invari- 


reverses sign.‘ 

(5) Symmetry with respect to all nucleons.—Since all 
nucleons are treated as indistinguishable particles it is 
necessary that the charge and current density operators 
be invariant under the permutation of dynamical 
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variables referring to any pair of nucleons, or in other 
words, that these operators be completely symmetric 
functions of all the nucleon variables. 

(6) ““Superselection Principle” for electric charge.—lt 
is rather strange that while our whole treatment of 
electromagnetic interactions of nuclei is based on differ- 
ential conservation law for electric charge, this is still 
not sufficient to guarantee that the total charge of a 
nuclear system remains constant. The reason for this is 
that the current density operator is so unrestricted as 
to include possibly terms corresponding to a removal of 
the electric charge from a proton, say, to infinity. To 
overcome this difficulty it is necessary to postulate a 
“superselection” principle’ for electric charge, by re- 
quiring that all observables (in the usual sense of Dirac) 
commute with the operator for the total charge of the 
nuclear system. In particular, then, the charge and 
current density operators as well as the Hamiltonian for 
the system will be required to commute with the total 
charge operator for the nuclear system, }e>>,(1+72*). 
While it may appear that this is an arbitrary assumption 
to make, and that it would be better to impose the 
restriction that the integral of the normal component 
of the current density over a sufficiently large closed 
surface enclosing the nuclear system shall vanish, the 
latter alternative has some undesirable features. To 
illustrate, suppose that the part of the current density 
operator which is independent (that is, of zeroth order) 
of the electromagnetic potentials contains a term which 
does not commute with the total charge operator. This 
would manifest itself in our treatment only when we 
came to study differential charge conservation of the 
parts of the charge and current density operator which 
are of first order in the electromagnetic potentials, and 
it would be only after studying these that we would 
find that it would be necessary to delete this term from 
the zeroth-order part of the current density operator as 
a consequence of our alternative condition. It is more 


’ 


convenient to simply impose the above superselection 
principle. 


CHARGE AND CURRENT DENSITY OPERATORS 
ONE-PARTICLE TERMS 


We now give consideration to the explicit forms of 
the charge and current density operators for the nuclear 
system. It is convenient here to proceed in analogy 
with the phenomenological treatment of internucleonic 
potential interactions and consider the charge and 
current density operators to be expressed as the sum of 
one-particle, two-particle, etc., terms, 


p(x) =pay(3 


x)+p 
J(x)=Ji)(x)+- J 


( 


(21) 


+- p¢3)(x)+ 


1 J 3) (x) 


2)(X) 
(2) (x) 
Here pii)(x) and J,:)(x) are assumed to consist them- 
selves of a symmetric sum over all nucleons of terms 


§ Wick, Wightman, and Wigner, Phys. Rev. 88, 101 (1952). 
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each involving variables referring to only one nucleon, 


pay(x)=Dinpalx), Jay(x)=DnIn(x). (22) 
p(x) and Ji)(x) are assumed to consist of a sym- 
metric sum over all nucleons of terms each involving 


variables referring to two nucleons only, 


p2)(X) = DX pan (x), IJa(x)= YS Inn(x), (23) 


n<n n<n’ 


etc. It will be convenient to refer to all terms other than 
the one-particle terms as interaction terms. In the 
present section we limit our considerations to the one 
particle terms only. 

Consider a single nucleon at rest (pn 
ized by the dynamical variables x,, @,, ta. The charge 
density at the point x associated with this nucleon can 
be written as a function of x and the above variables. 
Translational invariance requires that it be a function 
of x only in the combination x—x,, while rotational 
invariance and invariance under space inversion re- 
quires that it be a scalar function of x—x, and @,. One 
easily finds that the only such functions are spherically 
symmetric functions of the separation x—x,. If one 
further assumes the “superselection rule” for electric 
charge, then the most general form for the charge 


0) character- 


density operator must be 


e[r,PU? (|x (24) 


pn(X) Xn|)+7.¥U*% (|x—x,|) ], 


where U? and U*% are arbitrary functions of their 
argument and normalized by the conditions 


furcous iP fuxcods=o, 


to ensure that the total charge on a proton is e and the 
total charge on a neutron Is zero, 

By the application of similar arguments to the current 
density operator (including now the condition that the 


(25) 


current density change sign under time reflection), one 

concludes that the most general form of the current 

density operator corresponding to a nucleon at rest is 
eh 


curl{p?r,?onS?(|X—Xn|) 


J,,(x) = 
2M 


tu%7,%o,S*(|x—xn|)}, (26) 


where S? and S* are again arbitrary functions of their 
argument but normalized to 


fsrcoax = fscoax =1 


to ensure that the magnetic moment of a proton is u 
moment of a 


(27) 


Pp 
nuclear magnetons, and the magnetic 
neutron is w’ nuclear magnetons. 

To determine the corresponding operators for a 
nucleon in motion with a momentum p,, we perform a 
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Lorentz transformation (and after discarding relativ 
istic terms, that is, terms quadratic in the momentum) 
obtain the same form (24) for the charge density 
operator and 


eh 


J,,(x) curl{u?r,?anS?(|x—x,|) 


Mc 


+ pu 7,%o,5* ( |x Xn|)} 


P 
[Pnbn(X)+pn(x)pn} (28) 
Mc 


for the current density operator. The complete one- 
particle charge and current density operators for the 
whole nuclear system is then obtained by substituting 


in (22) 


D el ta? U?(|x—xn|)+ 7.4" (|x—x~|)], 


n 


= Jy (x) +5ay*(x) +Jay"(x), 


ef Poa) (x)+pa)(x)P]/2AMc, 


p(x) 
Jy (x) 
J1)©(x) P 
ae e[ %nfn(X) t-,,(X) 2, (X) )/2Mc, 
} 


n 


Jy*(x) 


eh 
Jay'(x) curl{u?r,?o,?S?(|x—x,!) 
+ ur 7 on (|x— Xn | )}, 


where we have separated the one-particle current 
density into its external convection current (J°), its 
internal convection current (j*), and spin current (j’) 
parts. One easily verifies that 


divJ (1) (x) +f To, pay (x) Vhc=0, 


divj1)°(x) +i T, pay (x) //he=0, (30) 


ivy iy" (x) a= (), 


The functions U’? and U* obviously describe the 
spatial distribution of the charge density associated 
with isolated protons and neutrons, respectively, while 
the functions S” and S* describe the spatial distribution 
of the spin current densities associated with isolated 
protons and neutrons, respectively. ‘To the best of our 
present knowledge all of these functions rapidly ap- 
proach zero when their arguments exceed values of the 
order of a meson Compton wavelength. Beyond this 
we have little knowledge concerning their functional 
form; any specific meson theory, however, uniquely 
prescribes their form. 


CHARGE AND CURRENT DENSITY OPERATORS 
INTERACTION TERMS 


We now turn our attention to the examination of the 
interaction terms p‘(x) and J‘(x) in the charge and 
current density operators and to the methods of con- 
structing them in their most general form. We may 
note first that in view of (30) and (1) they will satisfy 


L 
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the differential conservation law, 


divJ‘(x)+i{[To+7, p(x) ] 


+L V, pay (x)+p'(x) ]}/Ac=0. (31) 


If we write the interaction energy between nucleons as 


the sum of two-, three-, --+ particle terms, 


V = > V an’ V3) = 


n<n’ 


with 


V 
nn'n''s 


etc., then Eq. (31) can be split up into separate equa- 
tions for the two-, three-, particle parts of the 
current density operator. 

We shall consider in some detail only the two-particle 
terms in the charge and current density operators; 
construction of higher terms proceeds in close analogy. 
We begin by considering a system of two nucleons 
whose total momentum vanishes (pn»+pn=0). The 
operator for the charge density associated with this 
system will be a scalar function formed from the 
quantities x—Xn, X—Xn’, Pn—Pn’, Gn On’, Tn,» Tn’. The 


problem of constructing the most general form possible 
is straightforward but lengthy® and not worth our 
present consideration. Let us assume that this most 
general function has been determined and is designated 
by pun’ (x). The two-particle term in the current density 
operator, in contradistinction to the one-particle case, 


must now satisfy the two particle part of Eq. (31), 
which in our present case may be written as 


divJ nn (x) +i{L (pn— Pn)?/4M, pan (x) | 


+ [Vinny Pn(X) + pn (X)+pnn (x) |} /he=0. (34) 


The general solution of this equation will consist of 
any special solution plus the curl of an arbitrary 
function of x, with the limitation, of course, that the 
whole solution be a two-particle function and satisfy 
the required symmetry and invariance properties. 

One method of obtaining a formal solution to Eq. (34) 
is to split J,n(x) into longitudinal (irrotational) and 
transverse (solenoidal) parts, 


J an (X) = gradx nn (x)-+curlm, » (Xx). (35) 


Substituting into Eq. (41) we obtain 


VX an’ (X)= > i{( (pn a Pn’)* ‘4M, Paw (X) ] 


+ [Vinny Pn(X) + pn (X)+pnn (x) ]}/hc=Q(x), (36) 


with the solution (which vanishes at infinity) 


1 
Xnn'(X)=- f 
- 7 4r 


* The methods employed for constructing general functions of 
the required form are exemplified in E. P. Wigner, Phys. Rev. 51, 
106 (1937); L. Eisenbud and E. P. Wigner, Proc. Nat. Acad. Sci. 
27, 281 (1941); R. K. Osborn and L. L. Foldy, Phys. Rev. 79, 
795 (1950). 


Q(x’) 
dx’. (37) 
‘| 


Ix—x 
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The function m,,’(x) is an arbitrary function, which 
because of the symmetry and invariance conditions to 
be imposed on it must be an axial vector function of 
Pn— Pn’, X—Xn, X—Xn’, On, On’, Tn» En’, Which changes 
sign under time reflection and commutes with the total 
charge operator t,?+7,/?. Again the construction of 
the most general form of m,,, satisfying these conditions 
is a straightforward but lengthy procedure which we 
shall omit. 

To obtain the corresponding forms for the charge and 
current density operators when the two nucleons have 
a total momentum p,+p,’, we again make a Lorentz 
transformation and, after dropping relativistic terms, 
we find that the charge density operator is still given 
by the same expression for pr» (x) while the current 
density operator is given by 


Jani (x) =e (prt prn)pnn (X)+ pan (X) (pat pn) |/4Me 
+ gradyx nn’ (x)+curlm,,/(x). (38) 


The two-particle parts of the charge and current density 
operators for the entire nuclear system are then ob 
tained by substitution in (23) with the results, 


£(2)(X)= > pan’(x), 
= J») ©(x)+ fia) (x), 
= cf Poo) (x) +p) (x)P 1/24 Me, 
= grady 2) (x) + curlm (2) (x) 
te > [ (tnt tn’)pnn’ (X) 
+ Pan’ (X) (2, +%,") |/4Mc, 


X (2) (xX) = ps Xnn’(X), 


Mm (2)(X)= > mMyn’(X), 
n<n’ 


where again a separation of the external convection 
current density J,2)°(x) has been made. The general- 
ization of this procedure to three-, four-, particle 
terms is obvious. 

Before proceeding, it is necessary to express a warning 
relative to our method of solution of Eq. (34). While 
simple and correct, it is nevertheless deceptive in one 
aspect. We have intimated that the function m,,., 
apart from the necessary symmetry and invariance 
conditions which it must satisfy, is completely arbi- 
trary. This is mathematically correct but physically 
unrealistic. We are quite certain that the charge and 
current distributions associated with nucleons are 
closely localized in the regions where the nucleons are 
themselves situated and vanish rapidly (probably at 
least exponentially) as one moves away from these 
regions. Now the longitudinal part of the two-particle 
current density operator that we have found falls off 
relatively slowly with distance from the nucleons, in 
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fact, only as the inverse cube of the distance at large 
distances. Hence, if the total two-particle current 
density is to fall off exponentially, it is necessary the 
m,,," satisfy an asymptotic condition such that the 
solenoidal current density cancels the longitudinal 
current density to terms of exponential order at large 
distances. This means that m,,’ is not as arbitrary as 
indicated but, to yield a physically reasonable current 
distribution, must have an appropriate asymptotic 
form. Unfortunately, there does not appear to be any 
simple alternative treatment of Eq. (34) which yields 
an explicit solution and yet avoids this difficulty. Hence 
we must content ourselves with the treatment we have 
given and keep in mind this condition which m,,, must 
satisfy, or else forsake an explicit representation of the 
two-particle current density operator. 

An important conclusion which we may draw from 
the considerations in this section is immediately 
apparent on examining Eq. (34) or Eq. (37). We note 
that even if there exists no two-particle contribution to 
the charge density operator, whenever the one-particle 
charge density operator fails to commute with the 
interaction energy operator for the nucleons, one will 
have two-particle terms in the current density operator. 
A specific case of the latter situation arises whenever 
charge-exchange forces operate between nucleons, since 
in this case the one-particle charge density operator 
will fail to commute with the interaction energy oper 
ator. Since charge exchange forces correspond to the 
transfer of charge from one nucleon to another, differ- 
ential charge conservation requires that currents flow 
in the intervening region between the two nucleons, 
and the two-particle contributions to the current 
density operator are the mathematical manifestation 
of the necessity for such currents. 


SPECIFIC FORMULAS FOR PHOTOEFFECT 
MATRIX ELEMENTS 


Having now obtained more specific formulas for the 
charge and current density operators of the nuclear 
system, these may be substituted in Eqs. (19) and (20) 
to obtain more specific formulas for the photoeffect 
matrix elements. In particular we may write for the 
one-particle contributions, 


Ba=ed [ frtraren f—f,}) 
os “¢ 


rr UN | r—Tr, 


é 1 
Mis*=—- ff trxetrrur(le r, 
Mc nv’ 


“i 


l)ye'**-drds, (40) 


} eitk Tr, PUP (\e—r, | ) 


traXU*(|e—eq|) ]eX eadesds, (41) 





186 LESLIE 


eh 1 
Mo"  » f J vxcurttu?sa"005?(|4—ral) 
2M¢ n 0 


tu 7,, No, SX (lr -r,,|)Jet** drsds 
fontulra?S?(r -Fn|) 


tue, NSN (lr ~r,|)}et* ‘dr. (42) 


If, further, the linear dimensions of the regions over 
which the functions U/”, U%, S”, and S* are appreciable 
are small compared to the wavelength of the photon 
involved in the transition, one can carry out approxi 
mately the integrations over r and obtain the simpler 
formulas, 


1 


> fr? ttaxaue'™ tn 


con vo 


4 gisk rr, Xn} sds, (44) 
ch 
Ray =>— Fi 
2Mc n 


Tr e+ Vu )o,e'* fn. (45) 


From the gamma-ray energies in which we are particu- 
larly interested (0-100 Mev) these latter formulas 
should represent quite good approximations. They 
would be exact, of course, if the charge density and 
spin-current density distributions associated with the 
individual nucleons extend only over infinitesimal 
regions. 

Without the 
interaction parts of the charge density and current 
density, we little more than indicate their 
contributions to the matrix elements by substituting 
p'(r) and j*(r) in (19) and (20), respectively. However, 
we may note that since the general solution of Eq. (31) 
for J‘(r) will contain a term of the form curlm(r), at 
least the this term to the matrix 
element can be somewhat simplified, 


1 
f [rxcurim (ne tdrsds = [mine ‘dr. (46) 


Before leaving this section we should mention an alternative 
and exceedingly simple method of dealing with the matrix element 
(10) but again a method which is deceptive in that it tends to 
conceal rather than reveal the difficulties with the interaction 
current This treatment is based directly on Eq. (5) 
without making any attempt to split j(r) into one-particle and 
interaction parts. We note that an explicit solution for j(r) can 


making explicit assumptions about 


can do 


contribution of 


density 


be obtained in the form, 


j(r) =grady(r)+curlm(r), (47) 


1 
) = 


x(t) trl (48) 
whice 


TH, p(r’) 
‘pied : : Ji’, 
oe 
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with m(r) an arbitrary vector function. We may now note that 
the longitudinal part of j(r) when substituted in (10) gives a 
vanishing contribution, 


fe gradx(r)e'* dr= — { x(t) div[ee™ "]dr=0, 


while the transverse part simply gives us a term of the form (46). 
The deception involvec in this treatment again arises, as in our 
earlier treatment, through the fact that for differential charge 
conservation alone to be satisfied it is possible for m(r) to be 
completely arbitrary except for certain symmetry and invariance 
that 
operator have a physically reasonable form, it is necessary that 


conditions; but, in order the complete current density 


m(r) actually satisfy some special asymptotic conditions. Again 
this is a consequence of the fact that the irrotational part of the 
current density operator as given by (48) falls off only slowly 
with distance from the nuclear system, while the total current 
density should fall off rapidly; hence m(r) must have an appro- 
priate asymptotic form for this to be the case. The difficulty is 
more serious here in that even the ordinary one-particle part of 
the convection current density has been split up into irrotational 
and solenoidal parts. 


THE LONG-WAVELENGTH APPROXIMATION 


In many practical problems involving the photo- 
effect, conditions are such that one may make a further 
approximation to the photoeffect matrix elements in 
which higher multipoles than the electric dipole and 
magnetic dipole together with retardation effects may 
be neglected. This will be the case when the wavelength 
of the photon involved in the transition is sufficiently 
long that e’** does not vary appreciably over the 
region in which the charge and current density matrix 
elements are appreciable. In such cases we may replace 
the exponentials e'*'" and e'**'* occurring in the matrix 
elements by unity. The one-particle contributions to 
the matrix elements then simply become 


Boy 
Mey’ 
Mia’ 

Not only does this approximation simplify the treat- 


ment of the one-particle parts of the matrix elements, 
reduces the arbitrariness in the 


T 


ae Tires, 
(e/M¢ oo Tn? PX 
(eh/2M< + @n(T2' 


but it considerably 
interaction or many-particle parts. To illustrate this 
point let us consider the two-particle contributions to 
the electric (dipole) matrix element. If we envisage 
that p2)(r) is substituted for p(r) in Eq. (19), the 
exponential replaced by unity, and the integration 
over~s*performed, then what is required are matrix 
elements of the integral 


J rocs(nde. 


Now by the application of invariance and symmetry 
arguments, one can make some definite assertions about 
the form which the result of this integral must take. 
First it will be the sum of terms each a function of 
dynamical variables referring to two and only two 
nucleons. For simplicity we shall consider only velocity- 
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independent terms, so that each term then is a function 
only of the variables ry, fn’, On, On’, Try En’. Furthermore, 
translational invariance requires that it be a function 
of r, and r, only through the relative separation 
Inn’ =F,--¥,’. Rotational invariance requires that each 
term transform as a vector, and invariance with respect 
to space inversions requires that this vector be a polar 
vector. Invariance with respect to time reversal requires 
that this vector be invariant under the operation of 
time reversal. The superselection rule for charge re- 
quires that it commute with the total charge operator 
e>nTn’. Furthermore, it must be symmetric under 
exchange of the particle coordinates. By established 
methods? one then finds that the most general (velocity- 
independent) form that this integral can have will be a 
linear combination of the linearly independent terms 
listed below: 


P, =e Zz G1 (fan) (Ta? Ta’*) Ean’, 


n<n’ 


Prr=e D> Gu(tan) (tat? tn?) (On OnE nn’s 


an 


Prr=e > Gin (tan’) (ta? — Tr’?) 
n< n’ 


x[ (On ' Tan’ )On’ + (On Ean )On l, 


=e D> Giv (tan) (ta? — Tr?) 


non 


(O,°C,’) Tsar 
(P) 


Tr Tn) On ton |XEan’s 


[3 (On Pan’) (On Ean’) Tan — 
€ >. Gy(tan) (tr? ta — 
non’ 


Pyi=e b 2 Gyilfan’) (Ta? +Th ‘\[o, Xo," Dh Ben ; 


nan’ 


Pyit= ‘Zz Gy (tan) 1+ tn? tn?) On XOn! |Xfan’, 
n<n’ 


) Se . 2 . 1 
Pyinr=e D Gyra(tan)) (1— tat?) On XOn Inn’, 
nan’ 


Prx=e DS Gix (ran) (tat ta t+ Tn tn) [On XOn’ |X Ean’ 


nan 


The functions Gy are arbitrary functions of the indi- 
cated separation distance of the two nucleons involved. 
One would expect that these functions rapidly approach 
zero as the separation distance between the nucleons 
increases much beyond the observed range of nuclear 
forces. 

The fact that such interaction contributions to the 
electric dipole moment operator for a nuclear system 
can be constructed phenomenologically suggests that 
such terms may very well arise from a more detailed 
meson-theoretical study of this problem. It is likely 
that these terms are very much smaller than the one- 
particle terms and their presence would consequently 
be difficult to detect experimentally in most ordinary 


transitions. However, the selection rules for these 
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interaction terms differ from those of the one-particle 
terms in some circumstances and this may lead to a 
possibility for their experimental detection. Thus, 
consider a nuclear model for a self-conjugate nucleus in 
which the total orbital angular momentum LJ, the total 
spin angular momentum S, and the charge parity are 
constants of the motion. Then the usual selection rules 
for a long-wavelength electric dipole transition in such 
a nucleus (based on the one-particle terms in the 
electric dipole moment operator) are: (1) AJ=0, +1 
(0-0 forbidden) where J is the total angular momen- 
tum, (2) space parity change: yes, (3) AL=0, +1 
(0—0 forbidden), (4) AS=0, and (5) charge parity 
change: yes. On the other hand, the interaction terms 
in the electric dipole moment operator, while preserving, 
of course, the first two selection rules, can relax the 
remaining rules to (3’) AL=0, +1, +2, +3, (0-0 
forbidden), (4’) AS=0, +1, +2, and (5’) charge parity 
change: yes or no. Of course, in practical cases L, S, 
and the charge parity operator are not exact, and per- 
haps not even approximate, constants of the motion 
so that these selection rules lose some of their value. 
Of more practical significance than interaction terms 
in the electric dipole moment operator are the inter- 
action terms in the magnetic dipole moment operator, 
particularly since the very existence of exchange forces 
between nucleons necessitates the existence of such 
terms. In fact the subject of exchange and interaction 
magnetic moments of nuclei is of such importance that 
we have relegated its discussion to a separate paper. 


CHARGE SYMMETRY AND CHARGE INDEPENDENCE 


The results obtained in the preceding section con 
cerning the phenomenological form of the electric dipole 
moment operator for a nuclear system is illustrative of 
the difficulties, mentioned in the introduction, con 
cerning the manifold of possible interactions arising in 
a phenomenological treatment. Already nine linearly 
independent forms were obtained for this operator, even 
with the restriction to velocity-independent terms. 
Including velocity-dependent terms would greatly in- 
crease the number of possibilities, and even a casual 
examination of the problem of determining the general 
form for the two-body charge density operator would 
indicate that the number of linearly independent terms 
in this operator would be tremendous. It is hence 
imperative for the practical utility of these results to 
recognize any further symmetry principles or invariance 
properties which the charge and current density oper- 
ators might possess in order to reduce the manifold of 
possibilities. 

While we know of no further rigorous invariance 
properties which these operators possess, there seem to 
exist some approximate invariance principles which can 
play a useful role in identifying which terms in a 
phenomenological expression for the charge and current 
density operators may have dominant magnitude and 
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which a subordinate magnitude. These principles appear 
to have their origin in certain symmetry properties of 
the coupling of mesons to nucleons. 

The first of these, for which there is a considerable 
amount of experimental support, is the charge symmetry 
principle.” It may most simply be stated in the form 
that meson theories (neglecting electromagnetic inter- 
actions) are invariant under the simultaneous replace 
ment of protons by neutrons, neutrons by protons, 
positive mesons by negative mesons, and negative 
mesons by positive mesons. In more precise terms, it 
states that the Hamiltonian (again 
neglecting electromagnetic interactions) commutes with 
the charge-parity operator" (that is, the operator corre 
sponding to a 180° rotation about an axis in the x-y 
plane in charge or isotopic spin space). The application 


meson-nucleon 


of this result to electromagnetic interactions arises from 
the fact that in these theories, the charge and current 
density operators are eas h composed of a contribution 
a contribution from the mesons, 
and the latter contribution anticommutes with the 
charge parity operator. Since this last property is 
preserved under the canonical transformations which 
‘eliminate the virtual mesonic interactions to any order, 
it is to be expected that the contribution to the charge 
and current density operators arising from virtual mesons 
will anticommute with the charge parity operator. The 
nucleonic contribution has no correspondingly simple 
properties. As a consequence, these facts, in themselves, 
do not give any specific limitations on the form of our 
phenomenological charge and current density operators 

However, there is some scanty experimental evidence 
to indicate that nucleonic terms in the charge and 
current density operators are relatively small in states 
of the system in which virtual mesons are present. 
These experimental indications are the approximate 


from the nucleons plu 


equality in magnitude (but oppositeness in sign) of the 


anomalous magnetic moments of the neutron and proton 
and the exchange moment contribution to the magnetic 
moments of H® and He’, the smallness of any exchange 
moment contributions to the magnetic moments of H” 
and Li®, and certain systematics in the deviations of the 
magnetic moments of odd-even nuclei from the Schmidt 
values.” If we accept this evidence we may draw the 
following conclusions: (1) That part of the interaction 
charge and current density operators which commutes 
with the charge parity operator is about an order of 
magnitude smaller than the part which anticommutes 
with the charge parity operator. (2) The same state 
ment holds for the one particle contributions to the 

 K. M. Watson, Phys. Rev. 85, 852 (1952). 

uN. M. Kroll and L. L. Foldy, Phys. Rev. 88, 1177 (1952 

27. M. Berger and L. L. Foldy, Technical Report No. 18 of 
the Nuclear Phvsics Laboratory, Case Institute of Technology. 
The content of this report will be published shortly in modified 


form 


VESPIE °L. 


FOLD Y 


charge and current density operators, once one has 
subtracted the normal contributions to these operators 
from free nucleons. This statement implies that the 
following two relations hold to an approximation of the 
order of 10 percent: 


U? (x—x,)=6(x—x,)— U" (x—x)), 


Po 
S?(x—x,)=6(x—x,)—S* (x—x;). ™ 
The application of the first conclusion to the two- 
particle velocity-independent contributions to the elec 
tric dipole moment operator derived in the preceding 
section would allow us to conclude that the terms 
VI-IX are an order of magnitude smaller than the 
terms I-V. 

The second invariance principle, the so-called charge 
independence principle, includes charge symmetry as a 
special case, but provides that the meson theory (again 
apart from electromagnetic interactions) is invariant 
under all rotations in charge or isotopic spin space. In 
this case the conclusion one can draw is that the nucle 
onic contributions to the charge and current density 
operators transform as the sum of an invariant and the 
z component of a vector under rotations in charge space, 
the meson contributions transform the z 
component of a vector under such rotations. This fact 
alone places no restrictions on the one-particle terms in 
though it 


as 


while 


our phenomenological formulation, does 
impose restrictions on the interaction parts. In partic 
ular, for our general two-particle velocity-independent 
contributions to the electric dipole moment operator, 
it requires the relation 

Gyn: 


Gix(r Gy? 


However, again, if assumes that the nucleoni 
contributions to the charge and current density oper 
ators in states in which virtual mesons are present play 


led again to the relations 


One 


a subordinate role, one is 
discussed under the charge symmetry principle. 

It is to be hoped that the accumulation of further 
experimental evidence may soon allow us to evaluate 
the exact degree of validity of the charge symmetry 
and charge independence principles and the exact 
magnitude of nucleon recoil terms. 
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The partition function of the classical imperfect gas is approximated by means of a generalized cell model 


in which the number of particles in a cell is taken as the statistical variable 


The limiting free energy per 


particle exhibits critical phenomena, and, for temperatures less than the critical temperature, the p-v isotherm 


is a nonanalytic function of ¢ 


consisting of three pieces. These properties de pe nd only on the interpartic le 


potential energy having the general features usually assigned to it. However, the condensation pressure 


is not constant, and, for temperatures sufficiently 


ow, the isotherm shows thermodynamic 


instability 


Che model allows the calculation of the limiting free energy per particle for all values of the temperature 


ind specific volume 


1. INTRODUCTION 


T is believed that the partition function of classical 

statistical mechanics is capable of completely 
describing the equilibrium behavior of an imperfect gas 
from its ideal gas behavior at large specific volumes, 
down through the liquid-solid transition. It is never- 
theless true that a theoretical description of the whole 
mechanism of condensation does not exist 

Several aspects of the condensation problem seem 
clearly established. (1) All gases condense. The essential 
molecular property involved here is the general shape 
of the potential energy of interaction between a pair of 
particles. (2) The p-v isotherm is a nonanalytic function 
of v, the specific volume, for temperatures below a 
critical temperature. Condensation occurs at a constant 
value of p. Above the critical temperature, p is an 
analytic function of v. For all (7, v), dp/dv <0. (3) The 
nonanalytic behavior of the isotherm can only appear 
as the result of a limiting process. The process con- 
sidered is V, N-«, V/N=v fixed, where N is the 
total number of particles in the volume V. 

The established difficulty of an exact approach to the 
condensation problem justifies the consideration of 
models. We have therefore devised an approximation 
which retains some of the pertinent physical features of 
an imperfect gas and which is capable of representing a 
good part of the behavior just described. The model 
is described by a partition-like function which is sus- 
ceptible to analysis. We believe that the model is of 
interest in that the limiting partition-like function has 
the following properties: (1) It exhibits critical phe- 
nomena; (2) for temperatures below the critical temper- 
ature, the p-v isotherm is a nonanalytic function of v 
consisting of three pieces; (3) these properties depend 
only on the intermolecular potential energy having the 
general features usually assigned to it. The model is, 

* This work was supported in part by the U. S. Office of Naval 
Research. A preliminary report was given at the Pittsburgh 
meeting of the American Physical Society, March 8-10, 1951. 

t Presently at the Institute for Advanced Study, Princeton, 
New Jersey. 

t Present address: The Institute for Fluid Dynamics and 
Applied Mathematics, University of Maryland, College Park, 
Maryland. 


of course, not without drawbacks. The disadvantages 
are: (1) The condensation region is not characterized 
by constant pressure; (2) for temperatures sufficiently 
low, the isotherm shows thermodynamic instability. 
The most serious disadvantage is the lack of a constant 
condensation pressure. In fact, the model is unable to 
suggest to us how the constant pressure part of the 
isotherm comes about. 


2. THE CLASSICAL PARTITION FUNCTION 


The configurational partition function for an im- 
perfect gas is 


1 
ZN [. < far . -dty exp| — BW (r,- -*Fy) L (2.1) 
N J \ 


with W’ the total potential energy of a configuration of 
1/kT. The total free energy of the 
system, supposed to consist of a single type of particle is 


particles and 8 


exp{ — BY |= (24m/BI?))*Zy. (2.2) 


Suppose that the volume V is divided into A cells of 
equal volume 7, Ar= V, and that the cells are numbered 
from 1 to A. Let n; denote the number of particles in 
the jth cell. We may then write 


1 K 
ZN >~(N! Int) foo fare 
NV! (;} j=l V 


Kdry exp| -~BW |, (2.3) 
where, in the integral, 2; particles are confined to cell 7. 
The sum is over all sets of integers {n;}, nj 20, subject 
to the restriction 


K 
> n= N. 
=! 


In principle, the specific subdivision of the space into 
cells is irrelevant for the final result if a consistent 
calculation is carried through. Therefore, we make the 
choice r=v the specific volume, so that K=.V. Then 
(n;)=1 for all v, 8. This specific choice of 7 is discussed 


in Sec. 7. 
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The limiting free energy per particle is defined by 


(2.4) 


¥(v, B) Lim ¥(N, 2, B)/N. 


J 

\ 
Furthermore, the thermodynamic quantities are sup- 
posed to be defined in the usual way. For example, 


p=—ap/av; Lim (E)/N=a(6y)/aB, (2.5) 
V,.N-~@ 


V/N =1 
where £ is the total energy of the system. 


3. AN APPROXIMATION TO THE IMPERFECT GAS 


The model is derived by approximating (2.3). We 
will proceed to list the assumptions and their direct 
consequences for (2.3). Each of the assumptions will be 
discussed in Sec. 7. 


(1) W(n,--rm= > (3.1) 


U(rij), 
1<icjeN 
where r,,; is the distance between particles i and 7 and 
U(r) is the potential energy of interaction between a 
pair of particles. 

(2) When two particles 7 and 7 are in different cells k 
and m, we assume that U(r;;)=U (Ren), where Rim is 
the distance between centers of the kth and mth cells. 

The total interaction energy with respect to particles 
in different cells is 


NiNmU (Rim). (3.2) 


\ 


This energy is now independent of the coordinates of 
the particles and it can be taken outside of the integral. 

We define an average interaction energy within a cell 
by 


exp| BW, | / »f. fans 


Kd rny exp| BW (nr, °° °En, |. 
W, is a function of v, B, and myx. 


(3) Let Wo be detined by 


-1)Wo. (3.4) 


W y= dng (mg 


In general W’9 will be a function of v, B, and ny. It is 
assumed that the dependence of Wo on n, can be 
neglected so that it is independent of the cell number &. 

The consequence of assumptions (1), (2), and (3) is 
that 


tx=E (= /M) 


Xexp[h.VBWo—BY ayn), (3.5) 


ak 
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where 
jk 5U (Rj), 


aj;j= Wo, 


jJ#k, 
j=kh, 


and >-;,, is over all cells. 
(4) The sum over the set {n;}, where the n; are 
integers 20 and 


‘ 
L 1,=N, 
gum 
is a sum over lattice points, in an .V-dimensional 
Euclidean space, bounded by an V—1 dimensional 
figure, a “hyperhedron.” The center of the hyper- 
hedron is the point (1, 1, ---, 1) which describes the 
configuration with one particle in each cell. This is the 
average configuration, since (;)= 1. 
Our next assumption is to replace the sum over the 
lattice points by an integration throughout the volume 
{2 of the hyperhedron. We write 


Zy=A(N)v% exp[3NBWo | + [any --dny 


N l 
x( V(n;+ ») expl —B > ajnjnx |, 
j=l 


7,k 


(3.6) 


where A(N) is a normalization constant. 

(5) The division of physical space into cells of volume 
v implies that the fluctuation in the number of particles 
per cell, c=((n,—1)*), is finite for all v, 8; unless, of 
course, purely attractive forces are present. This sug- 
gests that a significant contribution to the above inte- 
gral arises from points which lie on the intersection of 
the hyperplane 5°}: 2,=.V with the N-dimensional 
sphere }°>}1(n;—1)?= R’, where R?= No. The inter- 
section is the surface of an (V—1) dimensional sphere 
with center the center of the hyperhedron. The volume 
of the intersection is of the order of magnitude of the 
volume of the hyperhedron. 

Now, the volume integral in (3.6) may be written 


| fan: --dny 
. a 


N 


fas 


mj —1)? 


ff an --dny. (3.7) 


R, J nj=N 
j7 


The difficulty here is that for R>1, a good part of the 
surface of the (V—1) dimensional sphere lies outside 
the hyperhedron." However, integration becomes fea- 
sible if the whole surface of the sphere is an allowed 
region. We allow this extended region but introduce a 
weighting factor to compensate for the additional 
unwanted states. A factor is needed which is 1 for R<1, 
which is of order e~* for R~N}4, and which is negligible 
with respect to e~* for R~N. It is therefore assumed 
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that 


= 


? 


J. 


where a@ is a finite constant. 

(6) Since in both the gas and liquid regions we 
can expect that o~1, the ['(m;4+1) will mostly be of 
order 1. We approximate the gamma function by 
exp[an;(n,—1)] where we choose a=} In2 to fit the 
point 2;= 2. 

(7) The final assumption is to set the Born-von 
Karman periodic boundary conditions on the physical 
space. A one-dimensional gas would be confined to a 
ring, and a two-dimensional gas to the surface of a 
torus. The mathematical analogy is extended to the 
three-dimensional gas. The effect of this assumption is 
to cyclize the interaction matrix (aj). 

The partition function of our approximation to the 
imperfect gas is 


Zy=Av% exp[3NBWo] f. .- fan: --dny 


xern| LS (n, -1)4 


N 
—a> nj(nj—1)—B S ajnjn, (3.9) 
7=1 


7,k 


The constants A and a will be fixed by comparison with 
the ideal gas. 


4. LIMIT FUNCTIONS OF THE EIGENVALUES 
OF THE MATRIX (a,;) 


Before evaluating the partition function, it is con- 
venient to have an understanding of the properties of 
the eigenvalues of the interaction matrix (a;;).! 

Since the matrix is cyclic, it is easy to show that the 
eigenvalues are given by 


4(N+1) 


lr 
Ay=411+2 >» ay cos} —(k —1)(p—1) | 
N 


p=2 


k=1,2,--: (4.1) 
The subscript p refers to the cell number with respect 
to cell 1. [(4.1) is exactly true for N odd. The extra 
term for V even does not influence the analysis in any 
significant way. ] With the exception of Aj, the eigen- 
values are doubly degenerate because Ax= An—k+2, R¥1. 
1G. Kowaleski, Determinantentheorie (Chelsea Publishing Com 
pany, New York, 1948), third edition, p. 105. 
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Let z be a complex variable and consider a function 


F,,(z) = LimNV (4.2) 


‘s 
ty f(z+Aj). 
Nox j=l 
The subscript » denotes the number of spatial dimen- 
sions of the physical system, and Ay— @,;=Ax defines Ax. 
It is not difficult, although the analysis is lengthy,’ 
to show that 


1 2, 
”.(2) = J tee f dior darn fe t+A(w)), (4.3) 
(2 0 ‘ 


=)" 


r-w 
A(@) = 2>° a1, cos t 
gijn 
r t 


and w, r are n-dimensional vectors having components 
(wi, -**, Wa) and (x, y, 2, «+:), respectively. The sum 
>, is over all the cell centers in the physical space 
including cell 1; v!/" is the unit of length, v denoting 
the specific volume; and the components of r are integral 
multiples of v'/". The vector r has its origin at the 
center of cell 1. The degeneracy of A(@) is evidenced by 
(ws, °° 

Considering the case n 
assume that 


where 


+, Wn) =A(2e—w, +++, 27—wWn). 
=3, it is a convenience to 


r-w 1 e rw 
Qj, COS )- {{ fdeaie cos ), (4.4) 
vt tw J « vi 


¢ 


r 


where the integral is over the volume of the cell with 
center at r. Then, 


2¢ > R-w 
A\(@)™ iff ARa(R) cos( , ). 


{ 


(4.5) 


where the prime signifies that the integration is over 
all space excluding a volume v centered at the origin. 
Note, however, that the use of the integral has de- 
stroyed the degeneracy of A(w). Consequently, the 
degeneracy must be preserved by definition. 

If we suppose that 2a(R)=U(R) is a function of R 
only, 


sin(Rw/v!) 


A(w) =A(w) = U(R) R*dR, (4.6) 


(Rw/v!) 


where we take v= R,’. 
Since the qualitative behavior of a gas should not 
depend on the details of U(R), we shall represent 
U(R) by the potential shown in Fig. 1. 
The integration is readily performed and we find that 
v2: 


9 


A(w)=0; 


2 T. H. Berlin and M. Kac, Phys. Rev. 86, 821 (1952). 
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A(w) = — 4 U {Hw |— (02/0) (v2/v)'w |}; (4.7) 


vy>v>0: A(w) = @ ; 


where 


Hq] (4.8) 


(q cosg—sing)/q@= — (#/2)4q-41(q). 


5. EVALUATION OF THE PARTITION FUNCTION 


Let us first transform from the variables {n;} to the 
variables {y;} by a translation and rotation such that 














Fic. 1. A representation of U(R), the potential energy 
of interaction between two particles. 


The transformation matrix ¢ can be taken as 


T 
me) 1)(k—1) 


) 


dr | 

(7-1) (R—-1) J}, (5.2) 
V 
where the characteristic vectors are normalized to 
unity and the A, are given by (4.1). The hyperplane is 
described by y,=0. 

The partition function (3.9) may now be written as 


: a ° 
ZANn= Bf dR exo R' i toe fay: --dvy 
0 2N « . 


\ 


YyiteR 


+-sin 


. 
xexn| — >" (a+BA,;)v? 


B= Av’ expl.VB(4Wo—A)) ]. 


J 


Relaxing the restriction on the region of integration 
of the variables {y;} by means of the delta function, 
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using the representation 
V j 
s(x [=] ) 
2R ics 
= J ds exp (x - 
2r1 , 2 


and because R is positive, we may write 


x “ 


B 
Zn= f ds exp(N 3? 2a) { dw 
2r1 i» Ne 


a 


N 
Xexpl— (a 2N)w*]| TT #¥(s-+a +BA ;) i. (5.5) 
| jm? 


This result is obtained by multiplying the integrand of 
(5.3) by (5.4) and allowing —*« <y;<~@ all 7; inter- 
changing the s and {y,} integrations by choosing So 
real, positive, and large enough to make so+a+ 6A;>0 
for all 7; and finally interchanging the s and R inte- 
grations, which is permissible for all s. It is to be 
understood that the normalization constant A in B is 
to be determined at our convenience. 

We are interested in the limit N=, the 
limiting form of the integrand in (5.5) is required. 
The product may be written 


and 


V 1 N 
I] ( +a+BA,;)3 exp — > In(s+a+ Aj) |. 
j=? 23 


Let 
N 
Lim.V~ }* In(s+a+ aj). 


Nw ? 


(5.6) 


Gy S) 


Irom (4.3) we have 


1 2r © 
f yee f dor: +-doo 
"So * 


G, (s)= f(s) = 
, (2r 
XIn(s+a+BA(w)), 


(5.7) 


where A(w)=4@1;+A(@). However, some care is now 
necessary. 

Let S denote the algebraically smallest value of 
a+B8A(w). If the s plane is cut fom s=—% to s= = 
along the real axis, then the integrand in (5.7) is 
analytic in the cut plane. The behavior of the integral 
in the neighborhood of s=—S is characterized by the 
density of eigenvalues A(@) in the neighborhood of the 
algebraically smallest eigenvalue. This behavior incom- 
pletely describes the behavior of (5.6) in the neighbor- 
hood of s=—S because the singular nature of the 
integral in (5.7) has in general nothing to do with the 
singular nature of a single term in the sum in (5.6). 
Consequently, we more accurately write, 

y) 


G(s) =— In(s+5)+ fa(s). (5.8) 
N 
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The 2 arises because the algebraically smallest eigen 
value is doubly degenerate. 

In the integral over w in (5.5), the important values 
of w are of order N?’. For finite s, the lower limit of 
integration is of order V. In this situation the integral 
over w may be replaced by (27.V/a)! if s is positive. 
Therefore we must evaluate 


=) 


ds 
- exp Ven(s) |, 5.9) 
1+ S$) 
where g,(s)=s°/2a— }fn(s). 
Applying the method of steepest descent to the 


integral, we find that 


Bri SY exp| Negn(s,) | 


{ 5,+8)[ al Orgy Os?) sq |} 


if a saddle point s, can be found such that s, is real, 
positive, to the right of the singularities of the integrand, 
and with 

27 


ls, >. 


[ dgn/Os|s.=0; [0°g,/ds 


(5.11) 


The constant A shall be determined by normalizing 
to the ideal gas, for which Zy=V%*/N! For the ideal 
gas a;.=0 for all j, k, so that A;=0 for all 7. Then 


gs OLn 
£n(S) = —_ In(s+a); ( ) 
2a 2 as , 
Og 1 I 
( ) ~ 
Os? Js, a 2(s,+ <a)? 


The solution of the saddle point equation that meets 
the requirements is 


$,= Sia= +3 (+ 2a)!—}fa. (5.12) 


It is found that, for VN =, 


1 


InA =In(e/m!) — gn(Sia). (5.13) 


This yields for the limiting free energy per particle, 


n 
BY, =— In(2rm/Bh?) +1n(ev) +8 (3 Wo—Aj) 


) 


T £n(So) £n\Sia)- (5.14) 

We now investigate the existence of a saddle point, 
and we shall get toa real gas by considering first a repul- 
sive potential only, second an attractive potential only, 
and finally the usual molecular potential. 


lor a three-dimensional system, n=3, the saddle 
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point equation ts 
1 [ f [ dw dwodws 
(2r)3J J J 5,+a+B8A(w) 

It is easy to see that if a solution s, exists, then s, 
is real. It follows that [ @°g;/ds? ]s,>0. We also recall 
that A(w) is double degenerate, that is A(q, we, w3) 
=A(2xr—u, 2r—w2, 2r—w3), the point (x, x, r) being 
a center of symmetry. The integral representation of 


\(w) destroys this symmetry and, therefore, the sym- 
metry is maintained by definition. 


A Repulsive Potential 


We represent a repulsive potential by Fig. 1 except 
that U,=0. Then for 
v20: A(w) =0; 
(5.16) 


w>v>0: AwW)=%. 


Recall that A(@w)=a1,+A(w), where 2a;,=Wo is an 
average energy of interaction among particles within a 
cell. a); is independent of w and for a repulsive potential 
monotonically increases to © as v decreases to v,/8. 

In the range ™>v2%, (5.15) becomes 
= (s,+a+a,,)—'. Therefore as v decreases to 2, 5S, 
monotonically decreases from s,;4 to 0. Hence, the gas 
does not exhibit any transition and the limiting value 
of the free energy per particle is given by (5.14) for 
all v, B. 


ade a 


An Attractive Potential 


The attractive potential is represented by Fig. 1 
except that R,;=0. Then for 

V2 V2! A(w) =0 
(5.17) 


-H (v2/v) tw } 


trl), - 
|Hlo]-~ 


va22v>0:A(w) = 


a;; monotonically decreases to —}U, as v decreases to 
v»/8 and for v<v2/8, ay; is constant at this value. 

In the range v>v, 2s5,/a= (s,+a+ a,;)~; and as 7 
decreases, Ss, increases. 

In the range v<v, something new occurs. The 
algebraically smallest value of \(w) occurs for w=0, 
(0) - (4r/3)U 4(v2/%1—1), and S=a+B(ay,4 d(0)). 

The qualitative behavior of \(w) is shown in Fig. 2. 

It is easily shown that /(— 5, v) is finite, and the 
qualitative behavior of /(s, v) is shown in Fig. 3. 

The saddle point is the point of intersection of the 
straight line (2/a)s with the curve /(s, v) for given ». 
From Fig. 3, we see that for fixed B, a vg will exist such 
that for o<vga saddle point will not exist. Consequently, 
there exists a transition point for which the tempera- 
ture and volume are related by 


(2/a)S=1(—S, v). (5.18) 
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V DECREASING 


| Voa>V, 


for 2 <2. 


The variation of the transition temperature with volume 
is sketched in Fig. 4. There is no critical temperature 
above which a transition fails to take place. 

No transition exists for the one and two-dimensional 
gases because then the integral /(—S, v) diverges. The 
divergence is easy to see because the “volume” element 
goes to zero as w" dw where n is the dimensionality, 
whereas the denominator goes to zero as w when s= — S. 

For a given temperature there is the transition 
volume vg<v2. We must now find Zy for v<vg since the 
partition function must exist. - 

The integrand in (5.9) has a pole at s=—S. To 
determine if a path of steepest descent exists in the 
neighborhood of the pole, which is also a branch point 
of g;(s), the behavior of g;(s) near the pole is required. 
After some analysis we find that 


S)+y(s+5) 
t- (1/48) (75!) (s+-$)!+-O[ (s+.$)?], 


(= (==) 
\ Os ) Ss Z Ou” oud 


£3(S) = g3( 


& 


(5.19) 


On setting s+.S=, it is plain that the integrand of 
(5.9) falls off rapidly from its value at e=0 for real 
part of « negative if y>0O. From Fig. 3, it is easy to 
see that y is >O for v<vg. Finally a path, qualitatively 
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Fic. 3. The qualitative behavior of /(s, v) as a function of s and 2. 
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shown in Fig. 5, does exist for which the imaginary 
part of g;(s)=0, and which does not cross the branch 
cut. Therefore, we note that the contributions to_the 
integral from the partial paths on opposite sides ofthe 
cut cancel in the limit N—+~ and that it is only the 
residue at the pole that contributes to the integral. 
Hence 


2rN\! , 
Zu = Bart" »( ) expl Vg3(—S)],  v<vg. (5.20) 
a 


This provides 


— Bp;= § In(2xm/Bh?)+1n(ev) +B(4Wo-Ay 


) 
+g;(—5S) = £3(Sia), V<Uz. (5.21) 


We will forego a discussion of the nature of the 
transition until the normal molecular potential is 
considered. 

It would be expected that a gas with purely attractive 
molecular forces would collapse to a point. In the 
model, however, a restriction has been placed on the 
fluctuations in #;, the number of particles in a cell, and 
as a consequence this limitation to finite fluctuations 
plays the role of a repulsive force. 


B 


Fic. 4. The qualitative rela- 
tion between: the transition 
temperature and specific vol- 
ume for an attractive potential. 





The Normal Molecular Potential 


The normal potential energy of interaction between 
a pair of particles is represented by Fig. 1. With this 
interaction, ad;, behaves qualitatively on v in the way 
shown in Fig. 6. It is important that a,4—7+© as 
v—v,/8. The significant feature of the behavior of a1, 
is that —.S first decreases from large 
values, then reaches a maximum value, and finally 
decreases without limit as v—>2,/8. 

In the range * >v> v2 a normal saddle point exists. 
The possibility for a transition only develops when 
neighboring cells get into the range of the attractive 
forces. 

As v decreases from vw, 1(—S,v) becomes finite. 
Figure 3 illustrates this behavior. Now /(—S,v) is 
proportional to temperature. We can then see the 
possibility that if 7 is large enough (6 small enough), 
the minimum value of /(—S,v) as a function of » is 
above the line (2/a)s when the maximum value of — § 
is reached. Consequently, a normal saddle point exists 
for all v under the circumstance that T is large enough, 
and this means that no transition occurs. We are thus 
able to define a critical temperature T,, 8., and volume 


increases as ¥ 
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ve by means of the equations 
—2S./a=I(—S,, ve); 
-S, as a function of v is maximum at 2, 
for B=,, 
This critical behavior is described in Fig. 7. 
Now for 8>8.(T<T,), a volume v’ exists for which 


—25'/a=1(—S', 0’); u<v'<v2; B>Be. (5.23) 


Furthermore, as v decreases still further, the repulsion 
pulls J to the left as shown in Fig. 7, and a volume v” 
exists for which 


= 27", a= I ( — 5”. vy’); W<0' <u’ <2; B>B.. (5.24) 


We will show below that v’ and v” correspond to the 
onset and completion of a condensation phenomenon. 
This phenomenon does not occur in either one or two 
dimensions because /(—s, v) diverges. It is, therefore, 
concluded that 


n 
—BY,=— In(2rm/Bh?)+1n (ev) 
) 


+B(3Wo-Ai)+8n(5s)—8n(Sia), (5.25) 
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. 5. Path of steepest descent for v<zg. 
where 


for 


n=1,2; O0<B<« 


, 


3 Bp <Be, 
n=3; 


| B>B., 


WN<V1<a, 2 >> 3 0’ >>%. 
The normal region is defined by the above conditions. 

For volumes v such that v’>v>v", the normal saddle 
point does not exist. However, the path of steepest 
descent described by Fig. 5 exists, the saddle point 
sticking at the pole. Then 


— Bb3= 3 In(2am/Bh?)+-1n (ev) +8 (3Wo— Ay) 

+2¢3(—S)—gs(sia), (5.26) 

for B<B,, v'>v>v". This region we call the transition 
region. 

This completes the evaluation of the partition func- 


tion for all v, 8 for the normal molecular potential. 
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Fic. 6. Qualitative 
dependence of ay; on 
specific volume. 





6. ISOTHERMS, FLUCTUATIONS, AND 
CORRELATIONS 
The equation of state can now be obtained from 
Eqs. (5.25) and (5.26) by the relation p (Ov/dv)r. 
For a three-dimensional gas this gives in the normal 
region 
1 OW OA, 


2n 


i if dw OA (a) 
J JJ sta+Ba(w) dv’ 


) 
0 


(6.1) 


where s is determined by the saddle point equation 
(5.15). In the transition region the pressure is given by 


1 OWo OA 1 


Ov Ov 


Sit poe dun 
fave 
a 2 (2m) J [—S+a+BA(@) | 


ie eee 
2 al iB; 
9 


At the transition points v’ and v”’; s= S, and the term 
in the brackets of (6.2) vanishes as can be seen from 
Eq. (5.15) by a differentiation. Consequently the 
pressure is continuous at the The first 
derivative of the pressure with respect to volume is 


dwO0A (a) /dv 
» (62) 
—s+a+BA(w) | 


transitions. 


I(-S,v) 





—--- > 
% -$ 


Fic. 7. Qualitative behavior of 7(—.S, v) as a function of B, 2, 
and —.S. Arrows on the curves show direction as v decreases. 
These curves are the locus of end points of curves which could be 
drawn to correspond to curves in Fig. 3 where /(s, v) is shown as 


a function of s. 
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also continuous at the transition points; however, there 
is a discontinuity of the second derivative. These 
statements are proved in the appendix. 

Qualitative investigation and numerical estimates 
using typical Lenard-Jones potential energy curves to 
deduce the behavior of 1”) and \(w) give results for the 
equation of state summarized in Fig. 8. These estimates 
give critical temperatures and volumes which are of the 
same order of magnitude as experimental results for the 
potentials considered. Below the critical temperature 
T,, the isotherms consist of three analytically different 
pieces while above 7, the isotherms are everywhere 
analytic. The discontinuities are located and described 
by the analysis without further thermodynamic con- 
siderations. 

It is immediately obvious that the isotherms are not 
flat in the transition region. For all temperatures above 
T., and for temperatures immediately below 7,, 0p/dv 
is everywhere negative; this means that for these 
temperatures the states described by the theory are all 
stable. For lower temperatures 0p/dv becomes positive 
for a part of the range of the isotherms and the theory 
has admitted unstable states. At these temperatures 
there is no obvious relation between the location of the 
transition points and the position of the loop in an 
isotherm. It can easily be shown that for very low 
temperatures the maximum in the isotherm occurs at 
larger volumes than the transition volume v adjacent 
to the gaseous phase. Similarly, the states in the liquid 
phase are everywhere stable, 0p/dv<0, for all temper- 
atures. At low temperatures also, the pressures are 
allowed by the theory to become negative. The edifying 
features of the equation of state are thus the existence 
of a critical temperature with the accompanying ana- 
lyticity for higher but not lower temperatures and the 
stability of all states for temperatures immediately 
below the critical. 

The correlation between numbers of molecules 7;, 1; 
situated in the jth and &th cells, respectively, is defined 


WITTEN, 


AND GERSCH 


; (MN jNk) 
( jk — ; ss 7 os ° (6.3) 
((n,?)) 4 ( n,2))3 


The average value of a function F is detined, after 
transformation to the variable s and after using (5.9) 


for the partition function, to be 


F=f ds(s 2 5) 1(s) explVga(o)] / 


so ‘= 


{x 


J ds(s+S)— exp[NVg,(s) ]. (6.4) 


Expressed in terms of the variables x,=n;—1, the 
correlation is 


(1+ (x ;x.))/ (1+ (4/)). (6.5) 


The correlation function, (#;x,), expressed in terms of 


the variables {y,} is 


N N 
(Xj%4) = i 2 Ljitkm\ Yim): 


l=2 m=?2 


Cu= 


(6.6) 


However, (y:ym)=0 unless =m because the integrand 
in Eq. (5.3) is an even function of y,; and y,, and the 
limits of integration are symmetric. Thus, 


N 
(x 54)= D> bimtum Ym): 


m=2 


(6.7) 


It is clear from (5.3) and (5.5) that we can express 


4 1 
ZS + a +-BAm 


1 N L iml x m 
(x jk) = i= aaa aise -. 
) N\m=2z s+a+PBAm 


(Ym2) aS 


(6.8) 


so that 


(6.9) 


Using (5.2) for the components of the characteristic 
vectors, 


1 4(N+1) cos[ (2x ‘N) (k—j)(m—1) ] 
(ra) =(— y 2 — > (6.10) 
N m= s+a+BAnm 


The term with m=1 does not appear in the sum due 
to the restriction >>*_, n,=.V. Because this term is 
omitted, we have for all /, 

N 

> (x jx.) =0. 

k=l 


Write (6.10) in the form 


cos[ (24r/N)(k— j)] 
(x jk) = ( = ) 
N(s+S) 


(6.11) 


1 40N+1) cos (24/N) (k—j) (m—1) ] 
+ > — - ). (6.12) 


N m=3 S+a+BAnm 
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Consider the second term. Since all the singularities of 
the sum are to the left of —S, the presence of this sum 
will not influence the existence or position of the saddle 


point, so that 
1 4(N+1) cos (24/N)(k—7)(m— 1) ] 
Q's 
A m=3 S + a +BAm 


1 40N+0 cos (24/N)(k—j)(m—1)] 
o— 2 . (6.13) 
N m= s,tat+ BA, 


Define H (rj; 5) by 
H (7x3 5) 
1 4(¥+1) cos[_(2x/.V)(k— j)(m—1) ] 


= Lim — (6.14) 
s+a+BA,, 


N02 N m=3 


When a normal saddle point exists, the correlation 
function in the limit V—~ is 


Lim(x jx.) = H(r jx 5 Se). (6.15) 


N +@ 


In the transition region, s,= —.S, and 


Lim(x jx.) = Lim cos(24/N)(k—j) +H (r jx; —5), (6.16) 


No N-+o 


where y is defined in (5.19). If we put j=, we then 
have the fluctuations in the number of particles in a 


cell, o. In the normal region, 
o=(x7)=5,/a. (6.17) 


In the transition region 


1 Of; - 
c= (x?) =y+ (- ‘) = — S/a. 
ZN OOS aman 


For the ideal gas, it follows directly from Eq. (2.3) for 
the configuration sum that o=1. This fixes the saddle 
point for the ideal gas; s;a=a. From (5.12) it follows 
that 


(6.18) 


a+a=}. (6.19) 


Since a= } |n2, a is positive. 

The qualitative dependence of o on volume and 
temperature is obtained from Fig. 7 which shows how 
the saddle point s, depends on these variables. In 
Fig. 9 we show the general features of o. 

The function Hf (rj; 5,) defined in 
shown’ to be 


can be 


(6.14) 


1 1 ee cos{ w: (r;—r,)/v*] 
H (1 jx5 $2) = —{ f f- _ ——dw. (6.20) 
2 (2x)8 S,ta+BA(w) 
0 


This is true in the limit as VN->~, for fixed rj,. Because 
of this restriction the (x;x,) obtained using H(rjx; 5.) 
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Fic. 9. The quali- 
tative dependence of 
o=s,/a on volume 
and temperature. 


will no longer satisfy the condition 
N 
Dd (xx) =0. 
k=l 


According to (6.20), the (rj; s,) are Fourier coeffi- 
cients for 4[a+8A(w)+s,}", and from (4.3) the Uyr 
are Fourier coefficients of A(w). If one represents 
}fa+BA(w)+s,}" by its Fourier series, and then 
expresses A (w)=4@:+A(@) in terms of the U,r, one can 
get, after some manipulation, the following integral 
equation for I(r jx; 55): 


5(rjxv5) 


2(a+Bai1+s,) 


B / 
- - fff centers soar, (6.21) 
v(a+Bay;+5,) 


where the prime signifies that the integration is over 
all space excluding the volume 2 of a cell centered at r, 


(7 jx; 5.) = 


and 
1 if rjx/vE< 3 


5(rj/v) = | 


0 otherwise. 


The asymptotic behavior of H (rj; s,) is considered in 
Appendix II. 
In the transition region the correlation function is 


Lim(xj;x,)=y Lim{cos[(2r/N)(k— 7) ]} 


N+ N--@ 


+H (r j¢5 54). (6.22) 
For any two cells for which 7;,/v' is not of order N, 
the first term equals y and is independent of rj. Thus 
the correlation function between two cells does not 
approach zero for large separation distances, but 
approaches the value —.S/a—/(—S,v)/2. In Fig. 7, 
y is one-half the vertical distance between /(—5S, v) 
and the line —2.S/a. As the volume is decreased through 
the transition region along an isotherm, y goes from 
zero at the beginning of the transition region to a 
maximum value and back to zero as we come to the 
end of the transition. 

The existence of this constant correlation is to be 
expected for the condensation process. To interpretate 
the significance of the constant correlation we investi- 
gate a more detailed distribution function, namely, the 
average number of particles in the &th cell for a fixed 
number of particles in the jth cell. The correlation 
function (x;x,) is related to this quantity, which we 
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denote by (nx)nj =n, 


(6.23) 


1+-(x jx, 


N 
‘nn)= > n(ng)nj=n. 
n=l 


In this work, the occupation numbers {n,} are treated 
as continuous, and allowed to become negative, so that 
(ning) = So?n(ny)nj =ndn 

After a straightforward calculation, using the tech- 


nique described in Sec. 5, we obtain, 


(2xa)~$ exp[ — (n—1)*/20 ] 


x{1+(n 


(ny)nj n 
(6.24) 


1)(xjx,)/o |. 
Inspection of (6.24) reveals the following facts. If 
there is one particle in the jth cell, then the average 
number in all other cells is independent of their location. 
If the correlation function were zero then this 
would also be true for every value of n. The effect of 
positive (x;x,) is to increase (ny), if m>1, and to 
decrease (n,), if 1<1. The important difference between 
the behavior of (7,), in the normal and in the transition 
regions is due to the existence of the constant term y 
for (x ;x,) in the transition region. For the same n and k, 
(ng)n in the transition region is everywhere larger than 
(ny), in the normal region, if n>1. If n<1, then (7%), 
in the transition region is everywhere less than (7,)n 
in the normal region, for the same » and k. For very 
large distances in the normal region, (#,),—>(210)~! 
exp —(n—1)*/20], while in the transition region 


(X jXE) 


1)?/20 |[1+ (n—1)y/e ]. 


(ny) n> (290) * expl — (n 


Thus the presence of the term in the transition region 
shows that a deviation from the average number of 
particles in a cell induces deviations of the same sign 
even in cells which are very distant. 


7. DISCUSSION 


We shall attempt to analyze, at least briefly, each of 
the approximations made in Sec. 3. 

(1) It isassumed that the total potential energy is the 
sum of pair interactions and that the potential energy 
of interaction between a pair of particles depends only 
on the distance between the pair. Although it is obvious 
that this assumption is not generally true, it is very 
nearly true for the noble gases. The status of the 
condensation problem being what it is, it is unnecessary 
to introduce any further complication of the force law. 

(2) It is assumed that U(r,;)=U(Rim) when two 
particles i and 7 are in cells k and m and Rem is the 
distance between cell centers. This assumption becomes 
poor when R,,, is in a range where U(Rx») is a rapidly 
varying function of Rim. We believe, nevertheless, that 
the particles will feel an average potential which will 
have the same qualitative behavior as the molecular 
potential. In other words, it is a mistake to pick the 
value of U(Ry») from the molecular potential if quanti- 
tative agreement is desired, but quantitative agreement 
might be possible by reasonable adjustment of the 
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molecular potential. Such adjustment would be de- 
pendent on cell size. We do not believe that this 
adjustment would qualitatively damage the conclusions 
of our approximation. 

The choice of the specific volume as the cell size was 
made to effect a compromise between this approxi- 
mation (2) and approximation (4). Approximation (2) is 
favored by rv and approximation (4) is favored by 
TAA. 

The choice of the ceil size may play a really important 
role. For example, the van der Waals’ loop is in part 
due to choosing v as the cell size. It is necessary to 
develop a more accurate description of a rapidly varying 
U(R) in order to lessen, and perhaps remove, the 
instability in our approximate partition function, 
Furthermore, this choice of v may also have destroyed 
the liquid-solid transition. The consequences of an 
arbitrary cell size are being closely studied. 

(3) It is assumed that if W,, the average interaction 
energy for n, particles in a cell of volume equal to the 
specific volume is represented as W,=3nx(ny—1) Wo, 
then Wo is independent of n,. The definition of W, 
(3.3), shows that this is qualitatively possible for 
specific volumes sufficiently small so that the potential 
energy between two particles in the cell is always 
positive. For large specific volumes, the cell diameter 
is equal to, or larger than, the range of the forces. Then 
this relation still holds for small n,, when W, is negative. 
However, WW, must become positive for large nx, and 
therefore Wo is not qualitatively independent of n,. To 
assign to W») the value obtained for small , does not 
properly account for the repulsion due to close packing. 
However, it can be demonstrated that for these large 
volumes, HW, can be more closely represented with a 
slightly different quadratic dependence on the nx, but 
with no significant changes in the behavior of the gas. 
Since Wo becomes important for small volumes when 
our approximation is a good one, this assumption is 
not considered as affecting the general results obtained. 

(4) This assumption replaces the sum over lattice 
points by a continuous integral. This is a serious 
approximation in that this can change the nature of the 
transition. As evidence for this statement, we can point 
to the relation between the Ising model and spherical 
model of a ferromagnet.? This means that the entropy 
may play a singular role that is not present in our 
model. A further consequence of this assumption may 
be the nonappearance in the model of the liquid-solid 
transition. 

5) The replacement of the hyper-hedron by the 
hyper-sphere as a region of integration is again a serious 
assumption. The advantage of this assumption is that 
it enables us to evaluate the multidimensional] integral. 
The reasonableness of the assumption is based on the 
view that a very large number of important occupa- 
tional configurations are included. The significant defect 
in the assumption is that many configurations having 
negative occupation numbers are also included. The 
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obvious effect is that the sign of the interaction energy 
is reversed for two different cells having occupation 
numbers of opposite sign. This aspect may not be too 
damaging, for it gives rise to a repulsion when particles 
are in attractive range and so it is not likely that this 
assumption is responsible for the instability of the van 
der Waals’ loop obtained at sufficiently low tempera- 
tures when the particles are essentially attractive. In 
fact, a purely repulsive potential does not lead to any 
instability, which we would expect if negative occupa- 
tion numbers played a spectacular part. The damaging 
aspect is that it spoils the configurational entropy. This 
is seen by the fact that use of the hyper-sphere requires 
the introduction of a weighting factor. We believe that 
any simple-minded use of a weighting factor will not 
change the qualitative nature of our results. We also 
believe, however, that the exact problem implies a 
complicated, probably singular, configurational entropy 
which could easily modify the mathematically delicate 
transition mechanism. 

(6) The approximation I'(n+1)~exp[an(n—1)] is 
not qualitatively significant. If we choose a=0 we 
uniformly weight all configurations and if we choose 
a=} In2 to fit n=2 in addition to n=0 and 1, then we 
reduce the weight of configuration involving large n. 
The latter choice of a is equivalent to a weak repulsive 
force and cannot qualitatively influence the conden- 
sation phenomena. 

(7) The assumption of periodic boundary conditions 
eliminates the possibility of discussing surface behavior. 
Since we expect the condensation phenomena to be a 
volume phenomenon, this assumption does not intro- 
duce a qualitatively significant influence. 

The main idea of this work was to show that a not 
entirely unreasonable approximation to the exact par- 
tition function of an imperfect gas can be made which 
exhibits some of the very general aspects of conden- 
sation. An important point of the approximation was 
to preserve, at least in part, the cooperative nature of 
the phenomenon. 

We are of the opinion that it will be difficult, in our 
approach, to improve assumptions (4) and (5), and 
this greatly handicaps further progress along the lines 
set down here. We think that some progress can be 
made by refining the cell size. This will give a better 
estimate of the interaction energy and it is possible 
that stability will be achieved. It is also possible ‘that 
the solid may appear. We think that the lack of a 
mechanism yielding a constant pressure during conden- 
sation is a serious defect of our approach, and one 
which we are presently unable to illuminate. 

Since the approximation yields a partition function 
for the liquid which is stable and otherwise qualitatively 
proper, it is our view that useful applications to the 
liquid state are not improbable. 


GAS 


APPENDIX I: ANALYTIC BEHAVIOR AT 
TRANSITION POINTS 


This appendix shows that 6°p/dv’ is discontinuous at 
the transition points. Complete mathematical rigor is 
lacking but can obviously be supplied where needed. 
Define Ap(v%, v2)= — p(v1)+ p(v2), where 2%, v2 are vol- 
umes close to a transition point, v’; 2; is in the transition 
region, v2 is outside. We are interested in Ap(v’, v’) 
which is the limiting behavior of Ap as 2%, v2’ from 
their respective sides of v’. From (6.1) and (6.2), 


Ap(v, V2) 


| 4 fy dw OA =| 
. 2 (21) S,ta+BA(w) dv Ive 
1 1 1 1 OW o ou 0 OA 1 OA 1 
Pe 
B Ve 2 Ov Ove Or, Ove 


v1 P4 


jit dw AA (w) 
Hall Ss 
2 (2r)'J . -S+a+BA(w) dv 
aay S 1 1 dw 
~The es r 
dvla 2 (27) . h + a + BA(w) v1 
0 


(1.1) 
Let A=A,+F(w,v). For small w, F(w,v)= f(v)w* 
+O(w*), which defines f. Let 2 be a value of w for 
which the term O(w*)<f(v)w*. At v2, the saddle point 
iS $,; aS 0", 5S, - S. Regard v2 sufficiently close to 
vo’ so that we can express s,=—S+e(v) with (2) 
<B f(v)Q*. Considering the first bracket in (I.1) 


i? #2 do Nw) 
9 rey an a LBA(w) Ov 
11 eee do sah oF 
. 2 re! = Ov , =| 


2” 


OA, s, 1 1 fff dw OF 
Ov a 2 (2m) e+6F dv 


OA, = Sa € 1 1 of 2 widw 
ete ie 
ov a 2 (2m) dvd) € +B fw 


c 
2n 
dw OF 
BF dv 
2 
In the above we have split the integration [\S f?"dw 
into two regions, 44 fo*w’dwt+ SS ft?"dw. In the first 
region the integrand was spherically symmetric and we 
neglected a term in the denominator O(w*). In the second 
region we neglect € in the denominator since «<6 f? 





200 BERLIN, 


Treating the second bracket in (1.1) in a similar way 


gives 
0A, 1 1 of Q 
)= Lim| ( - )e 
0 Ov > / 2r)? Ov 1) BSP 


eee 
Serer 


Q/Ve 


Ap(v’, 1 


where 


d 
j-f —_ 
o 148f¢ 


Calling the two parentheses A, B, respectively, 


ra] de 3 de 
Ap(v’, v’) Lim(4 Bé ), 


Ov ov 2 Ov 


* Oe 3 1 fde? 
Ap(v’, v’) Lim( 4 +-B ( ) 
Ov" +70 jo? 4 eX An 


3 ae 
-~Bei— ) (1.4) 
2 Ov? 


where A, B and their two first volume derivatives have 
been assumed finite. 


To get an expression for e and its derivatives, 


consider the saddle point equation, 


1 oy dw 
eet 
(2r)3J J J 5,4+a+BA(w) 


This can be 
above 


rewritten by the approximations used 


se dw | 
+f f Jab 
a BF | 
2 
-~ J o2 ordw 
+ 4ar | 
Bf Jo Bfw* 


SS SE} 


J is defined in (1.2); the upper mre of integration 
becomes infinite as e—0. Disregarding terms of order 
greater than e!, we can write (1.5) as 


freer de 25 
(sf fee) 
J J F a 
Differentiating, 


al (ff fee) 
cern ee 


+ ] u w'dw 
2(—S+e)/a 


(Qn)*1J +8 fw 


WiTrren., 


AND GERSCH 
This vanishes as e—0. A second differentiation will 
yield the following term, which will not vanish as e—0: 


Oe dw vai 2B OA, 
Lim =2(~ CE ==). as) 
0 ay i dv 


The vanishing of ¢ assures the continuity of the pressure 
at the transition points; the vanishing of d¢€/dv as «0 
assures the continuity of dp/dv by (1.3); the non- 

vanishing of 0?€/dv” shows that 0°p/d0" is discontinuous 


(1.4). 


APPENDIX II: CORRELATION FUNCTION 


In this appendix, some special features of the function 
H(rjx;5,) defined by Eq. (6.14) are considered. This 
function satisfies an integral equation which can be 
obtained in the following way. Introduce 


1 «v+1)/2 cos[(24/N)(k— 7) (m—1) ] 
hj, > . EE 
N m= 5,ta+Ba,, 
Then 
H (7 jx3 Ss) = Limh jx. 
N—+-0 


Multiply both (11.1) by (2%/N)(k—J) 
X (m’—1)] and sum over k from 1 to N. One gets 
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Substitute for A,,- its definition, 
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Then (11.2) becomes, choosing j7=1 for simplicity, 
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cos] —(p—1)(m +1) (11.3) 
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Multiply both sides of (11.3) by cos{(2x/N)(q—1) 
X (m—1)] and sum over m from 3 to N—1. For q#1, 
there results 


1+2 cos[(2r/N)(q—1) ] 
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while for g=1, 
1 N-3 B N/2 ; 
hy,= ; emamaiencatiieed - hyWU 14. (11.5) 
2 N(s,+a+8a;;) (s,t+a+ fBaj;) t=! 
In the limit V+, replacing the sums with an integral, 
5(r 5x ‘y) B 
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1 if rj.<v! 


+-a + Bay) 


where 
O(r jx ‘y) = | _ 
0 otherwise, 


and the prime on the integral signifies that the inte- 
gration is over all space excluding a volume ov centered 
at rx. Consider the case when U(r)=0 for r>Ro. The 
asymptotic value for H(r;,;s,) can be obtained in the 
following way. If H(rjx-; 5.) in the integrand of (II.6) 
is expanded in a Taylor series about 7; and integrated 
term by term, 


5(r jx ‘y}) B 


2(s,+a+ Bai) 


2 [AH (rj) ] j 
x= ff [rere udare, (11.7) 
n=0 (2n) !(2n+-1) . 


where A is the Laplacian operator. All the integrals 
can be expressed in terms of derivatives of A(w) at 
w=0 by 


d?"h(w) 1 
(“ ) = (—1)* 
dw" ce (2n+1)v?"/8 
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Introducing this in (11.7) and putting pje=rjx/v!, 
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For large pjx, we expect H (pj) to depend on distance 
only, so that if we put f(p)= pH (pj), then 


1 a?" f (pix) 
p dp" 


*P then (11.9) becomes 


MH (pix) = 


If further we assume {(p)=e 
a8 (—1)" sd*"X(w) 
5,+a+fa,,)= —B > ( ) a?" 
n=o (2n)!\ du J, 


-BX (ta). (11.10) 


Replacing ia by Z, we have for the form of the function 
H(rjx;5,) at large distances 


exp(— 1Zrj,/v5) 
H(rjx35,)=A : 


V ik yt 


(17.11) 


where Z is determined from s,+a+8a,,;+BA(Z)= 0. 
In the gas region Eq. (II.10) has two equal and opposite 
roots, with Z imaginary, Z= -+-iy. We then have for 
large rjx/v', 
exp(— yrjx/v!) 
H (9 x3 5,)=A . on, 
T ik, vt 


where A is a positive constant which can in principle 
be determined from Eq. (II.1). As the transition region 
is approached, these two roots approach the origin. In 
the transition region, Z=0, and H(r jx; 5.) = A (rjx/v!)™. 
In the liquid region close to the transition region we 
have again Z= -+iy, so that H/(rjx,5,) has the same 
asymptotic form as in the gas region. We believe that 
the correlation function has oscillatory behavior at 
small distances and that it in general has the required 
characteristics. 

The correlation function may be evaluated exactly 
in a one-dimensional system with nearest neighbor 
interaction only. The characteristic behavior to be 
expected of the one-dimensional system is found. 
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The Decay of Ta'**f 


J. W. M. DuMonp, H. C. Hoyrt,* P 
California Institute of Technology, 
Received August 12, 


KE. MARMIER, AND J. J. MurRAyY 
Pasadena, California 


1953) 


N a previous paper’ the presence of a y line decaying with a 
half-life of the order of 10 days was reported in connection 
with the decay of 112-day Ta!!? 
trometer, a photographic y-ray spectrometer, and the B-ray spec 


Using the curved crystal spec 
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trometer, we have investigated a strong source produced by 
irradiation of Ta in the Arco (Idaho) reactor.? Our results show a 
number of y lines associated with a 5.2+0.1 day half-life. This 
half-life can be ascribed to the decay of Ta'*, formed by two 
successive neutron captures in stable Ta!*!. Mihelich® recently 
gave a value for the thermal neutron cross section of Ta'*, using 
the intensity ratio of two lines, one in Ta'**, the other in Ta'®, 
Our preliminary estimation is based on the ratio of B-spectra 
intensities of Ta'*? and Ta'™, and gives a value 
og. > 10000 barns 


for this cross section. Table I lists the energy, wavelength, and 
relative intensity obtained for 21 lines. The associated B~ spectrum 
has an end point at 558410 kev, but we have no evidence that it 
is simple. In spite of the fact that several energy combinations are 
possible among the y-lines (A+B=D, O0+]=U, R+E=U, 
Q+F=U, N+E=T, D+M=S, F+B=L, B+E=J---) we 
do not believe that a coherent decay scheme can be constructed 
using these data only. Further investigations are planned. 
with the U. S. Atomic Energy Commission, 
the U. S. Office of Naval Research, and the Office of Ordnance Research 
* Now at Los Alamos Scientific Laboratory, Los Alamos, New Mexico. 
1 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952 
2We gratefully acknowledge the efforts of Dr. W. B. Lewis in arranging 


the irradiation in the material-testing reactor 
3 J. W. Mihelich, Phys. Rev. 91, 427 (1953). 
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Magnetic Inelastic Scattering of Slow Neutrons* 
H. PALEVSKy AND D. J. HUGHES 
Brookhaven National Laboratory, Upton, New York 
(Received August 10, 1953) 


N studies of crystal structure by neutron and by x-ray diffrac 

tion, the intensities of the Bragg maxima are reduced by 
thermal diffase scattering. This reduction is given, both for 
neutrons and x-rays, by the well-known Debye-Waller factor. 
The thermal diffuse scattering differs somewhat for neutrons as 
compared with x-rays, however, because the large mass of the 
former implies a substantial energy change of the diffusely scat- 
tered neutrons. The energy changes of the neutrons, which need 
not be considered in diffraction work, are of great importance 
when extremely slow neutrons are scattered. For incident neutrons 
in the wavelength range 5-20A, the thermal or inelastic scattering 
consists almost entirely of energy gain by the neutrons. Under 
these conditions, the inelastic scattering cross section is propor 
tional to A; hence it is easily separated experimentally from elastic 
scattering, which is independent of A. In addition, the coherent 
part of the elastic scattering disappears for wavelengths longer 
than the crystal cut off (twice the longest spacing of lattice planes). 

Although measurement of the actual! energy gain of the scattered 
neutrons would give the most direct information on the lattice 
vibrations in the scattering crystal, results so far in the long- 
wavelength region have consisted mainly of total cross sections. 
The total cross sections can be calculated from the Debye spectrum 
of lattice vibrations but the calculation is exceedingly com 
plicated for any but the simplest crystals. If it is assumed, how- 
ever, that the inelastically scattered waves from different atoms 
do not interfere (the incoherent approximation), the calculations 
can readily be carried out.' The calculated inelastic scattering 
using the incoherent approximation is in reasonable agreement 
with experiments** for beryllium, aluminum, and copper, for 
example. Although quantitative discrepancies occur for lead 
and bismuth, the qualitative variation of the cross section with 
temperature and wavelength is correct. 

The scattering of iron exhibits a behavior that is not in agree- 
ment with the theoretical calculations, however. Early experi 
ments®:* at room temperature indicated that the inelastic scat- 
tering of long-wavelength neutrons is slightly in excess of the 
theoretical value, but the excess was extremely difficult to deter- 
mine because of the large capture cross section, which is also 
proportional to A. Measurements of the iron cross section at long 
wavelengths have now been extended to sample temperatures 
well above the Curie point, using the Brookhaven slow chopper. At 
high temperature the observed inelastic scattering, identified by 
proportionality to A, rises rapidly above the theoretical lattice 
vibration value. The results are shown in Figs. 1 and 2 as functions 
of wavelength and sample temperature, compared with theory.!? 
The inelastic scattering is obtained from the measured total cross 
section by subtracting the 1/v capture as well as a slight nuclear 
incoherent contribution (0.4 b). 

The excess scattering in iron is certainly inelastic because of 
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its proportionality to \. The fact that the excess scattering shows 
a change in slope at the Curie point indicates that it also is re- 
lated to the magnetism of iron. It thus seems certain that the 
additional scattering found in iron is magnetic inelastic or “spin 
wave” scattering, of the type calculated by Moorhouse’ for low 
temperature. Unfortunately, the calculation of magnetic inelastic 
scattering at low temperature, based on the spin-wave theory, 
is difficult to extend to the region of the Curie point. Recent 
calculations by Van Hove,’ however, indicate that the shape of 
the experimental temperature curve near the Curie point is con 
sistent with theory. 

The scattering above the Curie point is interesting because 
of its relationship to the structure of iron in the paramagnetic 
region. For example, if iron were an ideal paramagnet above the 
Curie point in the sense that the unaligned spins were uncoupled, 
then typical elastic paramagnetic scattering would be expected. A 
form-factor variation with wavelength would be observed, with a 
leveling off of the scattering at a value of 5 barns for long wave- 
length (greater than 20A). As there is no evidence for this form 
factor behavior, the spins are evidently coupled strongly enough 
so that an energy gain always occurs at scattering, a gain that is 
large compared to the neutron energy. The similarity of the ob- 
served scattering above and below the Curie point, and the lack 
of paramagnetic scattering at high temperature, is in line with a 
suggestion of Van Hove? that the magnitude of the energy change 
is fixed by the exchange integral, regardless of the long-range 
order that determines the ferromagnetic or paramagnetic nature 
of iron. The spatial arrangement of the magnetically active elec 
trons in the atoms must also be closely similar both above and 
below the Curie point. This conclusion is reached because the 
atomic-form factor, which affects the inelastic scattering in a 
sensitive way, evidently does not change markedly at the Curie 
point. 

We have benefited greatly in this work by discussions of scat 
tering and magnetic theory with G. Placzek, L. Van Hove, and 
J. Goldman. The assistance of R. R. Smith in taking some of the 
data is gratefully acknowledged. 
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The Sequence of y Emission in Triple Correlations 


E. J. HELLUND AND J. M. Jaucn* 
Argonne National Laboratory, Lemont, Illinots 
(Received August 6, 1953) 


IEDENHARN, Arfken, and Rose! have noted that angular 
correlation data in certain cases can fix the nuclear decay 
scheme uniquely. However, they also discuss an example of a 
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triple correlation where the sequence of the last two y’s is not 
determined by the correlation function. This is the reaction 
B"(p,y:y2)C” in which the last two y’s are emitted according 
to the scheme (2 D1 D0). 

We shall prove the theorem that the same ambiguity is present in 
the more general y cascade { jo (2 pole) ja (2” pole) L (2” pole’ 0}. 
lhe spins of the levels are (jo, ja, L, 0), and the symbol 2” denotes 
the multiple order of the emitted radiation. 

The same conclusion holds if, in the place of the 2° pole emis 
sion, one has to do with a particle capture followed by the emission 
of two gammas as in the triple gamma cascade. 

There is some practical interest in the cascade of three gammas 
for the spins 6, 4, 2, 0. Kurath? has described a discrepancy in the 
decay scheme of Sc* that is resolved only by the assumption that 
the product Ti** decays by a triple gamma cascade. Experimental 
verification of the existence of the three gammas has been re 
ported.? Unfortunately, the remaining uncertainty in the decay 
concerning the order of the last two gammas, according to the 
theorem to be proved, cannot be determined by angular correla 
tion. An example wherein the ambiguity concerns the order of 
the first two gammas in a triple cascade is furnished by Cr®. 
Here, in principle, angular correlation can establish the correct 
order of the transitions. 

For the proof of the theorem we start with the general expres 
sion for the triple cascade as given by Coester and Jauch.* The 
formula given there is valid for particle or photon emission and 
also includes general mixture of multipoles. If we specialize to the 
case of pure multipole emission, we obtain the triple angular 
correlation function in the form: 

W (Q9Q,Q)=const LY LZ 2 
E8265 jain kokike ning 
X Dnoo* * (hoA0) Dn 0" (p00) Dn20*? (620) 
x (Jala | I (jot Lolo) | Ok )(JaJa| I (jojoLiLiko) kok;) 
XK (Rekinons | Romo) (Jofo| 0 (GejeleLaks) | Oke) | Ria(EoeiEaps) |?» (1) 


Cko(£o) Chi (£1) Cha (Ea) 


The spins of the four nuclear levels involved are denoted by 
Jo, lay Jo, and je. The multipole order of the three transitions is 
Lo, Li, and Lz. The I’-coefficients are certain sums over Racah 
coefficients and are defined in Eqs. (B5) and (B6) of their paper. 
The variable & denotes the set of quantum numbers needed to 
specify the emitted radiation. Thus for photons & is the multipole 
order ZL and the parity. 

Equation (1) may be written in the form 


W (Q]42,Q2) = 2 Y nyng**2 (ho) Dny0*! (p,0,0) Dn20** (p20), (2) 
ky kenyne 
from which it follows that the necessary and sufficient condition 
that 
W (262,22) = W (Q422,) (3) 
is that the coefficients Xn:n2*'*? satisfy the symmetry relation: 


Xnyngki*s = X non, *2*1, (4) 

This relation implies, first of all, on account of the coefficients 
Cx(£) in (1), that 

L,= Ls. (5) 


Next we see that the last of the I coefficients in (1) must be 
independent of kz. This coefficient is given by 
Ciojoll (jeicLaLeke) | Oke J= (—1)¥2tibmicmha 

X (2jo t 1) (27. t 1) SW (joLojoLo; jck2), (6) 


and the condition that it be independent of k2 implies 7,=0 and 


consequently j,=L2.=L;. The rest of the coefficients are then 


symmetrical, and the theorem stated at the beginning is proven. 
* Permanent addre Department of Physics, State University of Iowa, 
Iowa City, Iowa 
Biedenharn, Arfken, and Rose, 
21). Kurath, Phys. Rev. 87, 528 
1 Hamermesh, Hummel. Goodman, ; Engelkemeir, Phy Re 87 
528 (1952); Sterk, Wapstra, and Kropveld, Physica 19, 135 (1953 
4F, Coester and J. M. Jauch, Helv. Phys. Acta 26, 3 (1953), especially 
Eq. (38), p. 11 
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The Total Disintegration Energy of P*’; 


Hittiary Roperick, Stanford University, Stanford, California 
AND 
Catvin WonG, Kellogg Radiation Laboratory, 
California Institute of Technology, Pasadena, California 
(Received August 5, 1953) 


R ECENT work! on the decay scheme of 4.5-second P® made it 
advisable to the disintegration energy of P® 
for calculation of the ft values for the various transitions of Si**. 
Previously, the disintegration energy of P® had not been well 
determined. White ef al.? investigated the end-point energy of the 
8* spectrum, using a cloud chamber in a magnetic field, and ob 
tained a value of 4.65+0.07 Mev for the disintegration energy 
(8* end-point energy plus 1.022 Mev); Peck*® and Mandeville 
et al. measured the QV of the Si8(d,n)P® reaction and found 
—0.80+0.10 Mev and +-0.29+0.04 Mev, respectively, which 
leads to a P® disintegration energy of 6.2640.10 Mev and 5.17 
+(0).04 Mev, respectively, (using the Q of the Si#*(d,p)Si® reaction 
as 6.2464-0.008 Mev).® 

P® was produced in the Si®*(d,n) reaction by bombarding a 
4.5-mg/cm? quartz target, mounted in the focal plane of a lens 
type beta-ray spectrometer,® with deuterons from the Kellogg 
3-Mev electrostatic generator. Normalization was based on the 
fact that a given amount of bombardment charge produced a given 
total number of positrons. The charge was measured with a con 
ventional beam integrator. Based on the above normalization 
principle, the following cycle was used throughout: With the 
counter on, the target was bombarded until the integrator fired 
(about 8 seconds). After the end of the bombardment, the radio 
activity was counted for an additional 13 seconds. Next the back 


ground was measured by counting for 20 seconds after a 27 


determine 


second wait. 
The above 68-second cycle insured that the P® starting target 
was “cold” and that the background was monitored. The back 


ground activity consisted mainly of P® (~3.5-Mev positrons) 


and F!? (1.7-Mev_ positrons). The P® (150-sec half-life) did not 
build up appreciably (less than 1 percent of P® counts) because 
of the short bombardment time. The background produced by 
prompt positrons from pair production was shown to be negligible 
by reversing the spectrometer current and measuring the prompt 
electrons. 

Two sets of measurements were made with the deuteron energy 
below and six above the O'"(d,n)F!" threshold. The effect of source 
thickness was measured by putting a very thin source of carrier 
free P® on the target and measuring the B~ spectrum with the 
target as a source backing and then allowing the electrons to pass 
through the target. The end-point energy shift was 9 kev and the 
P* end point was measured as 1714+4 kev.® 

Figure 1 shows a typical Fermi-Kurie plot of the positron 
spectra of P®, The break’ from a straight line at ~2.6 Mev is 


Mev) 


Fic. 1. A typical Fermi-Kurie plot of the positron spectra of P®. The 
weak positron branch to the 1.28-Mev excited state of Si® is also shown 
along with its limiting branching ratios 
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caused by the branch! to the 1.28-Mev excited state of Si”. The 
2-5 percent branching ratio observed here is consistent with the 
1.5+0.7 percent obtained from y-ray work.! Least-squares 
analysis of the six most reliable sets of data between 2.8 Mev and 
3.6 Mev, assuming a straight line Fermi-Kurie plot, yielded a 
pesitron end-point energy of 3.945+0.010 Mev.’ 

With this value, tke disintegration energy of P® is 4.967 +0.010 
Mev; the ground state Q of the Si?*(d,n)P” reaction is +0.497 
+0.013 Mev; and the mass of P* is 28.990984+36 amu.® The log 
ft values of the P® positron transitions to the ground state, the 
1.28-Mev level, and the 2.43-Mev level of Si” are 3.73+0.03, 
4.7+0.3, and 4.4+0.3, respectively.! 

The authors wish to thank Professor W. E. Meyerhof for sug- 
gesting the problem and for many helpful discussions. Mr. Rod- 
erick wishes to express his thanks to Professor R. F. Bacher, 
Professor C. C. Lauritsen, and Professor W. A. Fowler for making 
available to him the facilities of the Kellogg Radiation Laboratory. 
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The Attenuation of Second Sound above 1°K 


K. R. ATKINS AND K. H. Hart 
Department of Physics, University of Toronto, Toronto, Canada 
(Received August 3, 1953) 


E have measured the attenuation of second sound in liquid 
helium at frequencies of 10, 20, and 30 kc/sec over the 
temperature range from 1.1°K to 2.1°K. 

The transmitter was made by winding a chromel-A wire back 
wards and forwards on a square Plexiglas frame. As the wave- 
length of the second sound was sometimes as small as 0.5 mm, 
care was taken to confine all the wires to one plane to within 
0.1 mm. The receiver was made in a similar way from phosphor 
bronze wire kindly supplied by the Kamerlingh Onnes Laboratory 
at Leiden, Holland. An arrangement of three screws enabled the 
transmitter and the receiver to be aligned parallel to one another 
to reduce diffraction effects. In order to measure the attenuation 
at a fixed frequency, a pulsed continuous wave was used with a 
pulse length of one to two milliseconds and a carrier frequency of 
10, 20, or 30 ke/sec. The principle of the method was to measure 
the variation in size of the received signal as the distance between 
the transmitter and receiver was varied from 4 cm to 14 cm. 
The receiver amplifier incorporated a narrow band filter to im 
prove the signal-to-noise ratio and a calibrated attenuator which 
was adjusted until the received signal was equal in amplitude toa 
comparison pulse derived from the transmitter input pulse. To 
make the comparison, both signals were clipped and then inte- 
grated by feeding them onto the plates of two large condensers, 
and the difference voltage was displayed on a galvanometer. 

The attenuation was found to increase appreciably with in 
creasing input into the transmitter. This effect requires further 
elucidation, but it may be the result of either shock-wave effects 
or the force of mutual friction between the normal and superfluid 
components postulated by Gorter and Mellink.! However, the 
attenuation extrapolated to zero input had a finite value ao, the 
value of which at 20 kc/sec is plotted against temperature in 
Fig. 1. In this figure the broken curve shows the attenuation to 
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Fic. 1. Attenuation of second sound at 20 kc/sec extrapolated to zero 


input. O, experimental results; , expected from the viscosity ot the 
normal component; =, Khalatnikov's latest theory. 


be expected from the viscosity of the normal component? while 
the full curve shows the attenuation which Khalatnikov‘ suggests 
might arise from a mechanism similar to ordinary thermal con 
duction, In order to avoid losses at the wall the second sound was 
not confined to a tube, and ay therefore includes a contribution 
arising from the spreading of the beam. As the velocity of second 
sound varies very little between 1.1°K and 1.6°K we have 
assumed that this contribution is approximately independent of 
temperature and have displaced the theoretical curves upwards 
through a suitable distance. At 10 kc/sec and 30 kc/sec it was 
more difficult to make the extrapolation to zero input and to 
evaluate the beam-spreading correction, but the results indicate 
that the small amplitude attenuation varies approximately as 
the square of the frequency. 

Initial results above 2°K give smaller attenuations than those 
quoted by Pellam,® but the variation of attenuation with ampli 
tude has not yet been investigated in detail 

We should like to express our gratitude to Professor J. M 
Anderson and Professor R. W. McKay for assisting with the 
design of the electronic equipment. 

1C, J. Gorter and J. H. Mellink, Physica 15, 285 (1949). 
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*R. B. Dingle, Proc. Phys. Soc. (London) A63, 638 (1950). 


M. Khalatnikov, J. Exptl. Theor. Phys. (U.S.S.R.) 23, 34 (1952) 
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Angular Correlation between the First and 
Third Gamma Rays in Ti‘*t 


AND P.S 


JASTRAM 
VUissours 


C. E. WHirte 
Washington University, St. Louis, 
(Received August 3, 1953 


HE angular correlation function for the cascaded gamma 

rays of 1.32 and 0.99 Mev in Ti** that follow the positron 
decay of V* has previously been reported.'! The measurement has 
since been repeated by two independent investigations,?* results 
of which confirm the spin assignment 0-2-4 for the first three 
levels of Ti*’. In addition, negatron decay of Sc is found*® to 
yield a third excited level in Ti**, lying about 1.05 Mev higher 
than the second excited state. On comparing the gamma-ray 
spectra of Sc’ and V* in a scintillation spectrometer we find, in 
agreement with Sterk e¢ al.,5 that the 1-Mev peak is broader 
and has its maximum displaced to a slightly higher energy for 
the scandium than for the vanadium. This indicates the presence 
of an additional gamma ray in the scandium decay, of slightly 
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higher energy than the 0.99-Mev quantum but too close to be 
resolved as a separate line in the scintillation spectrometer. 
Measurement of the coincidence rate between the 1-Mev and 
1.32-Mev peaks, with suitable normalization for single counting 
rates and use of an empirically determined correction for variation 
of scintillation counter efficiency with energy, has confirmed the 
result of Hamermesh ef al.‘ that the 1.05-Mev line in the scandium 
decay is in cascade with the 0.99- and 1.32-Mev photons. The 
experiments of Peiper® and Harvey,’ using respectively d-p and 
p-p reactions to determine the nuclear energy levels in Ti‘, 
give further support for these results and fix the order of the 
gamma rays to be, in order of emission, 1.05, 1.32, and 0.99 Mev. 

We have measured the angular correlation function between 
the first and third gamma rays. The experimental arrangement 
used was similar to that described in reference 1, except that 
Nal(T]) scintillators and differential pulse height selectors were 
used in order to accept only pulses in the 1-Mev peak. Coincidence 
rates were determined with one of the pulse-height channels set 
below and then above the 1-Mev peak, in order to insure that 
the measured coincidence rate and corresponding angular correla 
tion was not between “‘1-Mev” lines and the 1.32-Mev Compton 
distribution, the end point of which lies at 1.1 Mev. The points 
in Fig. 1 show the 0.99-1.05 Mev coincidence rate as a function 
of the angle. The data are in agreement with the distribution’ 


W (0) =1+0.102P2(cos@) +-0.0091 P,(cosd), 


which holds when all three gamma rays are quadrupole and for 
spin assignments 0-2-4-6 for the ground state and first three 
excited states of Ti*’. The same distribution is predicted for any 
order of the gamma rays; hence this is a case in which the first 
and third gamma-ray correlation cannot determine the order of 
emission. Curves computed by use of the coefficients given by 
Arfken, Biedenharn, and Rose® are shown for other possible 
values of spin for the third excited state. 

Kurath® has pointed out that in the shell model based on 
jj coupling and static central-force interactions between nucleons, 
a nucleus such as 2Sc*, with 1 proton and one neutron-hole in 
the 1ft2 level, should have a ground-state spin of either the 
maximum possible value or one less than the maximum. The 
spins of the first four Ti** levels, together with the allowed classi 
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Angle Between 
Fic. 1. The angular correlation between the first and third gamma rays 
in Ti’, Comparison of the experimental points with curves plotted for 
alues of the P2 and P coefficients given by Arfken, Biedenharn, and Rose 
for four possible choices of the spin of the third excited state in Ti*® estab 
lishes that this level has spin 6 and decays by quadrupole radiation. 
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fication” of the 0.64-Mev beta decay of Sc and the absence of 
higher energy groups, require that the Sc ground-state spin be 
either 6 or 7, in full agreement with Kurath’s prediction. The 
experimental evidence does not indicate which spin is the more 
likely. 

On the basis of the polarization-direction correlation" between 
the 0.99- and 1.32-Mev photons, even parity is assigned to the 
first two excited levels in Ti*. Direct evidence for the parity of 
the 3.36-Mev level is lacking, but in view of the allowed nature 
of the scandium beta decay and the probable shell-model assign 
ment of even parity to the Sc ground state, it is probably also 
The of Sc*8 


reported to date is shown in Fig 


decay scheme consistent with all evidence 


even. 
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Alpha Activity of Sm'‘* as Detected 
with Nuclear Emulsions 
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LPHA radioactivity in the rare-earth region was first ob 

served in natural samarium by Hevesy and Pahl.' Further 
investigations of samarium proved the emitting isotope? to be 
Sm"? with an alpha-particle energy of 2.18 Mev.’ No other 
naturally occurring alpha radioactivity has yet been reported 
among the rare earths, but following the discovery‘ of artificially 
produced rare earth alpha emitters on the neutron-deficient side 
of stability, a comprehensive experimental survey and correlation 
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of such rare-earth nuclides has been made by Rasmussen, Thomp- 
son, and Ghiorso.’ This work showed that the alpha-particle 
energies for isotopes of a given element increase with decreasing 
mass number, reaching a maximum in that isotope which decays 
to the stable configuration of 82 neutrons. The effect is analogous 
to that found in the heavy element region where the maximum 
alpha energy for a given element occurs in that isotope which 
decays to the stable configuration of 126 neutrons.® 

For the element samarium, the maximum alpha-particle energy 
would be expected to occur in Sm'®, This even-even isotope is 
presumed to be beta stable since it occurs between the even-even 
beta-stable isotopes Sm'* and Sm"™8, Therefore, the absence of 
Sm™* (abundance <0.002 percent)? from natural samarium has 
een believed to be the result of its decay by alpha-particle emis 
sion with a half-life of upper limit ~108 years. 

A successful attempt to produce an amount of this isotope 
sufficient for investigation of its properties was made by intensely 
bombarding a target of purified neodymium metal of natural 
isotopic composition with 40-Mev helium ions in the internal beam 
of the 60-inch cyclotron. At a time several days after the bombard 
ment, the samarium fraction was separated through the use of a 
column packed with Dowex-50 cation-exchange resin and the use 
of ammonium lactate eluent. After the intensely radioactive 
47-hour Sm! had decayed, aliquots of the samarium fraction in 
dilute ammonium citrate solution of PH 8 were impregnated into 
Ilford C-2 and E-1 nuclear photographic emulsions for 72-hour 
exposure intervals. 

Examination of the developed emulsions with a microscope 
revealed about ten alpha-particle tracks of mean energy 2.55+0.05 
Mev. This alpha-energy value, considered together with the 
properties of the known samarium isotopes, indicates that the 
emitting isotope is Sm'® formed by (a, 2n), and (a, 3n) 
reactions. This energy for Sm'™® agrees well with that predicted 


(a, nN), 


by Rasmussen ef al. 

The beta activity of Sm! (47 hr), formed by the (a, ) reac- 
tion, and the electron capture activity of Sm™5 (410 day), formed 
by (a,n), (a, 2n), and (a, 3n) reactions, were observed quantita 
tively using a windowless proportional counter. An approxima 
tion of the total Sm'* produced was then made through yield com- 
parisons by calculating the amounts of both Sm! and Sm™5 
initially formed and estimating the ratio of the amount of Sm!" 
formed to each of these. Correlation with the observed rate of 
the 2.55-Mev alpha-particle emission gives a half-life approxima- 
tion of 5107 years for Sm", 

This value agrees, within experimental error, with the theoret 
ical half-life calculated using the formula of Preston® and Kaplan.® 
In this calculation, the value used for the nuclear radius of the 
rare-earth region was that reported by Rasmussen, e¢ al.,5 which 
was obtained through substitution of the experimental alpha 
decay energy and half-life of the even-even nuclide Gd"8 in the 
Preston and Kaplan formula. Thus 2.55 Mev corresponds to a 
half-life of 1.3107 years while 2.50 Mev gives a half-life about a 
factor of four longer and 2.60 Mev corresponds to a half-life 
about four times shorter. 

We are happy to acknowledge the cooperation of J. G. Hamilton, 
G. B. Rossi, and the crew of the 60-inch cyclotron in the helium 
ion bombardment of the neodymium, the many helpful sugges- 
tions of J. O. Rasmussen, and the assistance of W. E. Nervik in 
making the chemical separations. This work was performed 


under the auspices of the U. S. Atomic Energy Commission. 
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Systematics of Photoneutron Reactions* 
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nese the method of direct neutron detection previously 
reported,' we have measured the photoneutron yields from 
13 singly isotopic elements when irradiated with betatron brems 
strahlung at energies from threshold to 24 Mev. Four enriched 
BF; proportional counters were symmetrically placed 13.5 cm 
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Mass number (A ) 


Fic. 1. Log-log plot of Eom versus mass number 

from the target in the paraffin house of reference 1 to increase the 
sensitivity of the apparatus. Neutron yields were taken at 0.5 
Mev intervals to a statistical accuracy of better than 1 percent, 
except for the first two points near threshold, where the statistical 
inaccuracy never exceeded 3 percent. The energy of the betatron 
was stable to better than 0.1 Mev, as evidenced by repeated 
daily checks of the bismuth (y,) threshold during the course of 
the experiment. 

Excitation functions constructed from the total neutron yield 
data by the usual method of successive subtractions? show the 
characteristic large dipole resonance behavior for all the elements 
investigated. The data are summarized in Table I, where the 
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2. Width at half-maximum of neutron emission resonance 

versus neutron number 


significant parameters for the resonances are given. Here om 
represents the maximum value of the cross section, Eom the energy 
at which this maximum occurs, I" the width of the resonance at 
half maximum, and fodE the integrated cross section to 25 Mev. 
Also tabulated is the neutron yield at 22-Mev betatron energy 
for comparison with the measurements of Price and Kerst.* 

The log-log plot of Eo» against mass number is shown in Fig. 1. 
The least-squares straight line through the experimental points 
yields Eom=38.5A~°%, in close agreement with the results of 
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Cameron‘ from other data and in striking agreement with the 
predictions of Goldhaber and Teller.® 

A plot of the dipole resonance half-widths against neutron 
number (Fig. 2) shows a slow decrease in half-width as N in 


Tassie I. Summary of data. 
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creases, with the exception of four elements having unusually 
narrow resonances. The correlation of these elements, C!? (NV =6), 
V*! (N=28), Cb*® (V=52), and Bi?® (V=126), with the shell 
model is unusual for phenomena concerned with such high 
excitation energies. 

Further details of this study will appear later. 


* Supported in part by the Air Research and Development Command 
and by the joint program of the U. S. Office of Naval Research and the 
U.S. Atomic Energy Commission 
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Low-Lying Many-Particle Levels in Odd Mass 
Nuclides with 21, 23, 25, or 27 Protons 
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(Received July 13, 1953) 


| Bese LYING excited levels in odd-mass nuclei with 21, 23, 25, 
or 27 protons or neutrons are to be expected because of the 
coupling of nucleons in the fy2 state.’ 

We were able to confirm their occurrence in some hitherto un 
investigated cases with 23 and 25 identical nucleons. Our results, 
which will be discussed below, are given in Table I, together with 
other data.** 

V*:—The positron decay of Cr® was investigated both with a 
Geiger counter 8y-coincidence apparatus and with a Nal-scintilla- 
tion spectrometer. The maximum energy of the beta spectrum is 
1.47 +0.04 Mev by Al absorption, while roughly half of the posi- 
trons go to the ground-state of V®. Gamma lines of 0.060 (5 per 
cent), 0.091 (18 percent), 0.151 (12 percent), and 1.57 (5 percent) 
Mev were found (intensities relative to the total number of 
positrons). The 0.151-Mev line is presumably the crossover. 
The 1.57-Mev line is also found by O’Connor et al."° There is no 
indication of their 0.19-Mev line. Experiments are in progress 
to determine the multipolarity of the low-energy lines. 

V"!:—-The 0.325-Mev gamma line has been reported by several 
workers,‘ both in the electron-capture decay of Cr® and in the 
8 decay of Ti*'. From V(p,p’) reactions Hausman et al.° reported 
a second low-lying level at 0.48 Mev. We could not find a corres 
ponding gamma line in the scintillation spectrum, either from the 
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decay of Ti" or from that of Cr, If present, this line has an in 
tensity of less than 3 percent compared with the 0.325-Mev line. 
In addition, Kern et al.8 reported a gamma ray of energy 0.237 
Mev in the decay of C-, which so far has not been cor firmed.2. 
Ca‘ By means of the scintillation spectrometer we have con 
firmed the existence of a gamma line at 0.375 Mev. Its intensity is 
25 percent compared to the total positron intensity in the beta 
decay of Sc This line had already been reported by Haskins 
et al.” The line eparated from the Compton dis 
tribution of the annihilation line by a method proposed by A. H. 
W. Aten, Jr. The was first measured with a thin source 
and was then remeasured with the source covered by a perspex 
absorber opposite to the crystal. The intensity of the annihilation 
peak was then found Subtraction of the two 
curves, after normalization to the same annihilation peak height, 
the 0.375-Mev 
No gamma line was found by Nelson et al."* in’ the 
reactions, however, a level 


could be clearly 


spectrum 


nearl doubled 


yielded line 
Mn! 

positron decay of Fe 

at 0.370 Mev is reported.* We have investigated the scintillation 

spectrum of Fe® by the method described above, and we found 

a gamma line at 0.370 Mey with an intensity of 30 percent com 


pared to the total positron spectrum, which classifies the transition 


gamma 


From (p,n 


to this level as allowed 


Application of Edmonds and Flowers’ 
low-lying excited levels should occur both from the coupling of 
fie identical particles and from mixed proton-neutron configura 
tions. In the case of 23 and 25 odd nucleons, no exclusive assign- 
ment to one or the other coupling mechanism can be given so far 
for the experimentally known low-lying levels. However, with 21 
occurrence of such levels could be ac 


results! indicates that 


or 27 odd nucleons, the 
counted for by mixed configurations. 

From the available data on nuclear energy levels in this region, 
the following preliminary conclusions can be derived: 

1. In nuclei with 23 and 25 protons or neutrons the first excited 
levels are found below 0.5 Mev in all cases investigated. 

2. In nuclei with 21 and 27 protons or neutrons no states below 
1.0 Mev have been found. It seems therefore that mixed configu 
rations of fy/2 protons with fy/2 neutrons do not give rise to low 
lying levels. 

3. The first single-particle level in all investigated odd-mass 
nuclides with 21, 23, 25, or 27 identical nucleons is found be 
tween 1.0 and 1.5 Mev. 

4. In V® two low-lying levels have been found exceptionally 
close to the ground state (possibly forming the triad J =7/2, 5/2, 
and 3/2), in complete agreement with the theoretical predic 
tions;! this seems to be the first clear cut case in which all three 
competing levels appear. 

The following cases have been reported as possible exceptions 
to the conclusions 2 and 3: 

Sc :—An indication was reported for the existence of a <4 
percent 0.45-Mev gamma ray in the positron decay of Ti*®. Study- 
ing this decay, both by means of the scintillation spectrometer 
and with a By-coincidence apparatus, revealed no evidence for this 
line. The number of coincidences per positron was compared with 
that of Cu® and F'*, Taking three times the standard error as 
limit, the intensity of the 0.45-Mev line is less than 14 percent. 
Excited states 


PABLE I 1.0 Mev in odd-mass nuclei with 23 and 25 


or neutrons 


Levels 
Mey Method Reterences 
0.000 this work 
0.091 
this work 
3 


; Ti#(B-); Vip.) .4,5 
5 
6 
this work 
this work ;8 
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Cr*!:—From (p,n) reactions Stelson e al.“ report the possible 
existence of levels at 0.78, 1.17, 1.42, and 1.53 Mev. Muckerjeeh 
et al. reported a gamma ray of 1.5 Mev, following an allowed 
(not l-forbidden} partial positron spectrum in Mn", 

A®:—From the B~ decay of Cl® a 0.35-Mev first excited state 


was proposed." Reinterpretation of the experimental results places 
the first excited state at 1.25 Mev." 

A detailed discussion of these results will be published in 
Physica, together with a survey of the positions of nuclear energy 
levels in odd-mass nuclei with 13 to 27 odd particles, showing 
some regularities. 

We thank Dr. C. J. Bakker and Dr. A. H. W. Aten, Jr. for their 


stimulating interest. Thanks are also due to the Chemistry De 


partment and to the Philips synchrocyclotron group, which took 
care of the preparation of the sources. This work has been sup 
ported by the Foundation for Fundamental Research of Matter 
(F.O.M.) and the Netherlands 
(Z.W.O.). 
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HE extent to which liquid He*® behaves as an ideal Fermi 

Dirac gas has recently been the object of considerable 
study.'~® Experiments to date have failed to give a unique answer 
to this problem. The measurement of the temperature dependence 
of the nuclear magnetic susceptibility of liquid He® would allow 
a quantitative check on this question. At sufficiently low tempera 
tures the spins of the particles of an ideal Fermi-Dirac gas would 
be expected to line up antiparallel and this would cause the spin 
magnetic susceptibility to deviate from the classical 1/T law 
and finally to become temperature-independent. Goldstein? has 
discussed the magnetic properties of He*. It appears unlikely that 
conventional methods of susceptibility measurements can be 
extended to indicate more than the already demonstrated?’ absence 
of nuclear ferromagnetism in this liquid. 

We have succeeded in measuring directly the temperature 
dependence of the nuclear susceptibility of He by observing the 
strength of the nuclear magnetic resonance absorption signal 
in He? gas at 4.2°K and 900-mm pressure and in the liquid from 
2.8°K to 1.2°K. The results of the experiment are given in Fig. 1. 
It is seen that the nuclear susceptibility of liquid He’ follows a 
1/T law down to the lowest temperature reached. There is no 
evidence in this temperature range of the degeneracy expected 
of an ideal Fermi-Dirac gas** of the same density. At 4.2°K and 


900-mm pressure the curve for an ideal Fermi-Dirac gas is 
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theoretically only 4 percent above the classical 1/7 curve.* This 
point was used to fix the relative position of the Fermi-Dirac 
curve and the 1/7 curve. Possible error in the measurements 
should not exceed 10 percent, even in the gas where the signal is 
weakest. It is impossible, however, to ascertain from these results 
whether the gas point shows the 4 percent degeneracy expected 
of an ideal Fermi-Dirac gas. 

Nuclear magnetic resonance in He’ has «lready been observed 
by Anderson’ in the gas at room temperature. In the present 


2 3 
TEMPERATURE INK 


reciprocal 
temperature. Curve I 
r an ideal Fermi-Dirac gas 
the experimental points in 
K and 900-mm pressure 


ric. 1. Graph of the 
of He? vs the ab 
represents the curve t 
the He. The dots repr 
2.8°K and in the gas at 4.2 


t the molar nuclear susceptibility x4 

including the x at 4.2°K 
1 the same density as 
the liquid below 


1 
t 
lute 


experiment He’, in a field of about 10 000 gauss, was condensed 
inside a coil which formed part of the resonant circuit for the 
input to a 30 mc/sec 10 
scope and the amplitude was measured from photographs of the 
scope trace. The He? sample, 20 cc of He? gas at S.T.P., 
obtained from the Stable Isotope Division of the Oak Ridge 
National Laboratory and was concentrated by us by fractional 
distillation to better than 99 percent purity as determined by 


receiver. The signal was displayed on a 


was 


vapor pressure measurements. The temperature of the He’ was 
determined directly from its vapor pressure and checked against 
the temperature of the bath 

Under the conditions of the experiment, the amplitude of the 
nuclear magnetic resonance signal, corrected for its small effect 
on the Q of the coil, was proportional to the nuclear volume 
susceptibility." The line width was observed to remain constant 
heing determined only by the inhomogeneity of the external 
magnetic field. From relaxation time measurements it was ascer 
tained that equilibrium had always been reached between the 
nuclei and the lattice motions before a measurement was taken 
signal was kept small enough to avoid 


The 


The radio-frequency 
appreciable disturbance of this equilibrium coil was always 
kept full of He’. 

To obtain the 
values were used for the liquid below 2.8 


Los Alamos density 
2 At 4.2 


of the gas was measured experimentally and found to agree 


molar susceptibility the 
the density 
within the possible error of 5 percent with that calculated using 
the theoretical second virial coefficient.” 
rhe nuclear spin lattice relaxation time 
60 sec in the gas at 4.2°K and 900-mm pressure, 135 sec at the 
critical point and 200 sec in the liquid at 2.2° and 1.2°K. The 
relatively relaxation may 
accounted for by a layer of absorbed oxygen on the walls of the 


was observed to be 


short time in the gas possibly be 
container. 

The susceptibility measurements are being continued to lower 
temperatures. We wish to express our appreciation to Dr. F 
London for many helpful discussions which contributed materially 
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to the conception of this experiment. We also wish to thank Mr. 
r. C. Chen and Dr. R. S. Smith for help with the theoretical 
details of the experiment and for aid in taking the measurements. 
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Example of a V+ Decay* 

4. V. Buskirk, C. J 
Indiana University, Blow 
Received August 12, 1953 


KARZMARK, AND 


ymington, indian 


¢ view of the current interest in the heavy charged unstable 
particles,! it seems worthwhile to report a V* decay, film 
R-112 shown in Fig. 1, which permits detailed analysis. A heavily 
ionizing particle (1), of momentum 270+10 Mev/c, apparently 
enters the chamber from the right and decays in flight to produce 
a secondary (2) of minimum ionization. The estimate of the pri 
mary mass from ionization and momentum is less uncertain than 
the average case since the proximate meson track (3) of momen 
tum 67+4 Mev/c is heavily ionizing and may be used for com 
parison. If the meson (3) is assumed to be a pion, its ionization 
can be computed from the known momentum, and the projected 














Fic. 1. Right-eve 
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Fic. 2. The depend ‘on B, the secondary assumed to be 
r f ordinate scale is only 230 <p’ < 

z range on the abscissa is approximately 
in p’ due to uncertainty in B is prac 


muon or pion. Note 50 


Mev/c, whereas the 
0.3 <B<0.8. Thu 
tically negligible 


ionization? on each stereoscopic negative can then be found from 
the orientation of the track in space. The projected ionization of 
the primary (1) appears to be distinctly less than that of the 
meson (3) on all three films, so that an upper limit for the primary 
mass is obtained by assumption that the projected ionizations on 
each film are equal, etc. The upper limits thus obtained inde- 
pendently from the three films differ slightly since the orientations 
of the films with respect to the tracks differ. The lowest upper 
limit is obtained from the right and gives A1<1200m,. 
Assumption that the meson (3) is a muon clearly leads to a 


eye 


lower upper limit 

On the other hand, a lower limit for the mass of the primary 
can be obtained from the transverse component of momentum pr 
of the secondary. Unfortunately, the secondary track is of inter 
mediate quality only. Furthermore, although the values of the 
spatial radius of curvature deduced from the left and central 
eyes agree (to 5 percent, the left eye, of better quality, being the 
lower), the value from the right eye is somewhat higher. The 
reason for this discrepancy is not known.’ Therefore, since we 
wish to set a lower limit for the mass of the primary, we report 
the momentum from the left eye, namely 300_2*® Mev/c, where 
the error on the upper side is sufficient to include the value from 
the right eye. Since the ionization is probably less than twice 
minimum, an upper limit of 740m, is obtained for the mass of 
the secondary 

The angle between the secondary (2) and the continuation of 
the primary (1) is, after the dilation correction, 49.2 +0.2 degrees, 
giving pr=230_15* Mev/c. The lower limit for the primary 
mass, under assumption that the secondary is a muon! and that 
no rest mass is associated with the recoil momentum, is then 
WM >940m,. A higher lower limit is obtained for a pion secondary. 
If one or more neutral particles have nonzero rest mass, the lower 
limit on M is raised; or alternately, an upper limit for the sum 
of the masses of the neutral particles Ymo<550m, is obtained. 
It is thus unlikely, for example, that the neutral fragments in this 
case include a V¢ particle (m=971m,).4 

If the secondary (2) is assumed to be a muon (or pion), its 
momentum /’ in the center-of-mass system can be computed 
for various values of 8, the velocity of the primary. The result, 
shown in Fig. 2, indicates a broad minimum at p’=p7, which 
corresponds to emission at 90° in the center-of-mass system 
The values 8; and 8, indicated on the abscissa correspond to the 
lower and upper limits of the primary mass, respectively. These 
values of 8 lie just to the left of the minimum, which means that 
the momentum in the center-of-mass system is very nearly equal 
to pr and is highly insensitive to 8. The variation of p’ with 8 
as illustrated in Fig. 2 has been discussed in connection with the 


question of propagation of error in the determination of Q values 


of V,° partic les. , 
The possibility that the event represents the decay of a nega 


tively charged particle (2) which entered the chamber from 
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below can be fairly well excluded on energetic grounds. The 
possibility that the event represents the decay of a V® particle 
which entered the chamber from above (4) is not suggested by 
the presence of other tracks from that general direction, but 
cannot, of course, be excluded. However, in this interpretation 
the V° decay would involve a negative fragment of intermediate 
rt) value of 225 Mev, somewhat higher than 
6 


mass and a Q(x*, 

that reported in the literature 
We wish to acknowledge the help of Mr. L. R. Etter in the 

operation of the equipment and the reduction of the data. 


S. Office of Ordnance Research and by grant of the 
the Research Corporation. 
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been caused by damage to the right-eye 
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The Nuclear Stability Curve 


W. G. McMILLAN 
De partment of Chemistry, University of California, 
Los Angeles, California 
(Received July 15, 1953) 


N the usual explanation’? of the relation between mass number 

A and atomic number Z for stable nuclei, the minimizing 
condition (0F/8Z)4=0 applied to a semi-empirical expression 
for the total nuclear energy £(Z,A) yields the stability relation 


Z=A/(24+-0.0146A}), (1) 


which is known to be in good agreement with observation. It will 
be shown here that a relation of this form results from the Fermi 
Dirac degenerate-gas model’ on the assumption that nucleon 
interactions are, apart from ordinary Coulomb forces, independent 
of charge state. 

The potential energy for a proton is taken to be just that for a 
neutron with the Coulomb energy eV superposed.‘ Beta stability 
requires that the available levels for the two charge states be 
filled to the same total energy. Thus at a given radius r the maxi 
mum kinetic energy, which in the degenerate gas is proportional 
to the } power of the local particle number density, is « for neu- 
trons and (u—eV) for protons. Accordingly, the ratio of proton 
density pp to neutron density Pn is 

(1—eV 


au), (2) 


the proportionality factors cancelling owing to the practical 
equality of the neutron and proton masses. The ratio (2) must be 
such a function of r as to yield the observed uniform nucleon 
density, p=pp+pn. With the approximation eV/u<1, which later 
proves self-consistent, we find 

(3) 


From Mattauch’s value of the nuclear radius, a= 1.42 10~"A), 
the Coulomb energy at the surface of the nucleus may be written 
as 
(4) 


eVe=Ze?/a~Z/A Mev. 


Were all the protons on the surface, the potential energy would 
have this constant value throughout the nucleus; on the other 
hand, if the proton density were uniform, 
V/Va=[3—(r/a)?]/2 (5) 
For either of these extremes, the potential involves r only in the 
ratio t=r/a. It thus appears reasonable to ascribe this same 
behavior to the actual potential: V/V.=/(); moreover, since 
this function is to appear in an integrand, the final result is rela 
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tively insensitive to its precise form, a fact which permits the use 
of the same function for all nuclei. From these considerations 
Eq. (3) bec omes 


pp= (p/2)[1—BeVaf(£)/4u] = (p/2)[1—-32/(8)/4uA*], (6) 


in which the empirical result (4) has been used. Integrating (6) 
over the nuclear volume and solving for Z, we obtain 


Z=A/(2+ (9K /4p)A4] 


where K = fi f(£)#dé, and uw is expressed in Mev. 

Equation (7) has the same form as that of the accepted sta- 
bility relation (1) and may be made identical with it by setting 
9K /4u=0.0146. In the two extreme distributions 
above, f is, respectively, unity or the function (5), giving K the 
corresponding values-of 4 or 3. Adopting the latter value as more 
realistic, we find 47~60 Mev. This maximum kinetic energy is 
greater, by a factor ~2.5, than those commonly quoted for the 
Fermi-Dirac gas model. It is noteworthy that a similar factor is 
necessary to bring into line with experiment the energy-level 
spacing predicted by the usual degenerate-gas treatment.’ A 
fuller discussion of this discrepancy and of other consequences of 


considered 


the model will be given at a later date. 
I wish to thank Professor E. Teller for helpful criticism of some 


aspects of this work. 

1J. Mattauch and S. Fluegge, Nuclear Physics (Interscience Publishers, 
New York, 1946), pp. 99-102 

2For many refinements and earlier 
Modern Phys. 19, 239 (1947) 

+L. Rosenfeld, Nuclear Forces (Inter 
Secs. 2.3, 9.4 and following 

4k. Ferm 1 University of Chicago 
1950), pp. 159 ff 

5 See reference 
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Large Nal Scintillation Counter Study of the 
Neutron Capture Gamma Rays from 
Hydrogen 
BERNARD HAMERMESH AND RICHARD J 


Vational Laborator 
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Argonne 


S' “INTILLATION counter studies of capture gamma-ray! spec 
WY tra using a ?-in.X1}-in. right cylinder of NaI showed that only 
the most prominent lines of such spectra could be detected. The 


counting rates rise very rapidly with decreasing energy because of 
the Compton electrons formed in the crystal by the higher 
energy gamma rays. The lower energy lines are located on top of 
this background of pulses (see Fig. 4 of reference 1). 

In order to reduce this effect, a 34-in.X34-in. right cylinder of 
Nal (TI 
formed as a result of a Compton process woul 
photoelectric effect and a full height pulse would result. The 
crystal was packaged by Swank and Moenich? of the Argonne 
Instrument Research Division. 

The scintillations were detected by a bundle of three 5819 photo- 
multipliers which was placed next to one of the flat faces of the 
crystal. A previously used method, in which a single tube and long 
conical light pipe were used, resulted in poor energy resolution. 
Resolution studies show that this large cyrstal with the bundle 


was obtained. It was hoped that any degraded photons 
1 be absorbed by 


of photomultipliers is very similar in resolving power to our best 
small crystals’ (3-in. high by 14-in. diameter right cylinders). 
This result, combined with the behavior of the crystal in sup 
pressing the effect of Compton processes, makes the crystal very 
useful for capture gamma-ray studies 

As an example of the improvement in the operation of the 
scintillation spectrometer obtained by the use of the large crystal, 
a study was made of the capture gamma rays from hydrogen.‘ 
Recent similar work was performed using 1.3-cm cubes of Nal. 
A comparison of Fig. 1 of reference 4 with Fig. 4 in reference 1 
present at lower 


shows the usual rapidly rising background 


energies. The suppression of this background by our large crystal 
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CALIBRATION 50 6hev/volt 


RELATIVE INTENSITY 


oleoutt ae ' 4 
24 28 32 36 40 44 46 


PULSE HEIGHT (VOLTS) 





Fic. 1. Thermal neutron capture gamma-ray spectrum of hydrogen 
makes the gamma-ray peaks stand out much more clearly over the 
background. 

In the experiment a sample of H,O contained in a bundle of 
four lusteroid test tubes, each 1 in. in diameter and 6 in. long, was 
used. (See Fig. 1 of reference 1 for experimental arrangement.) 
Since the capture cross section in hydrogen is only 0.3 barn, a 
complete cycle of measurements was needed, namely 


Source in, no cadmium in beam, 

Source in, cadmium in beam, 

Source out, no cadmium in beam, 
4. Source out, cadmium in beam. 


The desired effect is given by 1-2-(3-4). The difference 3-4 is 
usually very small compared with 1-2 (see Fig. 2 of reference 1); 
however, in this case it was significant. 

A 20-channel pulse-height analyzer was used to study the pulses. 
A complete pulse-height analysis was obtained in the energy range 
20 kev—3 Mev. Figure 1 shows the result. From 20 kev to 1 Mev 
and above the high-energy region shown, the relative intensity 
is zero. The two peaks occur at 2.23 Mev and 1.71 Mev measured 
relative to the lines from Na*. This energy comparison is made 
between the 2.23-Mev line and the peak due to pair production 
produced by the 2.76-Mev gamma ray from Na®* followed by ab 
sorption of one annihilation quantum. This latter peak is at 2.25 
Mev, so that the 2.23 value can be obtained quite accurately. 

The peak at 2.23 Mev is due to full energy absorption of a 2.23 
Mev gamma ray, while the peak at 1.71 Mev is caused by pair 
production processes from a 2.23-Mev gamma ray in which one 
of the annihilation quanta escapes. At 2.23 Mev the peak due to 
the escape of both annihilation quanta from the large crystal is 
not observed in the analyzer. 

The value of the large crystal in capture gamma work is readily 
apparent. From the height of the 2.23-Mev peak and the flatness 
of the background, one may conclude that in the energy range 
20 kev 
than 5 percent of the 2.23-Mev line. 


3 Mev there are no other gamma rays of intensity greater 
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The Dependence of the 33-Mev =x* Production 


Cross Section on Atomic Number 


YD WALTER Dvupziak 

Department of Physics, University of California, 
Berkeley, California 

July 27, 1953 


RyoKki 


Radiation Laboratory, 


HI SAG NEA 


Reece ed 


PRELIMINARY result has been obtained on the variation of 
the (7, =33 Mev 
atomic number which results from the interaction of a (7,= 340 
Mev) proton beam with target nuclei. The chief concern is the 
functional behavior with atomic number of pion-production cross 


positive pion-production cross section with 


sections at diflerent pion energies 
For this experiment the targets consisted of six elements (Be, C, 
Al, Cu, Ag, and Pb). These targets were in tubular form having 
the following dimensions: (a) for the light elements (Be, C, Al 
j in. o.d., 4 in. i.d., and 14 in. long; (b) for the heavy elements 
(Cu, Ag, Pb) } in. o.d., 4 in. i.d., and 4 in. long. A 4 in. long tubular 
used 


carbon target was to determine the normalization factor 


necessary for the difference in target geometry between the light 
and heavy elements 

Ihe targets were mounted on the axis of a 22-in. (pole-diameter) 
spiral orbit spectrometer. They were bombarded by a (1-in. 
diameter) collimated proton beam which was electrically deflected 
out from the 184-inch synchro-cyclotron, integrated by an argon 


EAD BRICK 
RADIATION SHIE\ 


f experimental arrangement illustrating the 


Schematic diagram 
median plane of the spiral-orbit spe 


pion trajectories in the 


Fic. 1 
charged 
trometer 


filled ion chamber, and then passed through the (14-in. i.d.) axial 
hole of the magnet. 

The principle of ‘the sprial-orbit spectrometer”! was used to 
focus pions of known energy which were emitted at 90° to the 
incoming proton beam. The pions were detected by means of 
C-2 Ilford (200g) nuclear emulsions which were placed in the 
region of the “stable orbit” as is shown schematically in Fig. 1. 
Since pions of 7,=9.2 Mev were being focussed at the “stable 
orbit,” a 4 in. o.d, tubular copper degrader of appropriate thick- 
ness permitted the selection of pions of 7,=33+3 Mev created in 
the target. 

The same volume of emulsion was scanned for each of the seven 
exposures. The relative w* production cross section per target 
nucleus was determined and is presented in Fig. 2. The uncertain 
ties indicated in the spectral data are statistical probable errors 
involved in the counting of pions. Shown also in Fig. 2 are (a 
Z' variation normalized at the Ag point, (b) Z! variation normal 
ized at the Ag point, (c) Z! variation normalized at the Al point. 

The experimental results for the six elements indicate clearly a 
better fit to a Z! variation. This is quite similar to the results 
obtained by one of the authors for pions of 7, =42 Mev.? Further 
more the data are in accord with those reported by Hamlin et al. 

Exposures have also been obtained (for 7,=25 Mev and 
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cross sections as a 


productiot 
f experimental data 


iriatio 


Fic, 2 3343 Me x* 
function of atomic illustrating the 


§ dependence 


Relative (7 
number 
froma Zi and Z 


T,=11 Mev) for negative and positive pions. These results will 
be reported soon. 

We are grateful to Professor E. Lawrence, Professor R. Thorn- 
ton, Professor W. Barkas, and Professor C. Richman for their aid 
in obtaining the funds for the spiral-orbit spectrometer as well as 


their continued interest. We would like to acknowledge the co 


operation of Mr. James Vale and the cyclotron crew in making 


the exposures 
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Polarization of Nuclear Spins in Metals* 


rT. R. CARVERT AND C. P. SLICHTER 


Department of Physics, University of Illinots, 
Received August 17, 1953) 


Urbana, Illinois 


HEN a metal such as lithium is placed in a static magnetic 

field, two set of Zeeman levels are produced associated 
with the nuclear spins'? and the conduction electron spins,? 
respectively. The corresponding resonance transitions have been 
observed. With magnetic resonances in general it is found that 
when the amplitude of the alternating magnetic field is increased, 
the population difference between the Zeeman levels decreases, 
a phenomenon known as saturation. For example, we have found 
previously* that for the conduction electrons in lithium, an alter- 
nating field of some 5 gauss produces saturation. On the basis of 
a detailed calculation of the nucleus-electron interaction, Over 
hauser® has predicted that for metals the saturation of the con- 
duction electrons should simultaneously increase the population 
difference between the nuclear Zeeman levels by a factor of several 
thousand, and has proposed this as a method of polarizing nuclear 
spins. Since the strength of the nuclear resonance absorption is 
proportional to the between adjacent 
nuclear Zeeman levels 
method of measuring the degree of nuclear alignment. We have 
verified Overhauser’s theory by the enhancement 
of the nuclear resonance in metallic lithium produced by electron 


population difference 
the nuclear resonance forms a convenient 


obse ry ing 


saturation. 

The experiment was performed in a static magnetic field of 
30.3 gauss provided by a small end-corrected solenoid. The sample 
containing 5 cm! of lithium dispersed in oil was placed in the tank 
coil of a 50-watt oscillator operating at 84 Mc/sec, the Larmor 
frequency for the electrons in the magnetic field. Measurements 
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nuclear resonance absorption 
»p line: Li? resonance 
electron saturation 


Oscilloscope pictures of 50-ke/sec 
magnetic field. Field excursion 0.2 gauss. 1 
Middle line: Li? resonance enhanced by 
ton resonance in glycerin sample. 


Fic, 1 
vs static 
(lost in noise 
Bottom line: Pr 


indicated an alternating field of about 4 gauss. The nuclear reson- 
ance was detected using a 50-kc/sec crystal controlled oscillator 
and a twin-T bridge, the 50-kc/sec signal being converted to 600 
kc/sec and detected in a communications receiver. The signal 
was observed on an oscilloscope or with a 30-cps lock-in amplifier. 
The rf tank coil of 1 turn, the 270-turn nuclear resonance coil, 
and the solenoid were oriented mutually perpendicular, and the 
array was placed in a copper box to shield the detection apparatus 
from rf radiation. The 84-Mc/sec oscillator could be switched on 
or off without disturbing the bridge balance. 

The accompanying oscilloscope photographs (Fig. 1) summarize 
the results. The top line shows the appearance of the ordinary 
lithium nuclear resonance, which is so weak at these frequencies 
as to be completely lost in noise. The second line was photographed 
after the electron saturating oscillator was turned on. The Li? 
resonance now appears strongly. For comparison, the proton line 
in glycerin (also at 50 kc/sec) is shown in line three. In all three 
cases the amplifier gain settings and degree of bridge balance were 
identical. The very weak glycerin resonance, however, is produced 
by a sample of eight times the number of nuclei as the lithium. 
The enhancement of the lithium resonance, therefore, confirms 
Overhauser’s theory strikingly. 

On the basis of comparison with the glycerin resonance, we 
estimate the nuclear population difference to be increased nearly 
100-fold in our experiment. This figure is somewhat smaller than 
the maximum amount predicted, showing that either complete 
saturation was not achieved, or that other nuclear relaxation 
processes short-circuit the alignment partially. One process we 
believe to be important is the relaxation produced by self-diffusion 
of the nuclei.2 We have also observed a small enhancement in 
sodium under conditions of incomplete saturation. With both 
metals the saturating fields produced intense heating of the 
samples 

We are indebted to Dr. Overhauser for interesting discussions 
and a most stimulating association during his stay at Illinois. 
Mr. Robert Schumacher assisted in construction of the equip 
ment. The results of Mr. Donald Holcomb and Dr. Richard 


EDITOR 213 


THE 


Norberg on nuclear relaxation times in lithium were helpful in 
searching for the nuclear resonance. We wish to thank Dr. Richard 
M. Brown for several useful suggestions concerning low-frequency 
nuclear resonance. 


* This work was supported in part by the U. S. Office of Naval Research 
t National Science Foundation Predoctoral Fellow 
'H.S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 1472 
?1D. F. Holcomb and R. E. Norberg (to be published ’ 
3 Griswold, Kip, and Kittel, Phys. Kev. 88, 951 (1952) 
* Carver, Holcomb, and Slichter (to be published) 

A. W. Overhauser, Phys. Rev. 89, 689 (1953); 91, 476 

(to be published) 


1952 


1953); Phys 


Phase-Shift Analysis of High-Energy p-p 
Scattering Experiments* 
A. GARREN 
f Physics, Carnegte Institute of T¢ 
Pittsburgh, Pennsylvania 
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T has often been suggested! that the isotropy of the differen 
tial cross section for p-p scattering up to 350 Mev?# as 

well as its magnitude (at 240 Mev this is 4.97+0.43 mb/sterad,? 
and a is fairly constant with energy from 150-350 Mev*) might be 
fitted with s and p waves only.‘ Wolfenstein and Ashkin® have 
proposed including in such an analysis the left-right asymmetry, 
observed at Rochester, of 2e=9.8+5 percent in the final angular 
distribution of 240-Mev protons scattered successively by two 
(effective) hydrogen targets.® Such a fit can in fact be made for 
the 240-Mev data with a number of different combinations of 
phase shifts, as will be shown. 

In terms of the phase shifts 5,4 the above facts mean the follow 
ing, if we neglect all phase shifts for L>1: 


(1) The isotropy of the angular distribution requires that the 
coefficient of cos’ in #(@) vanish: 


0O=sin’5,9+3 sin’d;!+5 sin’d,? — sin? (6,9 —6,*) 


(9/4) sin?(6;'—8,?). (1) 


In this case, the differential cross section in the center-of 
mass system is given by 

ka (k,O) = sin*5y°+ sin*d ,° +3 sin*5;!+ 5 sin%5,?. (2) 
The general theory of polarization effects in scattering 
problems has been discussed by Wolfenstein and Ashkin,’ 
and the application to the double scattering experiment has 
been considered by Goldfarb and Feldman,’ and by 
Swanson.’ One finds that the observed asymmetry, 


2e=[/(¢=0) —~I (=r) ] I(@=2/2), 
where J is the proton intensity from the second target at azi 
muthal angle 4, is’ 
2e=2P (ka, 04) P (kp, On) (3) 


Here P(k,9) is the percentage polarization’ of one of the scattered 
protons induced by the collision of two initially unpolarized proton 
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beams; &,@ are the c.m. momentum and scattering angle; and A,B 
refer to the first and second collisions, respectively. P is given by :8 


n = [ka (k,0)/sin20 |P(k,0) =3 sind, sind,? sin (6,° —6,?) 
+ (9/2) sind,' sind,? sin(d,!—6,?). (4) 


In the double scattering experiment, the protons were scattered 
through 27° in the lab system in both collisions. When the appro 
priate values of k,@ for the two collisions are used along with the 
values quoted above for a(k,@) and 2e, one obtains from Eqs. (3) 
and (4) the value (nans)*=0.40+0.12. This must be the same 
as the value of 7 at some energy intermediate to those of the first 
and second collisions: 240 Mev and 186 Mev respectively." 

The phase shifts consistent with the data are shown in Fig. 1, 
which is a plot on the 6,°, 5;' plane of: 

(1) Values of 6,°, 6;' for fixed 6;? which satisfy the isotropy con- 
dition (1) give the solid curves. These are the “contour lines” for 
constant 6,? of the isotropy surface in the 6,°, 6,', 6;? space. 

(2) The defined by k'a,=sin’5,9+-3 sin®d,!4-5 sin*6,? 


= 1.25 intersects the isotropy surface in a curve whose projection 


surface 
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on the 6°, 6! plane is the short dashed curve (-—-—). The open 
circles show its intersections with the 6,;? contour lines. 

(3) The surface defined by »=0.40 intersects the isotropy 
surface in a curve whose projection on the 5,°, 6,’ plane is shown 
as a dashed ( ) curve. The squares show its intersections with 
the 6,2 contour lines. The solid circles show its intersections with 
the ka, == 1.25 curve. 

(4) The shaded region shows the phases consistent with 
n=0.41+0.12. ¢=4.97+0.43 mb/sterad (i.e., 2a; < ko) and these 
are interpreted as referring to 213 Mev. 

Some particular values of the phases are listed in Table I, 
which also gives values of 59? which are calculated using Eq. (2) 
and the experimental cross section. Equally valid solutions may 
be obtained by replacing all 6,7 by —6z’. 

The writer wishes to thank Professor G. C. Wick, Professor J. 
Ashkin, and Professor L. Wolfenstein for suggesting these investi- 
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